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Abstract

The main purpose of this paper, is determination of the cyclic decomposition of the abelian factor group AC(G) =

R_ (G)/T(G) where G = QynxC, when m=2", h € Z" and p is prime number (the group of all Z-valued characters of G over

the group of induced unit characters from all cyclic subgroups of G).

We have found that the cyclic decomposition AC(Q,»*C,) depends on the elementary divisor of m as follows.

h
if m=2 , hany positive integer and p is prime number, then:

2(h+1)

AC( Q2mXCp) = i®:l C 2

We have also found the general form of Artin's characters table of Ar(Q,»*C,) when m=2",h € Z" and p is prime number.

Introduction:

The problem of determining the cyclic decomposition of
AC(G) seem to be untouched. We use the concepts of
invariant matrix in linear algebra to find the cyclic
decomposition of AC(G), G is considered to be the group
Q2h+] <C,.

In 1968 T.Y Lam [13] defined AC(G) and he studied
AC(G),when G is a cyclic group.

In 2000 H.R .Yassin [4] studied the cyclic decomposition
of AC(G) when G is an elementary abelian group . In
2006 A.S. Abid [2] found Ar(Cn) when Cn is the cyclic
group of ordern .

In this paper, we find the cyclic decomposition of the

h+1

factor group AC(Q,"" xC,, ) and the Artin characters table

where Qy, is the Quaternion group of order 4m When

m=2" h €Z" and C; is the Cyclic group of order p, p is
prime number.

1.Some Basic Concepts:

In this section, we give basic concepts, notations and
theorems about the group (Qan*C,), a rational valued
characters, a rational valued characters table, the Artin

characters and the Artin characters table.

The Gr X))

The direct product group (Qonm XCP) where Q,p, is
Quaternion group of order 4m with tow generators x and
y is denoted by

Qom ={Xyx™™ = y*=1,yx"y'=x ™,0

=k=2m-1,j=0,1}



and C,, is acyclic group of order p consisting of elements

{Iz,7,....,2”"} when p is prime number .the generalized
the group (Q,n X C, ) is denoted by

(Qun*Cp) = {(9,):9=Qum ¢ EC, } and
|Q2m*Cpl=|Q2ml.|Cpl=4m.p=4p.m
Definition (1.2):[8]
A rational valued character 0 of G is a character

whose values are in Z, which is 6(g)e Z, for all ge G

Corollary (1.3):[9]

dAx)

ceGalQ () /0)

The rational valued characters 6 ; =

form the basis for R (G), where i are the irreducible

characters of G and their numbers are equal to the
number of conjugacy classes of cyclic subgroup of G .

Proposition (1.4):[7]

The number of all rational valued characters of a finite
group G is equal to the number of all distinct I'- classes
on G.

Definition (1.5): [9]_

The complete information about rational valued
characters of a finite group G is displayed in a table

called rational valued characters table of G. We refer
to it by - (G) which is nxn matrix whose columns are
I'-classes and rows which are the values of all rational
valued characters of G, where n is the number of T'-

classes.

Proposition (1.6):[10]

The general form of the rational valued characters table
of the Quaternion group Q,, when m=2", h is any

positive integer and it is given by:

=(0,,) = E(Qzlzh) =
r- [1] 2| Ix [x . 2 | IxI | Iyl | Ix
clas [x oh-l | ghe2 [x 1] vl
ses 1 1
1

2" 20 0 0 . 0 0 0 0
0

2 2 2% 1o . 0 0 0 0
)

2h—2 2h—2 2h—2 _2h-2 . 0 0 0 0
03
0 2 2 2 2 2 0 0 0
-2

1 1 1 1 1 1 |1 |1
91—1

1 1 1 1 1 1 -1 |1
0
0 |1 1 1 1 . 1 -1 |1 -1
0 1 1 1 1 . 1 1 1 1
142

Table (1)
Where [ is the number of I'-classes of C,,, .
Theorem(1.7):[6]
The rational valued characters table of the group
(Qam*C,) is equal to the tensor product of the rational
valued characters table of Q. and the rational valued

characters table of C, when p is prime number that is:

E(QZm X Cp) = E(QZm) ® E(Cp) .
Theorem(1.8): [5]

Let H be a cyclic subgroup of Gandh,,h,,... ,h  are

m
chosen as representative for m-conjugate classes of H

contained in CL(g) in G, then :




?'(g) €

_|C " )|Z @(h) if h,e HNCL (g)

2- @' (=0 if HACL(g) =¢.

Definition(1.9):[13]

Let G be a finite group, all characters of G induced
from a principal character of cyclic subgroups of G are
called Artin’s characters of G.

In theorem (1.8) , if ¢ is the principal character , then
o(h) =e(1)=1, where h;€ H

Proposition(1.10):[3]

The number of all distinct Artin's characters on a group
G is equal to the number of I'-classes

on G.

Furthermore, Artin's characters are constant on each I'-
classes.

Definition(1.11): [2]

Artin’s characters of finite group G can be
displayed in a table called Artin’s characters table of
G which is denoted by Ar (G).

The first row is the I'- conjugate classes, the second
row is the number of elements in each conjugate

classes, the third row is the size of the centralize
|CG (CL, )| and the rest rows contain the values of

Artin’s characters.

Theorem(1.12):]2]

The general form of Artin’s character table of C p?

when p is a prime number and s is an integer number is

given by:
1 s—1 -2 53
Wby w7y et ) |
I'-classes
|CL 5 | 1 1 1 1 |1 1
P s p s P s p s p s P s
q p s 0 0 0 0 0
(4 ps | P! 0 0 ..o 0
Q)' P P P 0 0 0
3
-2 -2 -2
' P P P P P 0
O,
Q)’ . 1 1 1 1 |1 1
S+
Table (2)

Proposition (1.13): [12]

The Artin’s characters table of the Quaternion group Qyp,

when m=2", h € Z" is given as follows

Ar(thH )=




Table (3)

where [ is the number of T'- classes of Cy,, and @ i 1 < j< [+2 are the Artin characters of the Quaternion group Q,, when

m=2"hez



1-

2-

3-

2.the Factor Group AC(G):

This section is devoted to the study of the factor group
AC(G) ofagroup G .
Definition(2.1):[9]

Let T(G) be the subgroup of E (G) generated by Artin's
characters .T (G) is normal subgroup of E (G) and

denotes the factor abelian group E (G)/T(G) by AC(G)
which is called Artin cokernel of G.
Definition(2.2):[8]

Let M be a matrix with entries in a principal domain
R. A k-minor of M is the determinant of kxk sub matrix
preserving row and column order.
Definition(2.3):[8]

A k-th determinant divisor of M is the greatest

common divisor (g.c.d) of all the k-minors of M.

This is denoted by D , (M)

Lemma(2.4):[8]

LetM, P and W be matrices with entries in a

principal ideal domain R, let P and W be invertible
matrices ,Then D, (P M W)= D, (M) module the group

of unites of R.
Theorem(2.5):[8]

Let M be an n x n matrix with entries in principal
ideal domain R, then there exist two matrices P and W
such that:

P and W are invertible.
PMW=D.

D is diagonal matrix.

if we denote D ; by d; then there exists a natural number
m; 0 <m<nsuchthat j>m impliesd ; =0 and j<m

impliesd ; #0 and 1 <j<m impliesd ; |d ;.

Definition(2.6):[8]

Let M be matrix with entries in a principal domain

R, be equivalent to a matrix D = diag {d,,d, , ... .d »,
0,0, ...,0} such thatd j |d_/.+1 for]1 < j<m

We call D theinvariant factor matrix of M and

d,,d, ,....d, theinvariant factors of M

Theorem(2.7):[8]

Let K be a finitely generated module over a
principal domain R, then K is the direct sum of cyclic
sub module with an annihilating ideal

<d,><d, >,,,_,<dm>,dj |d_/.+1 for j=1,2,...,K-

1.

