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Abstract.
Let f be bounded x—measurable function, that is f e L (x),1< p <o0.The main

results of this paper describes some properties that defined on the weighted Ditzian-Totik
modulus of smoothness on f by using Bernstein’s polynomial.

1. Introduction and main results

Let L, (u) ,1<p<oo consists of all x—measurable function f for which

||f||p,# < oo , where

1
CE N T (R
and let f eL (X), X=[01] , then we denote

(1.2) L, (X)= f:Hpr_[ﬂf(X)\de]p<oo

and f definedon X (a.e.).
Also , let f be bounded z—measurable function , we denoted the Bernstein’s
polynomials of f by

(1.3) B, (f;x)= Z f (%) P.,(X), where P, (x)= @ X< (L—x)""

for all positive integers n ,and u be Lebsegue measure on X ,see [9].
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Let us consider the family of locally global norms in the forms for 6 >0 and
1< p <o, then
1

(1.4) 115, ={j(supﬂ f(u)l|ue N(X’5)})pdx}p’

X
also ,if f e Lp(y) ,then we define the locally global norms of f by

Let ¢ be a function such that , g(u, ) = S (X) + 57

(1.5) 115, = { [(sup{f):ue N(x,5)})pdy(x)} i

(1.6) |f ||§’p’ﬂ = {J' (sup{[f (u)]:u e N(x,@(x, 5))})pd,u(x)} i

where, N(x,8) ={ue X:|x-u[<5|,5eR".
We will use the moduli of smoothness which are connected with difference of higher
order, that is the rth symmetric difference of f is given by

k(K o kh . kh
) f(x==—+ih), xF—eX
an A= ZOU( JUA i, xS
0 , O.W.
Then the rth usual modulus of smoothness of f e L () is defined by
(1.8) o (f,6),, = sup Akh(f,x)H ’
0<p<é P.u
and the Ditzian-Totik modulus of smoothness of f is defined by
(4 _ k 9
(1.9) o (1,6),, = Oil;gHAhqy(.)(f , X)H o

1
where ,in this applications the ¢ usually used ¢(.) = p(x) = (x(1—x))? for x €[0,1].
The weighted Ditzian-Totik modulus of smoothness of f is defined by

(1.10) wf (£,6),,= sup @ (), (f ’X)Hp o
<p< '

where , k, r denoted nonnegative integers and K +r > 0.
By [5] For a function f e Lp(X), 1< p <o ,then we have

(1.11) ol (f.5), = kw(f,a)p

~

where , ka is the weighted Ditzian-Totik K - functional defined by
r k|| kp(k)
o 0)(F -R)| +5 o R |-

Rusol 100, = jnf |
Let C"(X) denoted the set of ¢—times continuously differentiable functions on [0,1].

8



Also , for 1< p <oo ,then the Sobolev space Wlf is a collection of all functions f

f (¢-1)

denoted on X ,such that, is absolutely continuous and f ™ e L,(X).

Our main results are the following:

Theorem 1.1
Let f be bounded zz—measurable function defined on X ,and k +r >0 .then we have
¢ <c 54§ ®
(1.12) ol (1,5),,<C& Hf HW,
with the equivalence constants depending onlyon r and p.
Theorem 1.2
Let f el (u), 1<p<oo, o>0thenwe have
(1.13) [B.(1) =], <Cal (F.),,.
with the constants depending only on r and p.
Theorem 1.3

For every r,neNand feLp(,u)me(X),With 1<p<w,0</<r and k2>1,
o > 0,we have

(1.14) ol (£9.8) <C27w! (f.5),,
with the constants depending only on r,k and p.
Theorem 1.4

Let k>1,n>1,0<6<1/n and 1< p<oo,for any Bernstien’s polynomials
B, (f),then we have

(1.15) o, (B,(),8),,<C 5kH¢kPk'"(X)Hp,#’

with the constants depending only on r,k and p.

2.Basic Results

In this section we mention some basic results ,which will be used to prove the main
results.
Lemma 2.1 [6]

Let f eLp(X) , 1< p<owo,a, f>0,heR then we have

i A% (AN (F,%)) =AT7 (f,x) foralmost every &,
AT, x)H < C(a)HAﬁ (f, x)H .

