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Abstract

In this paper, we discuss the reduction of IBVP by using the definition
of Bluman or Ibragimov. Moreover, some examples that explain this
definition for linear and nonlinear heat equation, are given. Next, we will
give some restrictions on the Lie symmetry, which make the initial-boundary
conditions are invariant. Finally, we find an initial condition which need not
to be left invariant by a Lie symmetry in order to find an invariant solution,
which satisfies that initial condition.

Keywords :  Symmetry, Invariant, Reduction, Lie point symmetry, Exact
solution, BBM equation.

1 Introduction
Most of the engineering and physical problems require PDEs to solve

subject to suitable initial and/or boundary conditions. Group-theoretic
methods are powerful and fundamental to the development of systematic
procedures that leads to solutions of IBVPs. In the literature of engineering
and applied sciences, some authors [12, 13, 17] investigated similarity
methods by considering the governing equation first and only examining the
boundary Hansen, that made the key contributions to the area of similarity
analysis pertaining to engineering IBVP. One may note that, little attention,
in the literature, has been devoted to use Lie symmetries to solve IBVP. We
mention [18], since three criteria must be satisfied in order to guarantee that
the equation is integrability or reduction, namely:

1. A symmetry of the governing differential equation.

2. A smooth bijective mapping of the domain to itself.

3. A mapping of the set of boundary data to itself.
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The procedure for finding Lie point symmetries of a given differential
equations is well known [3, 5, 6, 10, 14, 15, 18, 20, 23, 24, 26]. The
difficultly that the extra conditions (2) and (3) may not be satisfied by any of
these symmetries; in this case, it seems that IBVP has no point symmetries.
In fact, there exist several approaches exploiting Lie symmetries of IBVP for
PDEs. The new purpose of this paper is to study these several approaches in
two directions:-

The first direction, which is a direct implementation of the rigourous
definitions of Bluman and Ibragimov. This leads to a reduction of the IBVP
for PDE into a IBVP, which depends on less of independent variables. This
means that, we have determined all the Lie point symmetries (by Lie’s
algorithm), that leave the differential equation invariant, then we determine
which of those Lie point symmetries (subgroups) can also leave the domain
and boundary-initial conditions invariant. The Lie point symmetries that
leaves the differential equation and the boundary condition invariant is used
to determine the invariant solution of the IBVP [1, 3, 7, 19].

The other direction is to make the definition above more tractable,
which is called the classification approach, this an approach in which the
group classification of the PDE and associated initial and boundary
conditions are carried out simultaneously, where classifying possible initial
and boundary conditions that are consistent with symmetries of a particular
differential equations, that is, the form of any boundary-initial conditions
invariant under some subalgebra, may be found [22].

In [4, 25, 27] it has been studied the conversion in the BVP of the ODE
into IVP by using scaling group and/or translation group and then solving
VP numerically.

Habiballin [16] discussed the problem of boundary conditions for
evolution PDE, which considered compatible with their higher (Lie
Backlund) symmetries . Zhdanov and Andreitser [2, 28] solved the IVP for
evolutionary PDE by using higher-order conditional symmetries though the
reduction of IVP to cauchy problem for a system of ODEs. In [7, 8, 9] it was
given a new definition of Lie invariance for IBVPs (Standard and moving
boundary conditions) and a new definition of conditional invariance for
IBVP.
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2 Reduction of Initial Boundary Value Problem
Consider a IBVP for a k-th order (k = 2) scalar PDE that can be written
in a solved form

Fix,u,u{l:],. . .,u{k]) = uiiiz---il - f(x,u,u{l:], . .,u{k]) =0 (1)

where f does not depend explicitly on u; ;__ ;.
space (x € R™), with the boundary conditions

defined on a domain (1,. in x-

Bo(x,u, gy, -, Uge—1y) = 0 a=1,2,...,8 (2)
prescribed on boundary surfaces

w,(x)=0 a=172,...,s. (3)

We assume that the boundary value problem (1), (2) and (3) has a unique
solution. Consider an infinitesimal generator of the form