3.The Matrix M(G) :

This section is devoted to the study of the matrix M(G),

M(Q2m),P(Qa2m) and W(Qzm).

Proposition(3.1):]9 |

AC(Q) is a finitely generated Z- module .Let m be the
number of all distinct I'-classes then Ar(G) and =*(G) are
of the rank 1. There exists an invertible matrix M(G) with
entries in rational number such
That:  =*(G)=M"(G).Ar(G) and this implies

M(G)=Ar(G).=*(G))"



Theorem(3.2):[4]

I
AC(G)= G—)Cd where d, =+ D,(G)/D,_,(G)

i=1
where [ is the number of all distinct I'-classes.
Corollary(3.3):[9]

|AC(G)| = det (M(G)) .

Proposition(3.4):[11]

If p is prime number and s is positive integer, then:

111 ... 1
MG s 11 .1
Cp7)= 01 ... 1

000 1

which is of the order (s+1)x(s+1)

Proposition(3.5):[11]

The general form of the matrices P (C » Yand W (C » )

is:

1 -1 0 o0 0 0]
0 -1 0 ... 0 0
PCprsIH=lo o 1 -1 .. 00
0 0 0 0 1 -1
0 0 0 0 0 1|

which is (s+1)x(s+1) square matrix.

W (C ps )=lg41,where I g4 is (sH1)x(s+1)

identity matrix

and D(C ) =diag {LL,.....,1}.
%/_J

Remarks(3.6): [1]
if m=2" h is any positive integer ,then we can write

M(C,,) as the following :

M(Ci)= R(C,)

00 - 00 1]
which is (h+1)*(h+1) square matrix ,R;(C,,) is the matrix
obtained by omitting the last two rows {0,0, .- ,1,1} and
{0,0,- . -,0,0,1} and the last two columns {1,1, - -,1,0}
and {l,l, “e ,l,l} from the matrix M(C _, ) in the
Proposition (3.6).

Proposition(3.7):[12]

If m=2" h any positive integers ,then the matrix M(Q,y,)

of the quaternion group Qo is :

1111

2R, (C,,) 1111
1111

M(0Q,,) = Dl
0 0 0 o[1 1 11

0 0 0 0[0 1 01

0 1 1 110 0 11

0 1 1 11 0 0 1]

which is (h+4)x(h+4) square matrix ,R(C,,,) is similar to
the matrix in the remarks (3.8).

Proposition(3.8):[12]

If m=2" h any positive integer then the matrices P(Q,y,)

and W(Qyy,) are taking the forms:



0 0 1 0 0 0 0 0 0O
0 0 01 0 0 0 00 0
P(C,,,) 00 1 0 0 000
: : W(0.) = W(0..) 0 0 0 1 0 0 0 0
)= s) =
P(Q,, )= 0 0 2 00 0 0 1 000
11 01 1 1 1 100
0 -1 o 0 o0 O 1 010
0 0 e 01 -1 0 -1 -1 -1 -1 0 0 1]
0 0 0 o0 1 |
which is 8x8 quare matrix
[ 0 0 0] )
4.The Main Results
0 0 0
I,., : In this section we give the general from of the Artin's
and W(Q, )= O O O characters table of the group (Q,""'xC,) and the cyclic
0 1 1 1.0 0 decomposition of the factor group AC(Q.n*C,) when
00 0 01010 m=2",h € Z" and p is prime number. .
10 -1 -1 -1 =10 0 1]

Proposition(4.1):

where [, is the identity matrix .They are (h+4)x(h+4) The general from of the Artin's characters table of the

) group (Q,"'xC,) when m=2"h€Z" and p is prime
square matrix .

number is give as follows:

Example (3.9):

To find P(Qs,) and W(Q3,), by the proposition (3.8).

