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Abstract

Lately introduced fractal fractional Caputo - Fabrizio operator. By substituting the

single kernel at the classic derivative of fractal fractional Caputo with the ordinary kernel

This modern operator was derived. We introduce some beneficial characteristics relied

on the qualifier of fractal fractional Caputo - Fabrizio. Here, we extend Caputo-Fabrizio

for nonlinear fractal fractional differential equations. We apply Legendre operational

matrix relied on this modern operator and then, we employ it to solve the differential

equations determined in the sense of fractal fractional Caputo-Fabrizio. To show the

simplicity and precision of the suggested technicality Some numerical examples are

given.
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1. Introduction

In [1], through replacement the single kernel in
the classic derivative of fractal fractional Caputo
with the ordinary kernel. Exponential kernel has
used by the fractal fractional Caputo - Fabrizio
(FFCF) operator, which is a non-single kernel
FFCF have suggested the modern operator. It
does not only have two various exemplifications
for locative and temporal variables, but the entire

impact of the memory can be pertraged else [1].

In heat convey model this modern operator has
been successfully utilized [2], Freedman and
nonlinear Baggs model [3], the equation of space
time fractal fractional propagation [4],
mathematical paradigms for an unstable
Maxwell fluid flux and its thermic demeanor in
a micro-pipe [5], mass-spring-damper system
[6], and fractal fractional Maxwell liquid [7]. In
this research, to the trouble determined in the
sense of FFCF operator some existent analytical

and numerical methods to solve fractal fractional



calculus trouble have been expanded, amongst
them is the paper of Morales-Delgado et.al. In
[8], to detect the essential solution for the fractal
fractional advection propagation equation with
the exporter the authors employ integral converts
where the derivative is considered in FFCF
sense. Nevertheless, since FFCF operator is
comparatively modernistic, there are still
comparatively bounded works conducted to gain
the authoritative, precision and simple solving
for the fractional calculus trouble determined in
FFCF operator.

Moreover, in solving several fractal fractional
calculus troubles operational matrix (OPM)
method relied on perpendicular function was
successfully utilized which are acquainted in
classic sense of fractal fractional Caputo. The
method minimizes like these troubles to solve a
system of algebraic equations, thence extremely
simplify the trouble. In this research field the
major contribution starts with the seminal paper
concerning Legendre wavelets OPM through
Yousefi and Razzaghi [9] and OPM relied on
Legendre polynomials in [10]. to solve
changeable arrangement fractal fractional
differential equations this OPM process has been
expanded as in [11]. Nevertheless, there are still
no OPM related processes to solve the troubles
determined in FFCF operator. Thus, in this
paper, to represent the FFCF operator we derive
the modern OPM relied on shifted Legendre
polynomials (SLP), which is achieved by first

deriving the formula for  FFCFD@F(z — a)P of
a public derivative order n<w<n+1 .
Thereafter, by pursuing the work of Dehghan
and Saadatmandi [10], we derive the OPM relied
on SLP to solve troubles in FFCF sense. It is the
first time that the OPM is used for solving the
problem in FFCF sense. The goal for this paper
is to solve nonlinear fractal fractional Caputo
Fabrizio by using OPM relied on Legendre

polynomials.

The article is arranged as the following:
Section 2 shortly clarify fractal fractional Caputo
and FFCF fractional derivative. In section 3 the
Legendre OPM of fractal fractional derivative is
gained. In section 4 the suggested method is
utilized to many examples. Also, a conclusion is

presented in section 5.

2. Basic Concepts

2.1. Caputo and FFCF fractal derivative
The fractal fractional derivative of Caputo left-
sided ¢D“F of a function y(z) € Y1(0,b)

with 0 < w < 1, is acquainted as

1 Zd

The fractal fractional derivative of fractal
fractional Caputo is considered to be one of the
most beneficial definitions of the fractal

fractional derivatives utilized in several fields of



engineering and science. Nevertheless, the
modern qualifier proposed of FFCF presumes
two various representations for the temporal and
locative variable. Indeed, they purported that the
classic definition which is given by eg. (1) seems
to be especially appropriate for mechanistic
phenomenon, concerning with elasticity,
exertion, harm and electromagnetic hysteresis. it
looks more suitable to use the novel FFCF

operator when these influences are not exist [1].