X =3 G005+, @)
which defines a point symmetry acting on (x, u)-space
Definition 2.1 [5] The point symmetry X of the form (4) is admitted by
the boundary value problem (1), (2) and (3) if and only if:

1 XMF(xou gy, ugy) =0 when F(X,u,ugyy,..., Ugy) = 0; (5)

2. Xw_(x) =0 when w,(x)=0 a=1.2,...,s; (6)

3.
X[k_l]Ba.{:x,u,u{l:],...,u{k_l:]j = O WhE‘?‘l Ba{:x,u,u{l:],...,u{k_ljj = O
on w,(x)=0 a=1.2,..,5; (7)

Theorem 2.1 [5] Suppose the IBVP (1), (2) and (3) admits the Lie group of
point  transformations  with  infinitesimal  generator  (4). Let
v=04x),(x),...,V—1(x)) be (n-1) functional independent group of
(4). Let v(x,u) be a group invariant of (4) such that z—: # 0. Then the IBVP
(1), (2) and (3) reduces to
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Gy,v, LN IEREY T?{;.:]J =0 (8)

which defined on some domain (1, in t-space with the boundary conditions

Gy, v, Vg e Vg 1]] =0 )

prescribed on the boundary surfaces V,(v) = 0 (10)
for some G, C,, V,

Remark 2.1 [5] Note that the surfaces y;(x) =0, j=1.2,...,n—1 are
invariant surfaces of the group. The condition (6) means that each boundary
surface w,(x) is an invariant surface V,(y)= 0 of the infinitesimal
generator } {;(x)d,, which is the restriction of y to x-space. From
invariance under (4) the number of independent variables in BVP (1), (2) and
(3) is reduced by one. The solution of IBVP (1), (2) and (3) is an invariant
solution
V= ¢’(}le Y2, 'Jyn—lj
(11)
of PDE (1) corresponding to its invariance under (4). The invariant solution
u = 8(x), defined by (1), satisfies
Xu—08(x)=0 when u=~06(x)
this is

% Gy = 1, 8(0).
Ibragimov stated the previous definition in the following sense:

Definition 2.2 (Invariance principle)[21].

If a boundary-value problem is invariant with respect to a group, then one
should look for a solution in the class of functions invariant with respect to
that group.

Remark 2.2 Invariance of boundary value problem in the sense Ibragimov
presupposes invariance of the differential equation, as well as of the manifold
containing the data, and of the data given on that manifold. Clear that there
exists equivalence of the definitions (2.1) and (2.2).
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The above definition is used in many articles to find invariant

(similarity) solutions [1, 3, 5, 11].
3 Some Applications

We gave some applications for a first direct, that is, we find all the Lie
point symmetries, that leaves the DE invariant, then we determine which of
these Lie point symmetries also leaves the domain and boundary-initial
conditions invariant. Also, we find the exact solution and reduction equation
for the linear and nonlinear heat equation.
3.1 Exact Solution of Heat Equation[1]

As an illustration, we will consider the following IBVP commonly
known as heat problem, this problem related to transfer of heat by
conduction. The analysis of such problems is required in many physical
engineering problems. For example, the cooling of electronic equivalent, the
design of themal-fluid, and so on. In particular, a major objective of the
solution of such problems is to determine the temperature field in a medium.
The problem studied here for the transient condition in semi-infinite solid
with constant surface temperature conditions precisely, we investigate the
following IBVPs

U, =au,, t>0x>10 (12)
with initial boundary conditions

u(x,0) =T, x>0 (13)

u(0,6) =T, t=>0 (14)

u(oo,t) =T, t = 0. (15)

The Lie symmetry of (12) is

X =(c;+cst+cyx+cyxt)d, + (cs+ 2cat + ¢, t7)0;
Hii(x, 1) + [cs — cs G- +2) — 2x]ja,
we can write the above Lie symmetry X by

X:=X+X, =Y. X, + X,
where

X, =a, , X2=rax—";—“au , Xy =xd, +2td,

X, = xt0, + 170, — (= + DHua,
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where i is the particular solution of (12).