1 -1 0 0 0 0 0 0
0O 1 -1 0 0 0 0 0
0 0 1 -1 0 0 0 0
PO =P =0 0 0 b o000
0 0 0 0 1 -1 -1 1
0 0 0 0 0 1 0 -1
0 0 0 0 0 0 1 -1
_0 0 0 0 0 0 0 1_

which is 8x8 square matrix

and



Ar(Q,"'xCy)=

pAr(Q;""

Ar(Q,")

Ar(Q,")

Table (4)




Proof :

Cove, ()] ;
O h)(g)="—7—F7 (p(g)+e(g ) =
Let g € (Qun*C,) ;2=(q,]) or g=(q,2)or g=(q,7). .. |C oy (2)]
2 h+1
_ p-1 _ Ah + 2 1 = P — (1 +1) =
£=(q,2""),q €Qamwhen m=2"heZ" Lz,7,...7 G I, ()]
Case (I):
A gl )+ (g ) = pd (g)
~ ~ : 1+ ) = —————(p(g) + 9(g ') = p.© (g
If H is a cyclic subgroup of Q,,, X {I},then: ‘CH (g)\ ‘C<x> (q)\ j
2. H=((y, D))
LH=((x,1)) 3. H=((xy,1)) since HNCL(g )={g.¢"'} and ()= (g ")=1,g=(q.1).q€
2h
And @ the principal character of H, ®; Artin characters Q""" and g# x
of Qunwhere 1 < j </ + 2 then by using Theorem (1.8)
(iv) ifggH

D ,,(g)=p.0=pd (¢q), SinceHNCL(g)}= ¢

D, ()= ‘Cc(g)‘i«p(hi) iff heHNCUg)
B L O 2. P HA(O, D) ={( DDA D)
z 8)=
G  Ife=(1]) HNCL(1,D={(1,)}
IF H=((x, 1))
C ,H|><Cp (g)
q)(/+1,1)(g) = QIC'(P(g)
Q) ifg=(LDg€H Cy (2)]
h
\CQWC (g)\ PR s, (1)
o, ((1,1) =1—2r 4 .
g (L 1) C, (@) »(g)
Gy  If g=(x° ,1)=(]) and g€ H
b2 plCo, ()
= A= - 1) =p@ (1)
|C., (1,1 \c<x> ) ‘CQW <, (g)‘
(D(HI,I)(g) = W'(p(g)
since H NCL(1,l)={(1,I)} 8
h .4.2h h oh
)  ife((x*,1),geH = P a= p2t = p (67
o Coee, (@) . Since HNCL(g)={g} 0(2)!
Gol8&8) = — "7 ?&
c, ;
Cu (&) i (ii)If g# (x> ,1)and g€ H,i.e.{g=(y,]) or g=(y’,.)}
B p.2h+2 B p.CQZM.(x )‘ e y
B ‘CH (g)‘ - ‘C<x>(x2h) olg)=p. j(x ) Otherwise
i = = Co, xc (&)
H NCL K 1 Q51 %Cy _
e lnCE el ot ¢nhhn<g)::l—————————J~<¢(g)+-¢(g )

|CH (g)|
4

) =P = p2=p® ()

iy g I8 H

since HNCL(g )={g,¢"'} and p(g)=p(g")~1



Otherwise
@, (g)=0 since HNCL(z)-9

3-IF H={(xy, 1))

~{LD. DD D) D=6}

1 Ifg=(1.0) HNCL(1,D)={(1,D}

Coc, ()]

q)(1+2,l)(g) = |CH(g)|

“p(g)

=p2'=p®, (1)
(if) If g= (x”, )~((xy/"D~(".)) and g€ H

Coec, ()

(D(/+2,])(g) = ‘C (g)‘

p(g)

