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Abstract:-

In this paper we calculated the Cartan matrices of Weyl groups of type An, Bn
,Cn and Dy ,and give four programs written by ( Visual Basic).

1. Introduction:-

Let @ be a root system in V .The Weyl group W(®) of @ is generated by the
reflections wr,f €D .

Weyl groups of simple root systems have been classified (see[1]).There exist two
kinds of Weyl groups ,the first kind is called the Classical types which contain the
type An, Bn,Chand Dn .

The second kind is called the exceptional Weyl group which contain the type En
(n=6,7,8) ,Frnand Go.
Every type of Weyl group is corresponding to a root system .

In this paper we can obtain the Dynkin diagram and the Cartan matrices of the
Weyl group of the classical types An, Bn, Cnh and Dy ,and we will give example and
program written by ( Visual Basic ) for all type.

2. The Cartan Matrix

Let V be an n- dimensional real space with inner product (;) and GL(V) be the
general linear group which is consists of all invertible endomorphism of V. H is an
(n-1) — dimensional subspace of V which is called hyper plane[4],and O(V) is the
group of orthogonal linear transformation of V.

In this section , we will give the basic definition about the reflection, a root system
cartan integers , Cartan matrix and Dyakin diagram of Weyl groups .

Definition (2.1) [5] :-

A reflection in Visat eGL(V), such that t(v) = v-2 (v, h ) h, which satisfies the
following :
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1) tw=1n, for some hyper plan H in V ,whereHj is identity element in H.
2) t(x) =, forall x eH-L where HL-={x eV: x,h)=0 , ¥V heH}.

Let now re V, r#0,and Hr = {xeV : (x, r)=0 } be the hyper plane orthogonal to
r,definetre GL(V)by tr (X) =x-[[(2¢%,r))/,r)]r],forall xeV,then t;(r)
=-r

and tr (X) =x if X e Hr.

Thus , tris a reflection in V with reflecting hyperplane Hr .

We note that , tris an orthogonal map, i.e tr € O (V).

Definition (2.2) [5]:-
A subset @ of V is called a root system in V if it satisfies the following
conditions :

i) @ is a finite set of non zero vector and ® generates
(spans) V.
ii) ifr e @ then, thent, (@) =@, i .e t leaves @ invariant .
i) ifr,s e ®,then [2(r,s))/q,r)] €Z
iv) ifr, Are®and A eR (real number),then A=+1

Also the dimension of V is called the rank of the root system .

Definition (2.3) [1] :-

Let @ be a root system in V , the Weyl group of @ is defind by the group
generated by the reflection tr ,r € @, and it is a subgroup of O(V) which is denoted
by w(®) .

Definition (2.4) [1] :-
Let @ be a root system in V , A subset 7T of @ is called a simple (
fundamental ) system if :

i) 7T is an R- basis for V
ii) Every root in @ is a linear combination of root in 7z with coefficient which
are either all non—negative or all non— positive that is,

if 7={r1,..m}andre®,wehave r=> Airi, where
i=1
AieR,and either i>0 Vi or 4i<0,Vi.

Definition (2.5) [7] :-
The integers 17 o =[2( O, B))1 (A, O )], A , f < arecalled The

cartan integers of the root system & .
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Founding the cartan integer (2.6):-
In the following work we show how we find the cartan integer and the angles
between vectors ¢ and 3 in @ .

Let 0,z be angle between( and,B respectively ,i.e , |05| = <a,a> , |ﬁ|

=J/(B.B) . then
nap.-N pa=[40 BLIO Q)L ,B)1=4cos?0 ap

Thus 0<(7) oB.1 Ba=4cos2 6 qB)<A4 but ) af .1 Pa €Z,since 1 off €2
and 77 Ba €Z therefore 4cos? @ oqp =0,1,2,3, or4 .