We consider the symmetry operator X of PDE (12) and search for the
operator that preserves the boundary and boundary conditions. The
invariance of the boundaries x=0, t=0, that is,

[X(x = 0)]lx=0 =0
[X(€ = 0)]lt=0 = O
which implies
0y =Cp=10Cy =10
hence, X must be

i

X =0CqXq + CcXe + O X
The invariance of the boundary condition, which are:

X t) —T)lle=o=0 on u(x,0)=T,
[X(u(x,t) = T)lle=0 =0 on u(0,t) =T,

This implies, we must have
cg =0=rcg

=]

hence the IBVP is invariant under the symmetry

X =2td, + x0,
where we have chosen ¢; = 1.

The invariant solution of the problem is constructed by utilizing the
transformation through similarity variables for X. Solving the characteristic

system for XI = 0 gives I; = x? and I, = u as the differential invariants of
X = 2td, + xd,,.. Hence, the similarity variables for X are

2

u=v(z) where z(xt)= XT (16)

substitution (16) and its derivative in (12), implies the ODE,

z. dv

w2+ H%® o
dz2 g d=
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the above equation can be integrated, using the substitution

wW=—
dz

to obtain

v(2) =k, [ Z2dz +k,

vz

making the change of variable y* = i in the above solution yields

v =4k af e ¥ dy+k,
that is,
v =2kVan(erf(y)) + k;

which implies the exact solution of IBVP that is invariant under
¥=2t2+xZis
at dx

u(x, t) = 2kyVamlerf CL)] + ks
imposing the boundary conditions determines
TD_Ti
ki = zx-E’kz =T

we get the solution
u(x,t) = (T, — Tl)frf(w%—n) +T;
of the IBVP (12), (13), (14) and (15).

3.2 The Reduction of Nonlinear Heat Equation

Consider the nonlinear equation

u, =(uw,), O0<x<oo, t>0 17)
with initial-boundary value conditions

uw(0,t) =1, t>=0 (18)

u(oo,t) =0, t=>0 (29)

u(x,0) =0, x=0. (20)
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By using PDE tools package, we get the Lie symmetries of the equation (17),
X, =0, X,=29,,

X, = ixﬁx +1td,,

X, = %xﬁx +ud,,.
We can write the above Lie symmetry, as

X =Tt CX

the invariance of the boundaries x=0 and t=0 implies ¢; = c¢; = 0 and the
invariance of the boundary condition (18), (19) and (20) implies ¢, =0
hence the IBVP is invariant under the symmetry,

X; = >x0, +td,
solving the characteristic system for,

X.u=10

[ 5]

we get, the similarity variables,

u=f(z), z= (21)
substituting (21) and its derivative |n (17) (18), (19) and (20), we get the
BVP for ODE,

H-||H

ZU’If+f’2]+ZfI={]
f(0)=1
f(oo)z':].

with boundary conditions

4 Classification Technique

Although the previous approach, which consists of three steps is
conventional to solving IBVP, sometimes it is difficult to proceed beyond the
first step. This is because the PDE admits two or three symmetries, which are
not suitable to satisfy second and/or third step or, there are infinite numbers
of transformation groups that leave the PDE invariant. Alternatively, the form
of any boundary condition invariant under some subalgebra may be found,
that is how to find the initial-boundary conditions, which are invariant under
the Lie symmetries (subgroup) of the PDE.
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4.1 Restrictions on Lie Symmetry X
In this section, we consider the conditions on the initial or boundary data
(are determined) which guarantee the invariance under the Lie symmetry X.
Suppose that we have (1+1) dimensional PDE, which is invariant
under Lie point symmetry X = {(x,t,u)d, + 7(x, t,u)d; + n(x, t,u)d,

Proposition 4.1 The initial condition u(x, t,) = f(x) is invariant under X, if

and Only If 7’1’(17: tmf(x]] = gixr tﬂrf(xjjf.r(x)
The boundary (t=t,) is invariant under X, if and only if
T('X, tﬂru(:xr tﬂ]) = D
Proof.
u(x, ty) = f(x) is invariant, that means