B p.4.2"
4

d=p2"=pd, ,(x)
Since HNCL(g)={g} , ¢ (g)=1
(ii)If g# (x>, 7 ) and g€ H,i.e.{g=(xy,Dor g=((xy)’,))}
‘CQZ;MXC,; (g)‘
|CH (g)|
4
= pT.(l +1)=p2=pd,, ()

q)(/+2,1)(g): '(@(g)"'@(g_l))

since HNCL(g )={g.g"'} and p(g)=¢(g ')=1

D ;15 (g) =0 since HNCL(g)= ¢

Case (II):

IfH is a cyclic subgroup of (Q,""' x {z}),then

LH((x,2) = ((x,27)) =

10

3. H=((xy,2)) = <(xy,zz)> -

> == <(xy,z”'1 )>
And ¢ the principal character of H, ®; Artin characters

of Q""" 1< j <1+ 2,then by using theorem (1.8)

Cs u »
=g §§12¢(h,) if heHNCLg)

0 if HACIg)=¢

D, (g)

LLIFH=((x, 2)) = <(x’22)> -
(r27)) = = ((627)

()If g=(1,I) or g=(1,z) or g=(1,7),..or g=(1,2"") and
g€H

e, (2)]
|c, (1, 1)

aaaaa

O ;. (g) = “p(g)

part PICo, ()
|C, (1, D)| p.‘c<x> )|

o) =@ (1)

since H NCL(g)={(1,1),(1,2),(1,2%),.....(1,Z"")}

(iyif g WDor 8=(.2)...org=(L2"Yor g=(" Dor g=
&, 2or..g=( 2" ,geH

(iii) if g=(1,I) or g=(1,2) or g=(1,2°),....or g=(1,2"")

Coprec, (&)

cD(j,Z)(g): |C (g)|

p(g) =

p.2h+2 p.2h+2 | p"CQZM (1)‘
Cu@ ey @ pleg, )

p(H)=0 (1)

since H NCL(g)={g}, ¢ (g)=1

ifg:((xzh,l)or g:(xzh,z) ..... org:(xzh,z’ﬂ),geH



‘ 0,111 xC, (g)‘
;0 (g)= C, (@) ?(g)
H
o he2 p|C e (x) , ,
= L ‘xp(# )= b, ()
Cy (2] p.‘Cm(x )

since H NCL(g)={g}, ¢ (g)=1

(iii) if{g¢(x2hal)0” g;’&(xzhaZ) }...Org;t(xzh,zp_l),geH

Cope, () 2
O, (g)= 2 2 Ty= Pt (141)=
(&) () (p(g)+o(g™)) c, (g)‘( +1)
p"CQ””(q)‘( (2)+o(g™) = ,(q)
———(p(g)+ (g ) =D (g
p-‘Cu)(Q)‘

since HNCL(g )={g.g”'} and ¢(g)=p(g )=,

£-(22.99Q;"" and g# x”
(iv)ifgg H
D, (g)=0 Since HNCL(g)= ¢

2-IF H=((y, 1))

={(LDD D DALY 2T ),
(L322 2

(i) If g&=(1,1) or g=(1,2)....or g=(1,2"")

HNCL(g)={(1,D),(1,2),....(1,2"")}

‘CQ 41 xC, (g)‘
cD(/+1,2) Q=

_ 4p.2h

4p 1=2h='(D1+1(1)

() If g=(x7, 1)=(y2D.0r g=(y".2) .or g=(¥’ 2"

and g€H
. Coic, (@)
(/+1,2)(g) |CH( )| p(g)
4p2"
==L 1=2"=®,,(x")
4p

11

Since HNCL(g)={g} , ¢ (g)=1

Giy  If g4 (x” ,])and g

Hie {g=(y.D.(y2)....(v,2"") or g=(y',D(y",2),..(y".2" )}

Co, e, ()
|CH (g)|
4
= (4D =2=0 ()
p

D112 (8) = (o) +o(g ™)

since HNCL(g )={g.g"'} and p(g)=¢(g =1

Otherwise
D 141 (g)=0 since HNCL(g)=¢

3.IF H=((xy, ) =
{(LD,(xy,D((xy) . D=(y". D ((xy) . D=(xy,D(1,2),(xy,2),((
Xy 2)((xY)’2),-( 1,2, (xy,2" ) ((xy), 2" ) ((xy)* 2" )}