Lemma 2.2 [1]
Let f beabounded z—measurable function and 1< p < oo, then we have

en i, <cf,,




Lemma 2.3 [2]
For ke N and 1< p <oo,there exists constant C with depends only on k ,so that ,for

any f e Lp[—l,l] and n> Kk —1there exists a polynomial P, eI _,such that
(2.2) [f =P, sC)of(f.n7),,
Lemma 2.4 [7]
Let n,reN,neN, ,0</<rand let f eC''[-1]1], then forany 1< p<oo
and o >0,we have
(2.3) ol (f.8), <C(Lk, p) ol (f9,5),,
in particular , in case k =0 ,then

(2.4) w/(f,5),<C(/, p) 5ZH(/ f(”HW

Lemma 2.5 [1]
Let f be & bounded z—measurable function then for 1 <p < oo, we have:

(i) If15, <Cof];,,

(iD) 1155, <P,
Lemma 2.6 [2]
Let B, (f) be a Bernstein’s polynomial and k>0, then
K

25  A(B,(f)X) =Z el

5 (2i)

K k+2i X)P X ) )
@0) A, (N9=2" ((Z)i)!k'”( Dt

i=0

Lemma 2.7 [3]
For p>1 and ¢; >0 then we have

n P n n
(2.7) Zaiﬂi SZai ‘ﬂi‘p ,where Zai =1.
i=0 i=0 i=0

Lemma 2.8 [1]
Let «be a non-decreasing function on R, satisfying: x(y) — x(X) = constant, and

1< p<oo, Weput: @, (5)= sup (u(y)—u(x)),6>0 and

O<y—x<6

( Zmax‘P ‘ j <C(p)|P, H where P is algebraic polynomials of degree at most n

— Xely

and I, =[5,k—+1]then
n n



o Pl zcwfn2)) el

Lemma 2.9 (Minkowsk’s Inequality) [8]
If p2land f,gel (x),thenf+gel (u) and

Yp Yp Yp
(2.9) D|f+g|pd,u} s{“ﬂpdy} {ﬂgr’dﬂ} .
X X X

Lemma 2.10 [4]
For f el , 1< p<cothenwe have

0 I£1, =I5, <l <If]...
(ii) [E <IE15, <IF15 <]

Lemma 2.11 [10]
For k,ne N, 0<k <n then we have

(2.10) IP..

n
S , where P, :( jxk(l—x)”_k , Xe X.
Ynl N k

Lemma 2.12 [1]
For f el (u) 1< p<ooand neN thenwe have

O Nl <TI0
Lemma 2.13

Let f be abounded x—measurable function on X ,and g, eIl ML, (x) then we
have

(2.11) Hf ~Gen|,, , <Crk, NP2 W (1,5),

Proof:

By using Lemma 2.5(ii) and equations (2.8) , (2.2),(1.9) and since @' (X) < 2—1r ,and

for g, . eWFf(X),then we have
-0, <lT 0.1, <O -0,

o,p,u



<C(k, p)n*® o (f,5),

=Cll,pyn” oi‘:f;HAw A,

<C(k, p)n*"2" sup|p

0<h<§s

Aoy (F X)H )

Ny (f X)H o

0<5

<C(r.k, p)n*" 2"l (f,0), ,*

Lemma 2.14
Let f beabounded z—measurable function on X ,for 1< p <oo,then we have
@) [B.(D,,, <Clfl;,.
Proof:
From using (1.5) ,Lemma 2.11(i), (2.9),(2.7),(1.4),(2.10) and Lemma 2.5(i) ,then we

have

- D Ve

L k

B. (P, < I{sup{Zf(ﬁij’n(t):teN(x,5)}J du(x)

X k=0

r ] ) p vp

< J(su > f(Hij’n(t):te N(x,&)}] du(x)
X k=0

Tl

I

X

:

n | k)’ v 0| kP i
(SIS T ol BN |

) " p\YP n
SN <=2 B
<c(p)|f[,, <Co)f,,.*

ip
uplP, , (t) :te N(x,5) ) du(x)J
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Lemma 2.15
Let f and g be bounded w—measurable functions for 1< p < oo, then we have

(2.13) of (£,5), , <af (f-0,5), , +@f.(9,5),,.