The case 4 cos 2 @ g = 4 is not possible since S =+ & , hence
4cos?6 qp=0120r3.
Now, let (O, 00 Yy = (B, P ),So
Cled? /1B =@, A 1B, B )
=@, BIIP. Baled Brrad, a)

=1 palMnap.
Thus we get the following table ,see[2]
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Table -1-
Thus from above table we get

cases | N af. N pa | Nap | N pa | B ap | |ol|p|

1 "0 0 0 712 | undetermined
2 1 1 1 7l3 1

3 "1 -1 -1 2713 |1

4 2 1 2 zl4 2

5 2 -1 -2 3xl4 |2

6 3 1 3 /6 3

7 "3 -1 -3 5716 |3

i- If (0, B ) >0 then the angle between Ol and Bis an a cute angle as
in the cases (2,4,6),thus @ =£,£,Z respectively.
(2.4,6) of =32 P y
ii- If (O ,B)< 0 thenthe angle between Ol and [ is obtuse angle as in
27 3r Sr .
the cases (3,5,7),thus @, === == = respectively .
3.5.7) ap=3 46 F y
iii- If (0L, B ) =0 ,the angle angle between (L and [ is right angle as in
th 1),th =z
e case(1),thus 905[3 >
Definition (2.7):-

A root system @ is irreducible if it can not be partitioned into a union of
two proper subsets @1, @, such that each root in @1 is orthogonal to each root in @2

i.e. « @1, D=0 ,and O+ OPrU D2, O1# ¢ , ©oF ¢ (P isempty set).
Then we can find the following theorem in [4] .

Theorem (2.8):-

disirreducible iff 771 Un2, nwi# @ and no# ¢ .

Definition (2.9):
The matrix (aij) is called a cartan matrix of @ , if all the elements of the cartan
matrix are the cartan integers.

Now ,from the definition of (aij) we can write the entries of the cartan matrix as
follows:-
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i)aij=2 ,for all i.
ii) aij =0,-1,-2, or-3,then:

If aij = 0, then aji=0
If aij =-2 ,then aji =-1
If aij = -3 ,then aji = -1
Example (2-1):-
The cartan matrix of Az is:

2 -1 0
-1 2 -1
0 -1 2
Remark (2-10):-
)] The cartan matrix is non singular.
i) The order of the rows and columns depends on the rank of the simple root

T.

Definition (2-11):-

The coxeter graph of @ is defined to be the graph with n vertices ,i.e vertices are
in 1-1 correspondence with the simple with the simple root 7z ={ry,...,m} and the ith
vertex is joined with jth by :

_ Ar,.ry)’
Yoror)rer)

=4Cos*@, edges.

Example (2-2):-
Arx Az a0 Oa;
Which Ai is has one simple rootand A1 x Az is not connected

Ao as O——Oa
Then ai connected with a

B> bO—61H—and G, O———O

Remark (2-12):-

@ is irreducible if the coxeter graph is connected . if the coxeter graph is not
connected ,
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. Ay ,r.)?
ez -0= riry then(r,.r ) =0

riory <r»ro

Definition (2-13)[4]:-
For every simple root 7, a Dynkin diagram (D.D) is defined as follows :-
)} Every elements « exis represented by a point in the plane.
i) Two distinct point « ,f are connected (e« is not orthogonal to ) by one
,two, three line segment depending on the number 7qs , 750 in table -1-.
iii) The points corresponding to & and £ are disconnected if « is orthogonal to £..
iv) The number of element of the system ris the order of Dynkin system.

Theorem (2-14):-

If @ is an irreducible root system of rank n ,its Dynkin diagram is one of the

following:-

wosy b B g g
Bi(n>2) O o WY o SN o

Cn (n >3) O] %}n(L) @)

Dn (n >4) 10 "

3- The Relation Between Cartan Matrix & Dynkin diagram

In this section we will give the special relation to obtain the cartan matrix and
Dynkin diagram of classical group and we will give examples and programs written
in math lap language for all type.

Remark( 3-1):

Let I1=[ay,... ,an] be the fundamental root system of Weyl group of the classical
type An ,Bn ,Chand D .

In general from the next four proposition , we can obtain the Dynkin diagram and
the cartan matrices of the Weyl groups of all classical types An ,Bn ,Cnhand Dn .