()If g=(1,]) or g=(1,2) .....or g=(1,2"") HNCL(g)={g}

Copnc, @)

c, @ @

(D(1+2,2)(g) =

_4p2’

“r d=2"=@,,()

WDIF g= (", 19 D= DGy 20 (xyV2)

and g€H
o |CQZM «, (g)|
(1+2,2)(g) - |CH (g)| (D(g)
_ 4p.2h

1=2"=d,,(x*)
4p

Since HNCL(g)={g} , ¢ (g)=1
Gy  If g4 (x> ,])and g€H

jieg={(xy.D.((xy) . D.(xy:2)((xy)2).-(xy.2"),



(i) ((xy)2")} D, (g) = 0since HNCL(2)=
D0 (2) —‘CQ“‘“C" () (p(2)+(g™)
) = . +
(1+2,2) g |CH (g)| og o g

Example(4.2):
4
— 2L 4y =2=0,,(x)
4p

To construct Ar(Qs*C7) by using the theorem (4.1) we
since HNCL(g )={g.¢"} and p(g)=¢(g " )=1
get the following table:
Otherwise
Ar(Q,’xCs)=

12



I'- classes
Ly | || g | | | Il | D | LE | K| K| K| e | o | v | Ixyal
cz,| 1 1 2 2 2 2 16 16 1 1 2 2 2 2 16 16
‘%Ka(cé 448 | 448 | 224 | 224 | 224 | 224 | 28 28 | 448 | 448 | 224 | 224 | 224 | 224 | 28 28
D, 448 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
D, 224 | 224 0 0 0 0 0 0 0 0 0 0 0 0 0 0
D, 112 | 112 | 112 0 0 0 0 0 0 0 0 0 0 0 0 0
D, 56 56 56 56 0 0 0 0 0 0 0 0 0 0 0 0
D, 28 28 28 28 28 | 0 0 0 0 0 0 0 0 0 0 0
D) 14 14 14 14 14| 14 | 0 0 0 0 0 0 0 0 0 0
D, 112 | 112 0 0 0 0 14 0 0 0 0 0 0 0 0 0
D) 112 | 112 0 0 0 0 0 14 0 0 0 0 0 0 0 0
D, 64 0 0 0 0 0 0 0 64 0 0 0 0 0 0 0
D, 32 32 0 0 0 0 0 0 32 32 0 0 0 0 0 0
D 16 16 16 0 0 0 0 0 16 16 16 | 0 0 0 0 0
D, 8 8 8 8 0 0 0 0 8 8 8 8 0 0 0 0
D, 4 4 4 4 4 0 0 0 4 4 4 4 4 0 0 0
D) 2 2 2 2 2 2 0 0 2 2 2 2 2 2 0 0
D, 16 16 0 0 0 0 2 0 16 16 0 0 0 0 2 0
D 16 16 0 0 0 0 0 2 16 16 0 0 0 0 0 2
Table (5)

13




Proposition(4.3):
If m=2" h any positive integer and p is prime number ,

then the matrix M(Qzn*Cy) of the group (Qan<Cy) is :

M (Q,,) | M(Q.,)
0 [ M,

Which is 2(h+4)x2(h+4) square matrix ,M(Q,y) is similar
to the matrix in Proposition (3.7).