Proof:
By using (1.10), (1.1), (1.7) and (2.9) ,then

a)lf’,r(f,5)p‘ﬂ:a)|fr(f -9+9,9),,

= sup " (A, (F =g+
(K ‘h D Yp
= sup: | cof(.@[ij(—l)k“(f ~g+g)(x-— +ihp) dﬂ(x)}
(K ch D Yp
< supy | cof(.)z(i](—l)k‘i(f ~g)(x—=_F +ihg) du(X)}
r < (k k—i thD . i j/p
+sup [l 02| )7 9= +ing)l du(x)

J

Swzr(f —g,5)p’ﬂ+a)lf”r(g,5)pyyao

Yp Yp
ssup{ €0r(-)Akh¢(,)(f—Q,X)‘pdﬂ(x)} . sup{j qof(.)Akhw(.)(g,x)\pdy(x)}
0<h<é X 0<h<és X

3.Proof of Theorems
Proof of Theorem 1.1

We may assume the Bernstein’s polynomial Bn(f)eW]: (X),and we introduce

)

a RKW —functional, by using (1.11) then
Kiro(1.8), = inf o' CO(f ~ )
i
also, since (pk (x) < Zik , VX e X ,and by (1.10)

L+ o R

ol (f,8), ~ K, (f.5),
then we have



o (1,8), <CO\|(F ~B,(N)], + 80" ()BO(1)] |
also, by (2.2) and (2.4) , then

[f =B, (1), <C(wf(f.5),
o1,

<C(k, p)z—faka“)Hp

<C(k, p)s*

hence by using (2.1)
of (,8), <C(k, p)z—f5ka (k>Hp
<C(k, p)2‘f5ka (”HW

so that ,by using (2.8),then we have
o, (F,0), , <ol (f,0),
hence, we complete proof of Theorem 1.1 &

Proof of Theorem 1.2
Suppose that any polynomial g eIl M LIO (1) ,1< p<o,5>0 then we have

|B.(1) =], =B.(f)~-B,(9,)+B,(9,) -9, +,|

S,p.u
SHBn(f)_ Bn(gn)+“5,p,ﬂ +HBn(gn)_ gn”&,p,,u +Hf _gnua,p,ﬂ
<[B(f =9u)+,,.,, +IBa (@) = Gulls ., + 1T = Gulls
hence , by using (2,12), then we have
HBn(f)_ f”é,p,y SC(p)Hf _gnué,p,y +HBn (gn)_gnué,p,;l
So that
HBn(gn)_gnua,p,ﬂ :HBn (9)—f+f _gn“ﬁ,p,y
SHBn (9,)— fHa,p,# +Hf _gnH5,p,y

also, by using (2.11) and Lemma 2.5(ii) ,then
HBn(f)_ fHé,p,y Sc(p)mBn(gn)_ f‘ p.u +Hf _gan,ﬂ)
<C(r,k,p)2 "'n*Pw! (f,5),  *

Proof of Theorem 1.3
. ’ . . .
Since. fel, (4)nC (X)and B, (f)is Bernstein’s polynomial defined on

X ,0</<rand since @(x) S%,for all xe X ,also by using Lemma 2.1(ii), (2.8) and
(1.10) ,then we have



a)k$+r—M ( f v ! 5) P.u < a)k¢+r—£,£ ( f “ ! 5) p
o AL, (F9.0)]
= sup " (YA (F9 =B, (f).%)
0<p<s p

<C(r, k)2

= sup
O0<p<o

|- Bn(f)Hp <C(r,k)2”| - Bn(f)H5 :
<C(r,k)27| f© - Bn(f)HE :
Pou
now, by using Theorem 1.2 ,then we will finished the proof of this theorem #

Proof of Theorem 1.4

. 1 1
In view (2.5) and (2.6) ,we can assume 0<t<t, =min , , Where
(2:3) and (2.6) 0 (Dkzn \/Bkznj
D=3"psothat > Dlzip =% and recalling |a;| < g and by (1.3),then for any
i=1
0<h<t<t,andsince @' (x) <2 then we have
K+i k+i—1 i
" ()R (X) o P (X)B L (X) . 1™
H .k’ Hp,,u hk+l|ak+i|l < Cn(k + |) H 2k' Hp,,u hk+|—l k|6Zk-%—l|
(! Dk"n 2
e ORAO,, (ke iyh e[
- (i-1ID 2ik
k+i-1 ] P ] .
0RO, R
(i-1)!D
AOLA0
< M
B D

where, we have used the fact k +i <2ik for i,k >1.
Now, we have

oAk bt | &N (R ()]
0 OB (B ()0 <?{Z} (2i)!

k4 2i 2i
22 h |05k+2||]

hk
<
2r

o 0B 00], [14 255

k
sSh
2r+l

PP <Crk P o (IR, () -
Therefore ,by (1.9),then
sup o (), (B,(1). )], <C(r.k, p) sup b* 0P, 9] |

0<h<s

Hence ,



(3.1)

@ (B,(1).8),,, <C&*[¢" (0P, ()],

where , the constant C dependenton r,kand p &
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