Proposition(3-2): ( An (n 21))

-@ia)=1/n+1),if i=1, ..,n
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i- @12, = 0 if i—j|>-1

—1/(2(n+1)) iffi-j=1
Example :(3-1)

Let n=5, to find the Dynkin diagram and the cartan matrix of the Weyl group
of type As :

an=[ 2(ar,a1) / (az,a1)] = 2 Ay Ay Q3 Ay A

a12=[2(a1,a2) / (a1,a1)] -
(ar,a2y = [-1/2(5+1)] = -1/12
(a1,a1) = 1/(5+1) = 1/6
wan =[2(-1/12)/(1/6)]=-1 , az=au=ais=0

a2 =[2anaz) /{aza?)]
(anaz) = [-1/2(5+1)] = -1/12
(aza2 =1/(5+1)=1/6
wan = [2(-1/12)/(1/6)]=-1, axm =ax=asxu=0

as =[2(aszaz/(aszasz)]
(azaz) =[-1/2(5+1)] = -1/12
(azazy=1/(5+1)=1/6
Lap=[2(-1/12)/(1/6)]=-1

as=[2(azasz)/(azaz]=2

a3 =[2(aszas/(azasz)]
(a3,aq) = [-1/2(5+1)] = -1/12
(asas)=1/(5+1) = 1/6 , as=0
wam = [2(-1/12)/(1/6)]1=-1 , asm =as =0

aa43 = [2 (asaz)yl{asa 4)]
(as,a3) = [[1/2(5+1)] = -1/12

adas= [2 (as,asy/{asa 4>] =2
(@sas=1(5+1)=1/6
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“a = [2(-1/12)/(1/6)]=-1

a4s5=[2(asasy/(asaas]
(asas) = [1/2(5+1)] = -1/12

Cas = [2(-1/12)/(16)]=-1

(asas=1/(5+1)=1/6 , asy =as; =asz =0
ass=[2(as,a4)/{asas)]

wass = [2(-1/12)/(1/6)]1=-1

(as,a4) = [-1/2(5+1)] = -1/12

(asas)=1/(5+1) =1/6
a55:[2<a5,a5>/(a5,a5)]:2
(2 -1 0 0 O]
-1 2 -1 0 O
0 -1 2 -1 0
0 0 -1 2 -1
0 0 0 -1 2|

ai az as a4 as
O 0O 0O

\4

0O
Proposition (Bn (n >2)) : (3-3)

i-@ig)=2/(2n-1) if i=123,..,n-1,j=12,..,n-1

ii- @n,an)=1/(2n-1)
i 0 ifli—j|>1

li- @ijaj) =
- @iay —1/(2n-1) if|i — j|=1

Example :(3-2)
Let n=4, to find the Dynkin diagram and the cartan matrix of the Weyl group
of type Bs :

a1 1 al 2 a13 a14

Ay 8y Ay Ay
l%l dsy dgz Ay
Ay Ay, A Ay
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an=[ 2(ar,a1) / (az,a1)] = 2

a12= [2(a1,a2) / (a1,a1)]
(an,a2) = [-1/(2(4)-1)] = -1/7
(an,a1) = [2/(2(4)-1)] = 217
wan =[2(-1/7)/@MN]=-1, az=anu=0

an=[2az,a1)/{aza»]
(a2,a1) = [-1/(2(4)-1)] = -1/7
(aza2) =[2/(2(4)-1)] = 2/7
wan = [2(-1/7)1@7)]=-1,

a=[2a,a3)/{aza2)]

(az,a3)y=[-1/(2(4)-1)] =-1/7

(azaz2y =[2/(2(4)-D]=2/7 ax —azn=0
Lapn =[2(1/7)1@7)]=1

a23=[ 2az,a2)/{as,as)]
(as, a2) = [-1/(2(4)-1)] = -1/7
(asas) = [2/(2(4)-1)] =217
apn =[2(1/7)1@7)]=1

a=[2az,as/{asas]=2

as=[2as,a4) /(asas)]
(as, as) = [-1/(2(4)-1)] = -1/7
(azas)= [2/(2(4)-1)] = 2/7
waw =[2(-1/7)/@MN]=-1 , am=an=0
a4s=[2as,a3) /(@ 4,a4)]
(as,a3)y = [-1/(2(4)-1)] = -1/7
(a 4,8 4) = [2/(2(4)-1)] = 1/7
“a =[2(-1/7)1(17)]=-2
am=[2asa4/(asaqg]=2

