AL-Qadisiya Journal for science Vol. 15 No. 2 year 2010

Fuzzy b-Compact Topological Spaces

Ahmad M. Rajab
Math. Dept.
The Mathematics and Computer Sciences College, Kufa Univ.

Abstract:-

The purpose of this paper is to introduce [6] and discuss the concept of b-
compactness for fuzzy topological spaces .Also we introduce and discuss the concept
of b-continuous function and b-irresolute function [6].

1- Introduction:-

The concept of fuzzy set introduced by L .A. Zadeh in [1].The discovery of fuzzy
subsets lead to the Introduction of the basic concept of fuzzy topology which was
introduced by C.L.Chang [2].D. Andrijevic[3] introduced the concept of b-open set .

In this paper, we introduce and discuss the concept of fuzzy b-open set, and fuzzy
b-compact topological space.

2-Preliminaries

In this section, we recall the basic concepts needed in this work.
Definition 2-1 [2]
Let X be a non empty set, and letz be collection of fuzzy sets in X satisfying:
1- 0,1er,
2- If Aand B belongstoz,then AABer ,and
3- If A belongstor, foreachiel theny\,Aer .

iel
Definition.2-2 [ ]
For aset X we define a fuzzy setin X to be a function A(x): X —[0,1]here

A(X) “represents the degree of membership of x in the fuzzy set A.”

Then we say that 7 is a fuzzy topology on X , and the pair (X, ) is called a fuzzy

topological space.
Members of 7 are called fuzzy open set. Fuzzy sets of the form 1—A , where
Alis fuzzy open set are called fuzzy closed.

Definition 2-3 [4]
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A fuzzy set Ain a fuzzy topological space X is called Fuzzy semi-open set
if A<cl (int A).

Definition 2-4 [5]
A fuzzy set Ain a fuzzy topological space X is called Fuzzy pr-open set
if A<int (cl A).

Definition 2-5[ 5]
A fuzzy set Ain a fuzzy topological space X is called Fuzzy b-open set
if A<Tint (cl A)vcl(int A).

The set of all fuzzy b-open subsets of X will be denoted by FB (X ) ,The
complement of fuzzy b-open set is called fuzzy b-closed set, Awill be fuzzy b-
closed setif [int(cl A)Acl(intA)< A

Definition 2-6 [ 5]

Let (X,Tf) be a fuzzy topological space, let ube a fuzzy set in X .A fuzzy
set Ain X is said to be a fuzzy b-neighborhood of u iff there exist a fuzzy b-open set
vsuch that u<v<A.

Definition 2-7 [ 6]
The union (resp. intersection) of the fuzzy sets\, A; ,iel (A A(X) ,iel)is
iel el

defined by v A;() = sup {A(x):i e 1] (resp. A A = inf {A(x):iel}

iel

Definition 2-8 [6]
Let (X,rf) be a fuzzy topological space:
1- Afuzzy set Bin X is fuzzy b-compact if whenever \,B; > A where B; ez for
iel

all ielande>0, then there are finitely manyB; ’s, say Bi,,...B; such

that\/ B,;= A-c .
iel

2- Is (X, Tf) fuzzy b-compact iff each constant fuzzy set in X is fuzzy b-compact.
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Definition 2-9 [ 3]
A fuzzy topological space (X,Tf) is called fuzzy b-compact iff fuzzy b-open
cover has a finite fuzzy sub cover.

Definition 2-10 [ 8]
Let (X,z¢)(Y.o() be fuzzy topological space, Let f:(X,z;)— (Y,s) be a function
for a fuzzy setB inY, the inverse image of Bunderfis the fuzzy

set f *(B)in X defined by f *(B)x)=B(f(x))=(Bo f)(x)  for xeX.

