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ABSTRACT 
   Our aim in this paper is to used Laplace transformations (L.T) for solving the non-

homogenous second order linear partial differential equations (LPDEs) with constant 

coefficients without using any initial conditions(I.C) and boundary conditions(B.C). 

 

1.INTRODUCTION 

   The operator D ,denotes partial derivative of some (PDEs) with respect to 

independent variables and it is important to obtain solutions for (LPDEs). 

   The Laplace transformation is used to solve linear partial differential equations with 

real constant coefficients with initial and boundary conditions by taking (L.T) of both 

sides of linear partial differential equations and by substituting (L.T) for partial 

derivatives and writing initial and boundary conditions. After this we getting linear 

ordinary differential equations its order is the same order of linear partial differential 

equations, and by taking inverse (L.T) of both sides, after writing (L.T) for general 

solution, we obtaining the solution of linear partial differential equations. 

   In this paper we used (L.T) for solving the second order linear partial differential 

equation with non-homogenous and with constant coefficients with out using any 

initial and boundary conditions. 

 

2.BASIC DEFINITIONS, THEOREMS AND PROBERTES  

   

Definition 2.1,[3]:- A partial differential equation is an equation that contains partial 

derivatives. In contrast to ordinary differential equation, where unknown function 

depends only on one variable in partial differential equations; the unknown function 

depends on several variables. 

 

Definition 2.2,[2],[4]:-A second order linear partial differential equation in the 

independent variable x and y  is an equation of the form   

           txFtxtxtxtxtx AAAAAA txttxtxx
,,,,,,

654321
 

   ... (1 

where  txAi
, , 6,...,2,1i are functions of x  and t or constants. If   0, txF  then 

the equation (1) is said to be homogenous and non-homogenous if   0, txF . If 
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  6,...,1,, itxAi
are constant functions then the equation (1) is called with constant 

coefficient, and if at lest one of  txAi
, , 6,...,2,1i are non-constants then the 

equation (1) is called with variable coefficients. And if 0
654
 AAA then the 

equation(1) is said to be linear partial differential equation with homogenous terms. 

    

 Definition 2.3,[2],[5]:- To obtains the (L.T) of a function  tx, ,we multiply the 

function  tx,  by e
st

and integrate the product  txe
st

,


with respect to the  t  

between 0t and t ,i.e.     





0

,),( dttxtxL e
st

     

the constant parameter  s  ,is assumed to be positive and larger enough to make the 

product  txe
st

,


converges to zero as. t   

   Note that(1),is a definite integral with limits to be substituted for  t , 

so that the resulting expression will not contain  t but will be expressed in terms of 

 s only ,i.e.      sxvdttxtxL e
st

,,),(
0

 



  

 

Definition 2.4,[2]:- Let  sxv ,  represents the(LT) of the function  tx, ,then  tx, is 

said to be the inverse (L.T) and is denoted by    ),(,
1

sxvtx L


 when we know the 

(L.T) containing fraction functions of  s then the inverse (L.T) can be obtained 

directly or written it in partial fractions. 

 

Theorem 2.5,[1]:-Let  tx, be a continuous function such that 0t  then  

    0,,)()1 xsxsvL
t

  

     0,0,,)()2
2

xxsxL
ttt svs    

 sxv
dx

d
L

x
,)()3   

 sxv
d

L

x
d

xx
,)()4

2

2

  

 

Property 2.6:- :-Let  tx,  be a continuous function such that 0t  then 

                                0,,)( xtxL
xxt vs    

Proof:- 

       by using the definition (2.3),we get 
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         dtL
xt

st

xt e 





0

         

               








00

, dtstx
x

st

x

st

ele                                                                              

                            

,hence   vsx
x   0,           

     0,, xtxL
xxt vs    

 

 

3.NEW MAIN RESULT FOR SOLVING THE SECOND ORDER  

                                              (LPDEs) 

 

     The non-homogenous second order linear partial differential equation with 

constant coefficients its general form:     

           txFtxtxtxtxtx AAAAAA ttxttxtxx
,,,,,,

64321
       ... 