[X(ux, t) — FOD ] luw.to)=fx) =0

Bt=t,
which implies
n(x, tw) — (6w () lueto)=fe =0
Bt=t,
e

nx, to, f(x)) = (x, to, f () f' (x)
and vice versa
The boundary t — t, = 0 is invariant, this means,
X(t—ty)|t=t, =0

Hence t(x, t,,u(x, t,)) = 0 and vice versa

In general, if we assume that the boundaries and the boundary condition are
invariant, we get

Proposition 4.2 The boundary B(x,t) =0 and the boundary
condition w = M(x,t) on B(x,t) = 0 are invariant under X, if and only if
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f(x, t; MJMX + T{:xl t! M]Mt = C(xl t!Mj and
((x,t,M)B, +7(x,t,M)B. =0

Proof. By the same way, as in prop. (4.2).

Corollary 4.1 The boundary (x = x;) and boundary condition
u(x,,t) =g(t) are invariant under X, if and only if
n(xt]:tr g(t)) = T(:xt]: t! g(tjjg.r (tj and é-(:xt]r tyuj = {]

Corollary 4.2 The boundary (x=h(t)) and boundary condition
u(x, t) = uy, where u, is constant at x = h(t) are invariant under X, if and
Only If”(h(t]rtr uﬂl] = D and ((h(f), tr uﬂj = T(h(t),f, uﬂ]h.r (t)

Proposition 4.3 The boundary (x = x;) and boundary condition
U, (xy,t) = f(t) are invariant under X, if and only if &(xg,t,u) =0,
Tx(xmt!u{:xmt]] = Tu(xi_'h t,u(xﬂ,tjjf(t] and
T?x(xo;f:u) - nu[:xﬂr t! H:Jf[:f) = f(tj[fx(xﬂl t! Hjl + é-u Exﬂr t! ij{:t)] +
T{:Xﬂ, t! ijl[:t)

Proof.
From
X[x — xﬂ]lx:xn =0
which implies
E(xg,t,u) =10
and from

XM, (6, 0) = F(Olhuy=r ey = 0

X=Xg

where X[ is the prolongation of X, that implies
™ —f ' Ollu=fey = 0

that is
Ny + Moy Uy — ut(Tx + Tu'ux] - ux(%-x + é-u'uxj - Tflr(t] |u.:i=f':t:] =0
we get
nx+nuf_ut(Tx+Tu'f]_f(§x+%—ufj_TfI(E)ZO (22)
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Since My , Mo Taer Twr & €0, T, [ are functions of x, ¢, u, we get

Tx(xmt!u{:xmt]] = Tu(xi_'h t,u(xﬂ,tjjf(t]
and

ﬂx(xmf:u] - nu(xﬂﬁ t! ij(f] = f(ﬂ[‘fx(xm t! u] + é-u (xi_'h t! u]f(t]] +
T(IDJ tr u]frit]

and vice versa.

Remark 4.1 We note the restriction on X are differential equations.
These equations may be solved to obtain the admissible initial-boundary
condition which are compatible with Lie point symmetries for PDE. Which
will be clarified in the following application.

4.2 Application the IBVP of the BBM Equation

The BBM equation

U, +u, +un, — U, =0 x>=0,t>0 (23)
with initial-boundary conditions

u(0,t)=g(t) t=0 (24)

u(x,0)=f(x) x=0 (25)

with compatibility condition u(0,0) = g(0) = f(0), has a unique classical
solution u(x, t) € C?,if f(x) € C* and g(t) € C* [?].

Proposition 4.4 The IBVP (23), (24) and (25) are invariant under
X = Clax + (Cz + Ca tjat - Cg (1 + Hjaw (26)
if and only if f(£) = —1,g(t) = -1+ 5 andc, = ¢, = 0.

Proof.

To find a classification of all initial and boundary conditions that
invariant under Lie symmetry (26), this is analogous to classification problem
for differential equation with arbitrary parameters, identifying special values
of arbitrary parameters, allowing a larger symmetry group.