For fuzzy set A in X , the image of Aunder f is the fuzzy set f (A) inY defined
for y eY by

(Al - sup{A2) 2 = £(y)] if £(y)# ¢
0 if £7(y)=¢

Definition 2-11 [ 7]
Let(X,Tf),(Y,m) be fuzzy topological spaces, a function f : X —»Yis fuzzy

b-continuous if the inverse image under of any fuzzy b-open set in Y is fuzzy b-open
setin X . than:

If £'(B)er; whenever Begy
Definition 2-12 [8]
Let (X,Tf),(Y,U—f)be fuzzy topological spaces, and letr be fuzzy topology
on X which has FB(X)as a subbase. Then:
1- A function f : X > Y is called fuzzy 1 - b-continuous
if :(X,z1,)— (Y01 )is fuzzy b-continuous.
2- A functionf:X —»Yis said to be fuzzyAd'- b-continuous if
f:(X,z5,) = (Yo p.) is fuzzy b- continuous.

Definition 2-13 [16]
A function f : X —> Y is said to be fuzzy b-irresolute if the inverse image of
every fuzzy b-open set in Y is fuzzy b-open in X .

3- Results:-

In this section we recalled and introduce new proportions.

125



AL-Qadisiya Journal for science Vol. 15 No. 2 year 2010

Lemma 3-1
Let f:(X,z;)— (V.o ) be a fuzzy b-continuous function of fuzzy topological
space:
1- If A is fuzzy b- compact fuzzy set in(X,Tf), then f(A) is fuzzy b- compact

fuzzy set (Y,O—f )
2- If f a surjection and(X,Tf) is fuzzy b-compact, then (Y,gf)is fuzzy b-
compact.

Lemma 3-2
For a fuzzy b-open set A; belongs toz, for eachi e |

1, BA(M Ai)=i; (BAA);

2.Bv(Amjig®vAm

iel

3. 1—[_\/ Aij= A{-A);and

iel iel

4. 1—[@ Aij=¥| 1-A).

Remark 3-3
The identity mapping id :(X,Tf)—> (X,ﬁ)on fuzzy topological space is fuzzy
b — continuous .

Proposition 3-4
A compotation of fuzzy b-continuous functions is fuzzy b-continuous.

Proof
Let(X,z;)(Y,o¢),(Z,6;) and v fuzzy b-open set

f:(X,z¢) = (Y,o¢) And g:(Y,s1)— (.5, ) be fuzzy b-continuous. For ve§
(gof) ) =ve(get)
= (v ° g)o f
=f7(vog)
= 17(g*(v))
g7(v)eo, since g is fuzzy b-continuous, and so (gof)_l(v): f‘l(g‘l(v))ersince g is
fuzzy b-continuous. [
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If A belongs tor, for eachiel then\, A =1.then there are a finite many

iel

indices'jy, i,...,.in € | such that \, A, =1 (see,[2]).

j=L
Proposition 3-5
Let (X,z; )(Y.s¢) be fuzzy topological space, with (X, ) be Fuzzy b-compact,
and f : X —Y be afuzzy b-continuous surjection. Then (Y,gf) is fuzzy b-compact.

Proof

Let Aieg¢ for eachiel, and suppose that \,A =1 for eachxe X,

(A= v A(F ()1 :

Iel iel

So the fuzzy 7 -b- openset f*(A;), il coverof X .
Thus a finitely many indices'i;, i,,...,i, € | such that 3 f‘l(Ai_): 1.
=1 :

If Vis fuzzy setinY , and since f surjective function ontoY , implies that.
Forany y €Y

£ (a))y) =sup { *(AXz))
sup (v(f(2)): f(z)=y}=Aly)

So that f(f YA )) A Thus, as a fuzzy setin Y
f
J

1= 10)=1( 1, (a)

N—"

Therefore (Y,(;f is fuzzy b-compact [

Proposition 3-6
Let (X,Tf),(Y,gf) be fuzzy topological spaces and let7 ¢ be fuzzy topology

on X which hasFB(X)as a subbase .let f:(X,z;)— (Y.s;)is fuzzy b-continuous,
then f is fuzzy A -b-continuous.

Proof
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Let f be fuzzy b-continuous and letV e 4. Then f *(V) e FB(X)and so
fi(V)e rf - Thus f is fuzzy A -continuous [

Proposition 3-7
Let (X,Tf),(Y,m) be fuzzy topological spaces. Let;,andg,, be the fuzzy

topologies on X andY respectively which have FB(X)and FB(Y)as a subbase. If
f:(X,z: )= (Y, )is fuzzy b-irresolute then f is fuzzy A’ -continuous.