(2 

 for solving the equation (2) by using (L.T),taking the (L.T)of both sides of the 

equation (2) without using any (I.C) and (B.C),i.e.      0,,0,,0, xxx
xt   are 

known and the (L.T) of  txF ,  is known we get: 

 
   

 sK

sxs
sxv

AsAsA

D

AsAsA

D






)(

,

)(
,

65

2

3

2

65

2

3

1  

Let    sHAsAsA 
65

2

3
,then the  above equation becomes  

                                 
 

 

 

   sksH

sx

sH

s
sxv DD




,
, 21

                         ... (3 

Where  sD1
is a polynomial of  s it's degree smaller than the degree of 

 sH ,and  sK  

is a polynomial of  s  represents denominator of (L.T) of the function  txF , ,and  

 sxD ,
2

 represent numerator of (L.T) of the function  txF , . 

   Now, since    sxvtxL ,),(  ,then the equation(3) becomes:-  

 
 

 

 

   sksH

sx

sH

s
txL DD




,
),( 21

 

and by taking  L
1

of both sides of the above equation, then we get:- 
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sKsH

sx

sH

s
tx D

L
D

L
,

, 2111
                          ... (4 

Since,  sxD ,
2

 represent numerator of (L.T) of the function  txF ,  hence 

     sxsx FFD 212
,  ,then the above equation becomes:- 

 
 

 
 

 

   

































sKsH

s
x

sH

s
tx F

LF
D

L
21

1

11
,  

 sF 2
is a polynomial of  s it's degree smaller than the degree of     sKsH  . 

Then the complete solution is given by  

                tttxttttx hBhBhBFgAgAgA mmnn
 ......,

221112211

  ... (5 

Where AAA n
,...,,

21
and BBB m

,...,,
21

are 

constants, ggg
n

,...,,
21

and hhh m
,...,,

21
are functions of  t . 

The number of the constants niAi
,...,1,  and the number of the functions 

nig
i

,...,1,   

are equal to the degree of  sH which is supposed to be  n ,and the number of the 

constants miBi
,...,1,  ,and the number of the functions mihi

,...,1,   

are equal to the degree of     sKsH   which is supposed to be  m . 

   We can eliminate some of these constants AAA n
,...,,

21
and BBB m

,...,,
21

 by 

obtaining whose values by finding  xttxtxx
,,, andy

for the equation(4),and 

substituting this values in the equation (2),so we get some of these constants, and by 

this method we get the solution of the equation (2) without using any initial and 

boundary conditions for the second order linear partial differential equation by using 

(L.T). 

 

4.Examples: 

Example 4.1:-to solve the equation te
x

txxtt
sin2    

          
1

)(sin)sin(
2




s

e
ee

x

xx
tLtL  ,hence  

 
   

  



































1.22
,

22

21

2

11

sss

F
Le

ss

D
L

ss
tx

x
 

         





















































































 12
2

11111

2 s
L

s
LLe

s
LL

FEsD

s

cB

s

A x  
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 hence     

  tFtEDcBAtx eeeeee
xxtxxt
sincos,

22
  

we can get some eliminate of the constant by finding 

tFtEDB eeeee
xxtxt

tt
sincos44

22

, 

tFtEDB eeeee
xxtxt

t
cossin22

22
   

 and tFtEDc eeee
xxxx

xx
sincos   

and by substituted  xxttt
,, in the original equation then we get  

ttFtEDctFtE eeeeeeee
xxxtxxxx
sincos2sin2sin2cos2

2
  

hence      0,0,122,022  DcEFFE  

by solving these equations we get 
4

1
,

4

1
,0,0 


 EFDc  

Then the complete solution is given by  

   ttBAtx eee
xxt
sin

4

1
cos

4

1
,

2
  

where A and B are arbitrary constants. 