Proof :

By Proposition (4.1) we obtain the Artin's characters
Table Ar(Q.nxC,) of the group (Q,nxC,) when
m=2"heZ" and p is prime number and from the theorem

(1.7) we get the rational valued characters
(;(sz xCp)) table of the group (Qn*C,) when

m=2"heZ" and p is prime number.
Thus, by definition of M(G) we can find the matrix

M(Q2m*Cp) when m=2"heZ" and p is prime number.

M(Q,, xC,) = Ar(Q,, xC,)-(=(0,, xC,)) ™"

14

00
00

2R(G,)

Ju—

Ju—

— M(QZm) ‘ M(Qan)
0 ‘M(QZm)

oS O O O

S O O O

202 e e 21
202 e e 21
0 2 - ene 21
00 - - 21
00 - - 0 1
00 - - 00
11 -er oo 10
11 oer oo 11
202 e e 21
202 e e 21
0 2 - ene 21
00 - - 21
00 - - 0 1
00 - - 00
11 oer oo 10
11 oer oo 11
2R(G,)

0 0 - 0
0 0 - 0
1 | 1
1 | 1
2R(G,)

0 0 - 0
0 0 - 0
1 | 1
1 | 1

= M(QZm XCp)

Ju—

S < T <= T o S SO

—_ s m O m O = m ees e

— = e e e e e e eee e

— = e e e eee e




Example (4.4):

Consider the group (Q3,%C;), we can find the matrix 22221 11122221111
022211 1102221T1F 1:1
M(Q5xC7) by using: 0022111100221T1T1]1
. 00O021T1T1TT1®O0O0O0OZ2T1T1FT1:1
M (Qy, xCy)=M(Q,s xC;)=Ar(Q,; xC;)-(=(Q,: xC,) ™" 000071 T1T110000T1T1T1°1
000O0OO0OT1O0OT1O0O0OOO0OOT1TO0O1
) . 011 100T1T1O0OT1TT1T1HW0O0OT1]1
448 0 o 0 0 0O O O O O 0 0O0O0OTDO 011 1100101111001
224 224 0 O O O O O O O O 00 O0O00O0 1000000002222 11T11
112 112 112 06 0 0 O O O O O O O O O O 0000O0O0OO0O0O022211T171
56 56 56 56 0 0 0O 0O O O O OO0 O OO 0000O0O0OO0O0OO0O0O22T1T1T1:71
28 28 28 2828 0 O O O O O OO OOO 00000O0O0O0OOO0OGO0OZ2T1T1T1.1
14 14 14 14 14 14 0 0 0 O O O O O O O 0000O0O0OO0O0OO0OOOO0OTITI1T1]1
112 112 0 0 O 0 14 0 O O O O O O O O 0000O0O0OO0O0OO0OOOO0UO0T1U0°1
_ 112 112 0 0 O O O 14 0 O O O O O0 0 O . 0000O0O0OO0O0OO0OT1T1T1O0TU0T1.1
64 0 o 0 O 0O O O 64 0O 0O 0 0 0 OO 00000O0O0O0OO0OTI1T111001
32 32 o 0 0 0O 0 3232 0 000O0O00O0
16 16 16 0 0 0 0 0 16 16 16 0 0 0 0 O
8 8 8 8 0 0 0 0 8 8 8 80000 Proposition(4.5):
4 4 4 0 0 O 4 4 4 0 00 h . . .
5 3 3 2 2 2. 00 2 2 222200 If m=2", h any positive integers and p is prime number
6 16 0 0 0 0 2 0 1616 0 00 0 20 then the matrices P(QanxC,) and W(Q,,xC,) are taking
116 16 0 0 0 O O 2 16 16 0 0 0 0 0 2|
the forms .
P(Q2 x C ):|:P(Q2m)|_P(Q2m):|
" o | P©,,)

