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ABSTRACT

Our aim in this paper is to used Laplace transformations (L.T) for solving the non-
homogenous second order linear partial differential equations (LPDES) with constant
coefficients without using any initial conditions(l.C) and boundary conditions(B.C).

1.INTRODUCTION

The operator D ,denotes partial derivative of some (PDEs) with respect to
independent variables and it is important to obtain solutions for (LPDES).

The Laplace transformation is used to solve linear partial differential equations with
real constant coefficients with initial and boundary conditions by taking (L.T) of both
sides of linear partial differential equations and by substituting (L.T) for partial
derivatives and writing initial and boundary conditions. After this we getting linear
ordinary differential equations its order is the same order of linear partial differential
equations, and by taking inverse (L.T) of both sides, after writing (L.T) for general
solution, we obtaining the solution of linear partial differential equations.

In this paper we used (L.T) for solving the second order linear partial differential
equation with non-homogenous and with constant coefficients with out using any
initial and boundary conditions.

2.BASIC DEFINITIONS, THEOREMS AND PROBERTES

Definition 2.1,[3]:- A partial differential equation is an equation that contains partial
derivatives. In contrast to ordinary differential equation, where unknown function
depends only on one variable in partial differential equations; the unknown function
depends on several variables.

Definition 2.2,[2],[4]:-A second order linear partial differential equation in the
independent variable xand y is an equation of the form

AxDZ + AX)Z . + AXDZ.+ AX)Z + AX)Z+ A Z =F(xt)
.
where A, (x,t),i=12,...,6are functions of X and T or constants. If F(x,t)=0 then

the equation (1) is said to be homogenous and non-homogenous if F(x,t);tO. If
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A_(x,t),i =1,...,6are constant functions then the equation (1) is called with constant
coefficient, and if at lest one of A.(x,t), i=12,..,6are non-constants then the
equation (1) is called with variable coefficients. And if A = A = A, =0then the
equation(1) is said to be linear partial differential equation with homogenous terms.

Definition 2.3,[2].[5]:- To obtains the (L.T) of a function Z(x,t),we multiply the
function Z(x,t) by @ "and integrate the productg " Z(x,t)with respect to the (t)

between t =0and t =oo,i.e. L(Z(x,1)) = J'efstz(x,t)dt
0

the constant parameter(s) IS assumed to be positive and larger enough to make the

product@ " Z(x,t)converges to zero as.t — oo

Note that(1),is a definite integral with limits to be substituted for(t),
so that the resulting expression will not contain (t)but will be expressed in terms of

(s)only i.e. L(Z(xt) = [ *Z(x,t)dt = (x,s)

Definition 2.4,[2]:- Letv(x,s) represents the(LT) of the function Z(x,t),then Z(x,t)is
said to be the inverse (L.T) and is denoted by Z(x,t)= |~ (v(x,s))when we know the

(L.T) containing fraction functions of (s)then the inverse (L.T) can be obtained
directly or written it in partial fractions.

Theorem 2.5,[1]:-Let Z(x,t)be a continuous function such that t > 0 then
DL(Z,) = sv(x,s)—Z(x,0)
UZ) =5V (x5)-s Z(x0)- Z,(x0)
d
L(Z,) = &v(x, s)
d 2
d X

-v(x,s)

HZ.) =

Property 2.6:- :-Let Z(x,t) be a continuous function such that t >0 then
L(Zd=5 V' (xt)-Z,(x0)

Proof:-
by using the definition (2.3),we get
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Lz,)= e 7.

- e_StZX(x,t)! + SJ. g7 dt
0

hence =—7 (x,0)+g V'
Uz, )=5s V' (xt)-Z,(x0)

3.NEW MAIN RESULT FOR SOLVING THE SECOND ORDER
(LPDES)

The non-homogenous second order linear partial differential equation with
constant coefficients its general form:

A7 + AXxDZ + AXt)Z+AX)Z + AXYZ+ A Z =Fxt)

@

for solving the equation (2) by using (L.T),taking the (L.T)of both sides of the
equation (2) without using any (1.C) and (B.C),ie. Z (x.0).Z,(x0) Z (x0) are

known and the (L.T) of F(x,t) is known we get:

DA . Dxd
(AS+AS +A) (AS+AS +A)K)
Let (A332+ AsS + Ae): H(s) then the above equation becomes

v(x,s)= D1(5)+ D, (xs) .3
H(s) H(s)ek(s)
Where Dl(s)is a polynomial of (s)it's degree smaller than the degree of
H(s),and K(s)
is a polynomial of (s) represents denominator of (L.T) of the function F(x,t),and
D, (x,s) represent numerator of (L.T) of the function F(x,t).
Now, since L(Z(x,t)) = v(x,s),then the equation(3) becomes:-

(), D,kxs)
(s) H(s)ek(s)

and by taking (L_l)of both sides of the above equation, then we get:-

v(x,s)=

+

L(Z(x,t)) = [H)
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Since, D, (x,s) represent numerator of (L.T) of the function F(xt) hence
D,(x.s)= F,(X)F,(s).then the above equation becomes:-

1 ,\S
Z(X't) =L [ [H)l(( ))J Fl( )L (H ('S:)o(K)(S)J
FF ,(s)is a polynomial of (s)it's degree smaller than the degree of (H(s)e K(s)).
Then the complete solution is given by
2(xt)= A 0,0+ A,g,0+..+ A, g O+ F,([B,h,O+B,h,®)+-+ B, h, ®)
Whéfe A A Aand B, B, B,are
constants, g, g, - g_andh,. h,... h,,are functions of (t).