 

Example 4.2:-to solve the equation e
t

xtt
xcos   

          
1

cos
)(cos)(cos




s
ee

x
xLxL

tt  ,hence  

 
   

  



































1.1
cos

1
,

2

21

2

11

ss

F
L

s

D
L

s
x

s
tx  

         

  















































































 11
cos

11

1

2

1111

1 s

ED

s

c
x

s

B

s

A
L

s
LLLL

 

 hence     

  eeeee
ttttt

xEtxDxcBAtx


 coscoscos,  

we can get some eliminate of the constant by finding 

txDxDxcBA eeeee
ttttt

tt
coscos2cos, 





eee
ttt

x
xEtxDxc


 sinsinsin   

and by substituted  xtt
, in the original equation then we get  

eeeee
ttttt

xxEtxDxcxD cossinsinsincos2 


 

hence      0sin,0,0,12  txDEcD e
t
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by solving these equations we get 0sin
2

1
,0,0,

2

1



 txEcD e

t
 

Then the complete solution is given by  

   txBAtx eee
ttt

cos
2

1
, 


 

where A and B are arbitrary constants. 

 

Example 4.3-to solve the equation tt
txxxxt

cos   

          

 12
)cos(

2




s

s
ttL  ,hence  

 
   

  



































12.

,
2

2111

ss

F
L

s

D
L

ss
tx  

         

  










































































121
2

1

2

111

S
L

s
LLL

FEsDcs

s

B

s

A  

 hence   

  tFttEttDtcBAtx sincossincos,   

we can get some eliminate of the constant by finding 

0,0,0   xtxxx
, tFtFttEtEttDtc

t
sincoscossincossin   

and by substituted  txtxxx
,,, in the original equation then we get  

tttFtFttEtEttDtc cossincoscossincossin  hence      

1,0,0,0  FEEDFc  

by solving these equations we get 0,0,1,1  DEcF  

Then the complete solution is given by  

   tttAtx sincos,   

where A is an arbitrary constant. 

Example 4.4:-to solve the equation xt
txttxtxx

  2  

          

s

x
txLxtL

2
)()(   ,hence  
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F
L
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D
L

s
x

s
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21

2

11

.1212
,  
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11
s

L
s
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s

LL
s

LL
FED

s

c
x

B

s

A  

 hence     

  eeee
tttt

FxtExDxtcxBtAtx  ,  

we can get some eliminate of the constant by finding 

0xx

eeeeee
tttttt

t
FxFxtExDxBBtA  , ee

tt

x
FtEDtc  , 

eeeeee
tttttt

tt
FxFxtExBBtA 22  eeee

tttx

xt
FtFED  , 

and by substituted  ,,,,,
xxxtxttt

in the original equation then we get  

xtDxtcxFtEDtcDxFD eee
ttt

 222  

hence        1,0,02,0,02,02  DDtxcDcDFFE  

by solving these equations we get 0,0,1,03,0,1  EFcxtD  

Then the complete solution is given by  

    xtBtAtx ee
tt

 1,  

where A and B are arbitrary constants. 

 

5.Conclusion: 

   We can find the complete solution of the non-homogenous second order (LPDEs) 

by Laplace transformation without using any initial and boundary conditions. If we 

use initial and boundary conditions then we get easy solutions, and this method is 

illustrated in the under graduated text book. Thus the complete solution of the non-

homogenous second order (LPDEs) contains arbitrary constants. 

   There is not any relation between the arbitrary constants and the initial and 

boundary conditions because there are no initial and boundary conditions 

  There for we can solve the non-homogenous second order (LPDEs) in this paper by 

(L.T) without using initial and boundary conditions, such the solution of non-

homogenous second order (LPDEs) in the dependent variable u  and an independent 

variables x and t can be found by the proposition:   

 
 

 
 

 

   

































sKsH

s
x

sH

s
tx F

LF
D

L
21

1

11
, ,  

hence the complete solution is given by 

 

                tttxttttx hBhBhBFgAgAgA mmnn
 ......,

221112211
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where BBAAA nn
,...,,,,

121
are arbitrary real constants have not relation with initial 

and boundary conditions. 
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