Proof
Let f be fuzzy b- irresolute andV €4, . Then

V= ( /n\o'i ) Where g; eFB(Y,Jf) and
i J=1 m nJ
)=y o)
— n -1 .
_\i/(.]/=\lf (GI”J))
Since f is fuzzy b-irresolute. f_l(a )e FB(X,Tf) :

The implies that f *(V) e ¢, and that f is fuzzy A’ -continuous [

I,

Proposition 3-8
A fuzzy topological space X is b-compact if and only if every family of fuzzy
b-closed subsets of X with finite intersection property has non empty intersection.

Remark 3-9
Let (X,Tf)be a fuzzy topological space and ;, a fuzzy topology on X which

has FB(X) as a subbase .Then (X,Tf) is b-compact iff (X,m) is b-compact

Proof
(X,z5) be compact Then, since FB(X)cry. It follows that (X,7) is b-
compact

Proposition 3-10
Let (X,Tf)be a fuzzy topological space which is b-compact .Then each ¢y, -
closed fuzzy set in X is b-compact.

Proof
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LetU be any ¢, -closed fuzzy set in X . Let V g.: B, € I yber; an open cover
ofU . Since X —U sz, -open ﬁ/ﬁi B € I}v(X ~U) iszy an open cover of X .

Since X is g -compact, by proposition 3-9, there exists a finite subset |, < | such
that

X=yp:pellv(X-U)
This implies thatU < 1\/ﬂi :p € |0}.
HenceU is b-compact relative to X .

Proposition 3-11
Let (X,Tf) be a fuzzy b-compact topological space. Then every family of ¢, -

closed fuzzy subsets of X with finite intersection property has non-empty
intersection.

Proof
Let X be b-compact. Let U = {Bﬂ. B el }be any family of ¢, -closed

fuzzy subsets of X with finite intersection property. Suppose A {B B Pi€ I }: ¢. Then
{X - |3’3‘:ﬁi S I} is arg -open cover of X . Hence it must contain a finite subcover
{X —Bg, ] =1,2,3,...,n} for X . This implies that A {BIBU 5 ] :1,2,3,...,n}=¢ and
contradicts with hypothesis that U has finite intersection property. [J

Proposition 3-12
Let (X,Tf),(Y,gf)be fuzzy topological spaces and let f : X —Y be fuzzy

A’ -b-continuous. If a fuzzy subset G of X is b-compact relative to X , then f (G)is b-
compact relative toY .

Proof
Let{\/ﬂi:ﬂiel}be a cover of f(G)byy,-open fuzzy sets inY

Then £ *{v 5): B, e 1}

is a cover of G by g, -open fuzzy sets in X .G is b-compact relative to X . Hence
by remark 3-9. G is 7 -compact .So there exists a finite subset | , — | such that

G SU{f’l(\/ﬂi):,Bi = |0}and S0 f’l(G)guﬁlﬂi Bie o).

Hence f *(G) is ¢, -compact relative toY .Thus f *(G)is b-compact relative toY [}

Corollary 3-13

If f:(X,Tf)—>(Y,gf) is a fuzzy A'-b-continuous surjective function and X is b-
compact, thenY is b-compact.
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Corollary 3-14
If f:(X,Tf)—>(Y,m) is a fuzzy b-irresolute surjective function and X is b-

compact then Y is b-compact.

Proposition 3-15
Let Aand B be fuzzy subsets of a fuzzy topological space X such that Ais b-
compact relative to X and Bis ¢ -closed in X . Then AAB is b-compact relative

toX.

Proof
Let {Vﬁi Bl } be a cover of A ABDby ¢, -open fuzzy subsets of X .

Since X —Bis a¢y, -open fuzzy set, {\/ﬁi B € I}v(X- B) is a cover of A. A is b-

compact and thus 7, -compact relative to X . Hence there exists a finite subset
I, < I such that

A< vV p:ipelfv(X-B)
Therefore

AAB< vﬁ/ﬁi:ﬂiel}
Hence AAB sty -compact. Therefore A A B isb-compact [
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