2 -1 0 0]
1 2 -1 0
0 -1 2 -1
0 0 -2 2]
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a1 az as a4
O O

 —)

(

@,

Proposition (Cn (n >3)) : (3-4)

i- (ana) =2/(4n+1) if i=j=123..n1
ii- (aja)=4/@n+1) if i=j=n
iii- (aia)=-1/(@n+1) if /i—j/=1,i<n,j<n
iv- (ai,g)=-2/(@n+1)if i=n ,j=n-lori=n-1,j=n
v-(aia)=0 in all other cases.

Example :(3-3)

Let n= 3, to find the Dynkin diagram and the cartan matrix of the Weyl group
of type Ch :

all a12 a13
a21 a22 a23
a‘31 a32 a33

an=[ 2(az,a2) / (az,a2)] = 2

a12= [2(a1,a2) / (a1,a1)]
(an,a2) = [-1/(4(3)+1)] = -1/13
(an,a1) = [2/(4(3)+1)] = 2/13
wa =[2(-1/13)/(2113) ] =-1, a3 =0
a2 =[2a1,a2)/{aza?)]
(a,a2) = [-1/(4(3)+1)] = -1/13
(a2,a2) = [2/(4(3)+1)] = 2/13
wan = [2(-1/13)/(2/13)]1=-1

an=[ Zazaz) / {(az,ax)] =2
a2=[2(az,a3)/(aza2)]
(a2a3) = [-2/(4(3)+1)] = -2/13
(a2a2) = [2/(4(3)+1)] = 2/13
. as =[2(-2/113)/(2/13)]=-2, asu =0

az=[2as,a2)/{as,as)]
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(as, a2) = [-2/(4(3)+1)] = -2/13
(azas)y= [4/(4(3)+1)] = 4113
am =[2(-2/13)/(4113)]1=-1
ass=[2(az,as)/(azas)]=2

2 -1 0
-1 2 -2
0 -1 2
O 0—=—~_0

Proposition (Dn (n >4)) : (3-5)
i-(aja) =2/(2n-1) if i=j

i- (aia)=-1/2n-2) if /i—j/=1,i<n,j<n

ii- (ai,a)=-1/(2n-2) if i=n-2 ,j=n ,or i=n-1,j=n
iv- (ai,a,)=0 in all other cases

Example :(3-4)
Let n=5,to find the Dynkin diagram and the cartan matrix of the Weyl group
of type Dn :

an=[ 2(ar,a1) / (az,a1)] = 2
a12= [2(a,a2) / (as,a1)] a., a., a., 4a., a
(aray) = -1/ (2n-2) = -1/8 | 951 52 53 54 55 _
(ag,a1) =2/ (2n-2) =2/8
wan =[2(-1/8)/(2/8)]1=-1 , am=aw=ais=0
axn=[2@aa1/{(aza2)]
(az,a1) = -1/ (2n-2) =-1/8
(azaz2 = 2/(2n-2) =2/8
way = [2(-1/8)/(2/8)]=-1
a22= [ 2(az,a2) / (@2,a2)] = 2
ax=[2(a,as)/{aza2)]
(azas)=-1/(2n-2) =-1/8
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(az,a2) =2/ (2n-2) =2/8
. oag = [2(-1/8)/(2/8)]=-1 ,a2s =ax=2a31=0
ax=[2(asaz)/{(asas)]
(azazy =-1/(2n-2) =-1/8
(azaz)y=2/(2n-2) =2/8
Lap =[2(-1/8)/(2/8)]1=-1
asz=[2(asasz)/(asaz]=2
a3 =[2(aszas/(azasz)]
(azas =-1/(2n-2) =-1/8
(azaz)y=2/(2n-2) =2/8
Cag = [2(-1/8)/(2/8)]1=-1
ass=[2{(asasy/(asas)]
(asasy =-1/(2n-2) =-1/8
(azasz)y=2/(2n-2) =2/8
v ass = [2(-1/8)/(2/8)]=-1 , am=axn =0
amu=[2(@saq)/(@sasn] =2
a43=[2(asasz)/(asaa)]
(asaz)y=-1/(2n-2) =-1/8
(asas =2/ (2n-2) =2/8
Cai = [2(-1/8)/(2/8)]1=-1
a4 = [2 <a 4,4 5) / (a 4,4 4)]
(asasy=-1/(2n-2) = -1/8
(asa4)=2/(2n-2) =2/8
s = [2(-1/8)/(2/8)]=-1, as1 =as2 =0
as3=[2(as,as)/(asas)]
(as,az) =-1/ (2n-2) = -1/8
(as,asy=2/(2n-2) =2/8
Coasz=[2(-1/8)/(2/8)]1=-1
ass = [2 (as,aa) / (as,a 5)]
(as,as) =-1/(2n-2) =-1/8
(as,asy=2/(2n-2) =2/8
Coasa=[2(-1/8)/(2/8)]1=-1
ass=[2(asas)/(asas)] =2