By using proposition (4.1) and corollary (4.1), we get the restrictions:

L T(x,0,f(x)) =0
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. £(0,t,g(t)) =0

iii. n(x, 0, f(x)) = ¢(x, 0, f(x))f'(x)
iv.7(0,¢,g(t)) = (0,t, () g' (o)

clearly, (i) implies ¢, = 0 and (ii) implies ¢y = 0.
Hence X becomes

X =td, — (1+u)d, 27)
(iiii) gives —(1 + f(x)) = 0, that is f(x) = —1, while (iv) gives
—(1+g(@®)=tg'(1) (28)

ie.wegetg(t)=—1+ E where c is arbitrary constant

Hence the IBVP (23), (24) and (25) with g(t) = —1 and f(x) = —1
are invariant under Lie symmetry (27).

Now, we are trying to find a solution to the IBVP (23), (24) and (25) as
follows from Xu = 0, where X defined in (27), we find that the similarity
variables
u= @ -1
substituting this variable and their derivative in (23), we get the reduced
equation

" (x) —e(x)@' (x) —@(x) =0 (29)
with the boundary condition
@(0)=0.
The equation (29) has only one Lie symmetry (hidden symmetry)
X=24a, (30)

by using invariant differential method, we can transform (29) into the first
order of ODE as follows:
From (30), we find

u=¢ and v=¢, (31)
substitute (31) into (29), we get
v'v—uv—u=0, (32)

where v’ = j—:, and from integrating (32), we get
v+in(w+1)="S+24
, Where A is constant, from (31), we get
In(¢'+ 1+ ——=4, (33)

with ¢ (0) = 0.
This problem may be solved numerically.
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The remark below explains that, an initial condition may not be left invariant
under a symmetry, in order to find invariant solutions, which satisfies initial
condition.

Remark 4.2 Consider the initial condition (25). By using proposition (4.1), if
7(x, 0, f(x)) # 0 then the domain ¢ = 0 is not an invariant domain under X.
By using invariant surface condition for the invariant solutions, that is,

C(x, t,w)u, + t(x, t,w)u, = n(x, t,u), (34)
we get
u,(x,0) = 1 (2.,0,F (£))—{ (2.0, f (x))f (x) (35)
’ (2,0, (x)) ’
consider evolution scalar PDE
ut = F(t,u,u{lj,...,u{n:]), (36)
which implies

U (x,0) = F(O,x,u(x, 0),u,(x,0),uy)(x,0)),
that is,
u(x,0) = F(0,x, f, ..., ™), (37)
substituting (37) into (35) we get n_th ODE
FO,%,f,f',..., f®) = 7 (2.0, () ¢ (2.0.f (¥))f (%)

. : ©(x.0.7(2)) o
If we could solve this equation, we get that the initial condition is not

invariant.

Example 4.1
Uy = Uy, +TU —c0<x<o0 , t=0, (38)

u(x, t)]e=p = f(x) —o0<x <o,
The (38) is admitted by symmetry operator.
X =%—j—x+ (2 + t)ud,
To find f(x) such that the initial condition is not invariant under X, we must

solve the following equation
ney _ 2fEHf )
) =2

that is

fr@) =) —=2f(x) =0 (39)
solving (39), we get
f(x)=e*™ or e™*
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this implies
U =U,, +tu —o<x<o ,t>=0

if u(x,0)=e* —oo<x<o (40)

solving the corresponding ISC to this symmetry operator
dx dt du

-1 1 2+t

we get

IZ
u(x,t) =ez"fp(x +1t)
comparing at t = 0 with I.C.
p(x) = e
so that
e(x +t) = g2+
hence, the solution to the IVP (40) is

t
u{:x’ t] — €?+4t+2x

5 Conclusion

1. We note that, once we find a suitable functional form for a similarity
solution, we need not substitute it into the governing equation to find the
arbitrary function. Rather that we compare the functional form at the initial
value with the initial condition to find the arbitrary function.
2. This method can be applied not only to the equation of the type of
evolution, but for any scalar partial differential equation. Difficultly lies in
finding the solution of the resulting ordinary differential equation and often
with nonlinear equation.
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