A Modification of Szasz Operators with Two Variables
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Abstract

In the present paper, we introduce a modification of the Summation Szasz type
operators denoted by S, ,,,(f; x,y), where f € Cqy, ([0,0) X [0,00)) (the space of all
continuous functions on the area ([0,) X [0,%))and x,y € [0,0) are two
independent variables. First, we discuss the converges of this operator to the
functionf (¢, u) € Cy. Then, we establish a Voronovskaja-type asymptotic formula
for the operator S,, ., (f; x, ).
Keywords: Linear positive operator, Simultaneous approximation, Voronovskaja-
type asymptotic formula, Degree of approximation, Modulus of continuity. 2000
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1. Introduction
The approximation of functions by Szasz-Mirakyan operators

- k
L,(f;x) = Z G (X)f (—),x € Ry:=[0,0),n € N :={1,2,...},where
k=0 n
(nx)*
CIn,k(x) = enxf! k€ N°

:= N U {0} has been examined in many papers and monographs
e.g.( [8], [2], [3]). The above operators were modified by several authors e.g. ( [1],
[7], [9]) which showed that new operators have similar or better approximation
properties than L, (f; x).
Rempulska and Graczyk [6], introduced a modification of the Sz&sz operators and
studied some direct results in ordinary approximation as:

1 < ()™ (rk

M = — ER EN
nr(f,2) A, (nx) r (rk)! n) » X EHon =
® trk
and for every fixed r € N, where A(t) = Z o] for t € R,,.
k=0 '

In this paper, we introduced a new sequence of linear positive operators S,, ., (f; x, y)
for f € Cq,, ([0,0) X [0, 00)) given as follows:
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m

Snm(f3%,y) = Gl Giii s ) s ) £ (o 2)
L L

o)

where Gx = z Ankr (x) and Gy = Z qm'js(x)
j=0

k=0

2. Auxiliary Results:
We give some lemmas which help us in the proofs of main theorems.

Lemma 1: [5]

For n,r € N,x € R, and

(nx)rk—m

A" (nx) = ™ k=)l
k=m '

; Tk > m, we get :

)rk

) Z(( 5 rk = xA,(nx) ;

o (nx)rk
@ i (rk)!

(rk)? = x2A) (nx) + xA,.(nx);

rk
(3) Z (( k))' (T'k)3 — X3A;"(nx) + 3X2A;~’(TLX) + XA;»(TLX);

rk -1
4) Z (( k))' )™ = x™A™ (nx) +%

-1 2(m-1)
x™m 1A (nx) +

terms of form Cx'A® (nx), where 0 < I < m — 1.

Definition 1:

A function f is of smaller order than function gas x — oo, if limx_m% =
g(x) # 0,we indicate this by writing f = o(g).

Lemma 2: [6]

For n,r € Nand x € (0, o), we get:
(m) (m) (m)

Ay (nx) Ay (nx) Ay (nx)
— 51, ———==0(1 ,5 = ,r>1. And ———
nmA,(nx) - nsA, (nx) o(1) asn—>cos =r+mr n nsA,(nx)

=o(n™").
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Lemma 3: [6]

For each r,n € N and for all x € [0, o) we get:

D) Spr(Lx) =1

xA;.(nx)

2) Spp((t = x); %) = Spp(t ;%) = xS, (1; %) = m —X

3) Sn,r((t - x)zi x) = Sn,r(t2 ;X)) — ZxSn,r(t; x) + xzsn,r(]-} x)
_ XA (nx) | xAr(nx) xA,.(nx)

— -~ 7 2
n?A,(nx) n?A,(nx) * nA,(nx)

Definition 2:
The norm of the space (,,[0,0) which is defined as:

Wflle,, = SUP¢efom|f(t)le™™, h>0.

Our first theorem shows that the operators S,, ,,(f;x,y) converges to the function
f(x,y)asn,m — oo,

Theorem 1:
Let n,m € N. If for all x,y € [0, ) the following conditions hold:

D lim [[SmLxy) -1, =0
,TM—>00 ay

) lim |[Sym(tx,y) —x|, =0;
n,m—oo ay

3 lim_ [[Sym@sxy) =y, =0;
,M— 00 ay

@) _lim [|Sym(? +uxy) - 2 +yD)|, =0,
n,m—oo ’ Ca,y

then
[|S0,m (F (&, 0); %, ) = f(x, Y)llcay =0 as n,m — o,

Proof:
By using Lemmas 1 and 2, we get:

n,m-oo

. - 1 o0 1 o0
D) Jim [Sum(txy) = 1], = lim = amps O Y ) — 1
g @ y 4 x
Jj=0 k=0

Cay

=0.