The number of the constants A.,izl,...,nand the number of the functions

gi,i:l,...,n

are equal to the degree of H(s)which is supposed to be (n),and the number of the
constants B,,i =1,...,m,and the number of the functions p.,i =1,...,m
are equal to the degree of (H(s)e K(s)) which is supposed to be (m).

We can eliminate some of these constants A, A..... A,andB,, B, B, by
obtaining whose values by finding’/Z ,7/ 7.,/ and nyor the equation(4),and

substituting this values in the equation (2),s0 we get some of these constants, and by
this method we get the solution of the equation (2) without using any initial and
boundary conditions for the second order linear partial differential equation by using
(L.T).

4.Examples:
Example 4.1:-to solve the equation 7.~ 7..—27, =@ sint
Lg"sint)=g L(smt)_— hence
+1

Z(X't)_Ll[sz ] [ —25 )J

) el ()
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hence

Z(x,t)= A+Bg" +cp "+ Dg‘@" + E@"cost + F @’sint

we can get some eliminate of the constant by finding

7. =4Bg" +4Dg'@" —Eg'cost - F g’sint

7.=2Bg" +2Dg"'@" ~Eg@’sint + F g"cost

and 7 =cg +Dg +Eg cost+Fg'sint

and by substituted /7, /., 7 in the original equation then we get
—2Eg@"cost—2F @'sint—cp"~Dg'gp" —+2E@"sint — 2F p"cost = @sint
hence —-2E-2F=0-2F+2E=1c=0,D=0

1o 1
4 4

by solving these equations we get c=0,D =0,F =
Then the complete solution is given by
Z(x,t)= A+ Be2t+%excost—%exsint

where Aand B are arbitrary constants.

Example 4.2:-to solve the equation 7, + 7, — 7, =cosx@
COS X

S—l

(DO E0
A=l [szlj L [(521)(5 1)J

() L) e [ L5 L[ﬁ] . Ll(siﬂj]

hence

L(cos x@) =cos xL(@") = ,hence

Z(x,t)=Ag +Bg@ +ccosxg@ +Dcosx@t+Ecosxg
we can get some eliminate of the constant by finding
,Z.=Ag +Bg +ccosxg +2Dcosxg +Dcosxg't

7, =—-csinxg —Dsinxg't—Esinxg"

and by substituted /7, 7 77 in the original equation then we get
2Dcosxg —csinxg@ —Dsinxgt—Esinxg  =cosxg

hence 2D=1-c=0-E=0,-Dsinxgt=0
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by solving these equations we get D = %,c =0,E= 0,_?1sin xett =0

Then the complete solution is given by
Z(x,t)=Ag +Bg " +%cos xa't

where Aand B are arbitrary constants.

Example 4.3-to solve the equation / +7/ -/ +/ =tcost

L(tcost) = > hence

(]

Z(X,t): Ll[MJ+ L_l FZ(S)

e 32 (g

hence )
Z(x,t)= A+B-+ccost+ Dsint + Et cost + Ftsint

we can get some eliminate of the constant by finding
Z.=0,7 =07 =0,7 =-csint+Dcost—Etsint + Ecost + Ft cost + Fsint

and by substituted /7 , /7 .7/ ../, in the original equation then we get

—csint+ Dcost — Etsint+ Ecost + Ftcost + Fsint =tcost hence
-c+F=0,D+E=0-E=0,F=1
by solving these equations we get F =1,c=1,E=0,D=0
Then the complete solution is given by
Z(x,t)= A+cost +tsint

where Ais an arbitrary constant.
Example 4.4:-to solve the equation /7 +/ +/7 . +/7 —2/7.+7 =X

L(xt) = xL(t) = ;hence
S

(DO ) o EO
A=l [3225 +J L ((3225 +1)52]
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hence

Z(x,t)= A@ +Btg +cx+Dxt+Exg + Fxtg

we can get some eliminate of the constant by finding

7, =0

.= Aet+Btet+Bet+Dx+ Exet+Fxtet+ert‘ZX:c+ Dt + Eet+Ftet‘
7.=Ag +Btg +2Bg +Exg + Fxt@ +2Fx@ 7, =Dg'+Eg +Fg +Ftg ¢
and by substituted /., /., 7.+ Z..» Z...» Z, In the original equation then we get

D+ Fet—ZDx+c+ Dt+2Eet+2Ftet+cx+ Dxt = xt
hence 2E+F =02F =0,D+c=0,(-2D+c¢c)x=0,Dt=0,D=1
by solving these equations we get D=1,t=0,—3x=0,c=-1,F =0,E=0
Then the complete solution is given by

Z(x,t)= Ag +Btg —(L—-t)x
where Aand B are arbitrary constants.

5.Conclusion:

We can find the complete solution of the non-homogenous second order (LPDES)
by Laplace transformation without using any initial and boundary conditions. If we
use initial and boundary conditions then we get easy solutions, and this method is
illustrated in the under graduated text book. Thus the complete solution of the non-
homogenous second order (LPDES) contains arbitrary constants.

There is not any relation between the arbitrary constants and the initial and
boundary conditions because there are no initial and boundary conditions

There for we can solve the non-homogenous second order (LPDES) in this paper by
(L.T) without using initial and boundary conditions, such the solution of non-
homogenous second order (LPDES) in the dependent variable U and an independent

variables X and 1 can be found by the proposition:
4 D.6) S F,0)
Z(xt)= || =2 e
wo- L1 0 R (i
hence the complete solution is given by

Z(xt)= A 9,0+ A.9,0+-+ A9 O+ F,xI[B.h0+B,h,0)+-+B,h,0)
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where A, A,s A,» B, B, are arbitrary real constants have not relation with initial
and boundary conditions.
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