(2 -1.0 0 0]
1 2 -1.0 0
0 -1 2 -1 -1
0 0 -1 2 -1
0 0 -1 -1 2
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=Vl
ai a as
O O ..............
as O
4 — Programs :-

In this section we give four programs written in
( Visual Basic ) to calculate the Cartan matrices of the Wely group of type An ,Bn, Cn
and Dy .

Program An :-(4-1)

Dim A(N, N) As integer
Dim C(N, N) As integer
Dim i,]j Asinteger
for I=1 ToN
forJ=1 ToN
If 1=J then
C(N, N)=1/(N +1)
Else
If ABS(I-J)=1 Then
C(1L)=((-1)*(1/(2*(N+1)))
Else
C(1.))=0
end if
end if
print A(l,J)
Next
Next

Program B n :-(4-2)

Dim A(N, N) As integer
Dim C(N, N) As integer
Dim i,]j Asinteger
for I=1 ToN
forJ=1 ToN
If((1=J) and (I=N) and (J=N)) Then
C(1,)=(1/((2*N)-1))

Else
If 1=J Then
C(1,9)=2/((2*N)- 1)
Else
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If ABS(1-J)=1 Then
C(1,9)=-1*(1/((2*N)- 1)
Else
C(1.J)=0;
end if
end if
end if
for I=1 ToN
forJ=1 ToN
A(l,D)=(2*C(1,9))/C(1,d)
Print A(1,J)
Next
Print
Next
end

Program Cn :-(4-3)
Dim A(N, N) As integer
Dim C(N, N) As integer
Dim i,]j Asinteger
for I=1 ToN
forJ=1 ToN
If ((1=J) and (I=N) and (J=N)) Then
C(1,9)=4/(4*(N+1))
Else
If 1=J Then C(1,J)=4/(4*(N+1)) OR
Else
If ((I=(N-1))and(J=N)) Then
C(1,9)=-2/(4*(N+1))
((1+N) and (J=(N-1)))

Else
If ABS(I-J)=1 Then C(l,J)= -1+(4*(N+1))
Else
C(1.J)=0;
end if
end if
end if
end if
for I=1 ToN
forJ=1 ToN
A(1,J)=(2*C(1,J))/C(1,J)
Print A(1,J)
Next
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Print
Next
End

Program D p :-(4-4)

Dim A(N, N) As integer
Dim C(N, N) As integer
Dim i,]j Asinteger
for I=1 ToN
forJ=1 ToN
If (1=J) then C(1,J)=2/((2*N)-1))
OR ((ABS (I-J)=1) and (J<N) and (J<N) then
C(1,9)=2/((2*N)-2))
Else
If (1I=N) and (J=N-2)) OR ((I=(N-2)) and (J=N))
Then
C(1,9)=-1/((2*N)-2))
Else
C(1.J)=02
end if
end if
for I=1 ToN
forJ=1 ToN
A(1,J)=(2*C(1,J))/C(1,J)
Print A(1,J)
Next
Print
Next
end
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