Definition 2.2. In [1], FFCF submitted the novel

operator through substituting the single Kernel

—w(z-1)
(z — 7)"“with e 1- and with M(w) in
F(l w) -w

Eq (1) to acquire:

For 0<w<1,a€[-m,z) and y(z)€
Y1(0,b),b > a the FFCF operator or more
accurately the left-sided FFCF operator of y(z)

is acquainted as:

M(w) (?dy(T) e—a;(_za—)r)

CDw,B —
Y@ 1-w), dtf

dr  (2)

Where the normalization function is M(w) for
example M(0) = M(1) =1

Here w denotes the fractal fractional order, S
denotes the fractal order and the integral has

power law kernel and,

dy(t) " y(z) —y(r)
dzf = 75t z/’ —1P
1

T prFldr

y()

In [1], the definition of Eq. (2) is expanded by
FFCF also for the state of n < w < n + 1 with
the additional presumption that y®(w) =
0,k=12,..,n

FFCFDZ’;/ny(Z) — FFCFDZJr;Z (D"t(2))

-v(z—1)
M(U) J‘Z m+1) o1 drt (3)

y™(2) = D™ Vy(z) = DI*ly(2)

Where v,n are the decimal part and integer

part of w € R, respectively.

Note: We let w = n + v, where v is the fractal
fractional part and n to indicate the floor( w) or
lw] (i.e., integer part). Also, [w] is utilized to

indicate the ceil (w).

2.2 Some Properties of The Shifted Legendre
Polynomials

The notable Legendre polynomials are
acquainted with this interval [-1,1] and can be
resolved with the guide of the accompanying

repeat formulation [10]:

Ly s - =2 £, 4@
§+1 Ls §+1 61 ’

5§=12,.. (4

Ls1() =



Where L,(t) = 1and £,(t) =t. For utilizing
these polynomials on the interval z € [0,1] we
limit which is named SLP through presenting the
alteration of variable t = 2z — 1. Let the SLP
Ls(2z — 1) indicated through Ps(z) . Then

Ps(z) can be acquired as the following:

26+1)(2z-1) k)
T G+D Ps(z) - 371 Ps_1(2), &

=12,. (5
Where Py(z) =1 and P;(z) =2z—1. The

Ps,1(2) =

analytic form of the SLP Ps(z) of degree 6 is
given by

b6+s) z°

G-z ©

)
Ps(2) = ) (~1)%*
s=0

Notice that P5(0) = (—=1)% and Ps(1) =1

The orthogonality condition is

1

1 —
J Ps(z) Py(z) dz = {25 +1 o=n (7)
0 0 §+1n

A function g(z) square-integrable in [0,1] may

be expressed in terms of SLP

co

9@ =) o P@)

n=0

where the coefficients c, are presented through

1
c=02n+1) L g2)Py(z)dz n=12,..

Practically speaking, only the first (N +1) —

terms SLP are consider. So, we have

N

9@) = ) ey Py(2) = CT0()

n=0

where the shifted Legendre vector @(z) and the
shifted Legendre coefficient vector C are

presented by

CT: [Co,...,cN]

@(z) = [Po(2) ,P1(2),..,Py(2)]"  (8)

The derivative of the vector @(z) can be

expressed through

do(z)
dz DM ¢(z) 9)

where D@ s the (N+ 1) x (N + 1) OPM of

derivative presented through

D(l) = (dﬂn)

_122n+1), form=6-s {

For instance, for even N we have

s=1,3,..,N if Nodd
s=1,3,..,N—1 if Neven
0 otherwise
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3. OPM for fractal fractional order
differential equation

By utilizing (9). can be written the higher

derivative as follows [13]:

d"9(z)
dzm

= (DD)"9(2) (10)

Where n € N and the superscript symbol, in

D@ | indicate matrix powers. Thus
DW = (pW)n (11)

Theorem 1. Let n<w<n+1, for a
presented integer S > [w] ,the EECF operator
of order w # [w] of (r—a)? is presented as

[17]

FFCF DZ)"!;(T _ a)l?

—n-—

_M@I+1) (D@ —a)f 170

Theorem 2. Let ¢,(z) be the shifted Legendre
vector acquainted in (6) and also assume

n<w<n+1,then,

FFCFDw,ﬂ¢L(Z) — pw,ﬂq)L(z) (13)

where P®# is the Nx N OPM of FFCF

operator of order w acquainted as [13]:

1-v

= rg-n-6) (7= v)‘$+1

(D™ —va-a)
+————e 1 (12)

(1 z v)ﬂ_n

pvk =
0 0 0
0 0 . 0
[w] [w]
Z 0Iw10s Z efw Z 9 w|,N-1,s
s= [(u] s= [(u] s=[w]
= (14)
Z 96‘0s Z 080s Z 98N 1,s
s= [w s= [w
Z On_10s Z On_10s Z On_1n-1s
Ls=[w] s=[w] s=[w] e
where 65 ,, ; is presented through
96‘,11,5
@0+ DME) - (DG + ) (i + 0! [ (- 1)1-
B 1-v L (6-9)!st(p—o0ld  |ys-lel+e2
(- 1)[w -y
Z (l _ T')' s—[w]+r+2
(_1)S+T
Z (15)
OL!I‘(S—[w] —r+1Dy*(s—[w]l-r+t+1)
r=

where



3.1. For nonlinear fractal fractional order
differential equation
Consider the nonlinear multi-order fractal

fractional differential equation

D£g(z) =Y(z,9(2),D’1g(2), ..,DP:g(2z) (17)