2) lim ||Spm(t;x,¥) = x|,
n,m-ow @y
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kr XA, (nx)
:nlrlnrgoo G, Zanr( )< ) qu}S(y)_x :nlétrgoo nA (TlX)
Cay
=0.
By the same way we can prove (3), as follows:
3) lim |[Sm(usx,9) = v,
,M—00 ay
o0 1 o0
i |5 a0 ) (5)
X y
k=0 j=0
Cay
im |[24sm) 0
n,m-om mAS (my)

@ lim[18,m(( + 02 0y) = @ + 32,

_ 1 = kry? 1 =
= n,lrgllm G_xz An,kr (x) (7) G_yz Qm,js (y)
k=0 Jj=0

Gii @S a0 () ) - 6 39
k=0 Y=o

Cay

= Jim_ ankrm(kr) Giyiqm,js(y)(%)z — (2 +y?)
j=0

x2Ay (nx)  xAr(nx) = y*A{(my) = yAs(my)

(2 2
n?A,(nx) + n?4,(nx) + m2A;(my) + m2As(my) (4%

=0.

n,m—-oo

Then, by Korovkin's theorem [4] we get:

”Sn,m(f(t!u);xi )’) - f(x,y)llca‘y =0 as nm-—

0, |

Cay

Cay
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Finally, we give a Voronovskaja-type asymptotic formula for the operators
Sn,m(f(t; u); X, y)-

Theorem 2:

0%f(xy) 9%f(x.y)

x oty and

For f € C,(0,0) x C,(0,0) such that, a,y € N°, suppose that

%f(xy)

3xoy exist and are continuous at a point (x, y) € ((0, o) x (0, )), then:

lim n{Spm(f3%,9) = F(6 )} = 5 e, 9) +3 fyy (5,7

Proof:
By Taylors formula for f € C,(0,x) x C, (0, ), about the point (x, y), we have:

few) =f0,y) + fGy)E—x)+ f,0y)(u—y)
1, ., \ .
+§{fxx(x; YVI(E =)+ 2fiy (t =) —¥) + fy (x, ) (u — )%}
+ ot w;x, YVt — 0+ (w—y)*4,

where @(t,u) = @(t,u;x,y) is function from the space C,(0,) X C,(0,), and
o(t,u) - (0,0)as (t,u) - (x,y) then, o(x,y) = 0.

Sn,m(f(t' u); (x, 3’)) =f(xy)+ fx(x: y)Sn,n((t —x); x)
1 .
+fy,(xr :V)Sn,m((u -y); y) + Efxx(x' Y)Sn,m((t - x)Z; x)

; 1 .
+fxy(x' :V)Sn,m((t - X); x)Sn,m((u -¥); y) + Efyy(x’ y)Sn,m((u - y)z; y)

+Snm (@6 WY E ="+ =% xy).

Using Lemma 3, we have:

Som(f3%,¥) = f(x,¥)
o [*Ar(nx) (VA (nx)
S (nAr(nx) B x> T fy <nAS(nx) B y)
1 . (x?Af(nx)  xAp(nx)  2x%Ar(nx)
+ Efxx <n2AT(nx) n?A,(nx) nA,(nx) T )

. [xA,(nx) yA;(nx)
fry <nAr(nx) B x> <nAS(nx) B y>

e yAy)  yAy)  2y*A0w) o,
277 \n?As(ny)  n?As(ny)  nAs(ny)




ournal of University of Thi-Qar Vol.9 No.2 June 2014

+Shm ((p(t, u)\/(t —x)*+ (u—y)4x, y) .
Hence,
. X . y o
Tlll_r;lgon{sn,m(f; x;y) - f(x,)/)} = Efxx(x'y) + Efyy(x’y)-

To complete the proof, we must show that the term

Sn,m(<p(t, u)\/(t —x)*+ (u—y)4x, y) > 0as n > o.
By using Cauchy-Schwartz inequality, we get:

[Snm (06 WV E= 0"+ @ =35 x,y)|
< (Sam(p2(tw);x, y))l/ * (Sum((t —2)%0)
b Sum(@— 1)) %

Now, by the properties ¢ (x,y) = 0, and Theorem 1, we have:

Sam(@*(tW);x,y) = 9*(x,y) = 0.
Then from Lemma 3, we get:

1
111im (Sn,m((t - x)4; x) + Sn,m((u - }/)4;}7)) /2 - 0.

—00

Therefore,

lim nS, ((p(t, W/ (t — )%+ (u—y)4;x, }’) -0.
n—-oo
Then, the proof of the Theorem 2 is over.
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dadal

A G S (F 2, ), A Seis Szisz g sene el (o Jigall Gpuad ol i) 18 8
U ) S G Y Plien 5555 2,y € [0,00) Gl f € Cy ([0, 0] X [0, 00])
( Voronovskaja-type asymptotic formula) il Sudsis B daaa < b 25 f(t,u) € Cyy
-Sn,m(f; x,y) Szl