With initial condition

g®0)=ds,6§=0,...,n (18)

Where n<w<n+1,0<p,<B,< <
Bs < w,and D**# indicates the fractal fractional
derivative of Caputo of order w. It ought to be
noticed that Y can be nonlinear in generic. To
utilizing SLP for this problem, we firstly
g(2), D g(z) and DFrg(2)
for n=0,..,s .

approximate
Through replacing these

equations in Eg. (17) we obtain

CTD@PB (z2)
~Y(z,C"Pp(2),C"TDEVP(2),...,cCTDEIP(z) (17)

Also, we get

g(0) = CT¢(0) = d,,

g?(0) = CTD2p(0) = d;s

firstly calculates Eq. (19) at (N — n) points, to
find the solution g(z)We utilize the first (N —
n) roots of shifted Legendre of Py,,(z) for
suitable collocation points. Together these
equations with Eqg. (20) generate (N +
1) nonlinear equations which disbanded by

utilizing the iterative method of Newton.

4. Numerical Examples

In this part, of nonlinear fractional differential
equations with left-sided CF operators some
numerical examples are solved by utilizing the
enforcement of the recently derived OPM for

left-sided CF operator.

Example 1. We next consider the following

nonlinear

D3g(z) + FFFD»B g(2) + g (2) = z* ,
g0 =g'0=0 g'0)=2

y(z) = z% is the exact solution of this

problemand N =3

We solved the above problem

C'D3¢(z) + C"TDPp(z) + [CTo(2)]* —z* =0 (21)



Abs. Error of g

z 2.95 2.98 2.99
0.1 | 4.270668598 e~1° | 5.07711699 e~11 6'7584}3{??
02| 341653491 ¢~ | 406160201 ¢~ | 40731
03| 115308053 ¢=® | 137082135 ¢~ | “OX772%
04| 27332279370 | 324035432 ¢~ | 9P
05| 5338335797 ¢™° | 6.34639516 ¢~ | OO0
06| 922464426 ¢=° | 109665708 ¢~° | +4°WNT
0.7 | 146483934 ¢~ | 174145083 ¢-° | 8190
08| 218658234 ¢ | 250048346 -0 | > 0009
0.9 | 311331743 e~7 | 3.70121766 ¢ | +92688458

e—8

Table 1: The Absolute errors for different value of

w = 2.5, for example (1)
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Figure 1: The exact solution and approximate

solution of w = 2.5, for example (1) which is

the exact solution of this problem.

Example 2. We next consider the following

nonlinear

D*g(2) + *“'D*Fg(2) + g°(2) = 2° ,

g0)=g'(0)=0 g'(0)=2

y(z) =23

is the exact solution of this

problemand N = 4



We solved the above problem.

C'D*®(2) + C"DFP(2) + [CTO(D)]* - 2° =0 (21)

Abs. Error of B

e

z 3.95 3.98 3.99
0.1 | 5.11456466 e~11 2'8226767_71‘1‘ 1-9768863171}
0.2 | 8.18330370 o~10 | #1023 SA0S0159
03 | 414279757 -9 2.286362414; 1.601272§2
04| 13093286 - 7.2260534:2 5.060822§2
05 | 319660303 o-8 1.76417392 1.235552{2
06 | 6.62847604 o-8 3.658192(22 2.56204?2
0.7 | 1.22800702 e~ 6'777252§§ 4746502?2
0.8 | 2.09492576 7 1'1561629‘;' 8'09732292
09| 3355666 o7 | 105195024 | 129703425

e

Table 2: The Absolute errors for different
value of w = 3.5, for example (2)

5. Conclusion

To solve non-linear FFCF differential new
equation OPM has been utilized. Some
numerical examples appear that the method
is soft to employ and giving aloft fineness.
The new OPM for the operator of FFCF
inherits the gorgeous advantage from the
well known OPM for the fractal fractional
derivative of fractal fractional Caputo. The
method minimizes the trouble in the sense

of FFCF to those which are related to solve

a system
subsequently

trouble.

algebraic

extremely simplify

equations,
this
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Figure 2: The exact solution and approximate

solution of w = 3.5, for example (2)
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