I Y224 %24%24/224 %‘48 %‘48%‘48%‘48 /224 )/224)/224)/224%148%148%148%147

7/224}224/224 Jro4 Jaas Jaaslaas)aas 7224}224%224)&24%48%148%48%14 which is 2(h+4)x2(h+4) square matrix .
112/112 /112 /224/224/224/224 112/112/112/224/224/224/224

o
o ==

o
o ==

0 6 Jss Ja hihiakin O Ts6 Js6 M2hiiahi2h And

00 0 Thg y56 56 /56 /56 0 0 0 /28/;6 ;/56 Js6 Js6

00 0 0 The hghglg O 0 0 0 Thg heThg /g w(Q,,) | 0
000 0 0 hehehghs 0 0 0 0 Db b b W(Q2y xC,) = { 0 | W (0,,)
000 0 0 Nehehohs 0 0 0 0 hehathehg

/224 /224 /224 /224 %148 %148 %148 %148 112 127 127 127224722472247224 which is 2(h+4)x2(h+4) square matrix .

)/224 )/224 )/224 )/224 %148 %MS }ZMS %MS 71271271271272247224%247224

0 Kot hoahodthoathos © Fs6 56 756 A1ahi27izg Proof':

0 0 Ko Fie Nt Tiz iz © 0 Thshs e Fs6 56 756 By using th ion (4.3) taking the matri
—] —] —] —] - usin € proposition . aKin € martrix
000%8/56/56/56%60001428282828 y g the prop g
0 0 0 0 -] <. 0 0 0 0 = -
28 /28 /28 /28 o 0 0 o 7%4 7%4 14 ha M(Q:n*C,) and the above forms P(Q,,*C,) and
00 0 0 fg g /o8 14 714 14 4
L 00 0 }/28 )/28 )/28 )/28 0 0 00 %4 7%47%4 %4_ W(szxcp) then we have :

p((QZm>< Cp) M(QZm ch)'W(QZmXCp) =

diag {2,2,2,2,---,2,1L L1111}
%/—J

2(h+1)

:D(QZm ch)

which is 2(h+4)x2(h+4) square matrix .

15
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Example(4.6):

To find the matrices P(Q3,xC;) and W(Q3,xC7) by the

proposition (4.5) from Example (3.9) to find P(Q;,) and

W(Qz):

P _ P(Q32) | _P(Q32)

(Q32 x C7) - -

0 | P(Qy)
-1 0 0 0 0 0 0-11 0 0 0 O0 O O
1 -1 o 0 06 06 060 -11 0 0 O O O
o 1 -1 0o 606 0 06 00 -11T 0 0 0 O
o o0 1 -0 0o 0 o0 O 0 -11T 0 0 O
o 0 0 1 -1-11 0 0 0 0 -1 1 1 -1
o 0 o0 o0 1 0 -1 0 0 0 0 O -1 0 1
o 0 0 0 0 1 -1 0 0 0 0 0 0 -11
o 0 0 0 0 0o 1 O O O O 0 0 o0 -1
o 0 0 0 0 0 0 1 -1 0 0 0 0 O0 O
o 0 0 o0 0 0 0 0 1 -1 0 0 0 O0 O
o 0 0 o0 0 0 0 0 O 1 -1 06 0 O0 O
o 0 0 o0 0 0 0 0 O O 1 -1 0 0 O
o 0 0 0 0 0 0 0 0 0 O 1 -1 -11
o 0 0 0 0 0 0 0 0 0O O O 1 0 -1
o 0 0 0 0 0 0 0 O 0O 0 0 0 1 -1
o 0 0 0 0 0 0 0 0 0 O 0 o0 o0 1
And
W(Q32><C7):{W(Q32)| 0 }
0 [W(Qy)

o 0 0 O O00O0OO O O O O 0O

1 0 0 0 00OOO O O O OO

o 1 0 o0 00O0OOO0O O O O 00O

0o 0 1 o 00O0OO O O O OO0

o o0 o0 1 O00O0OOTO O O O OO0

1 1 1 1 1000 0 0 0 O 0O

o o0 o0 1 0100 O0O O O O OO0
-1 -1 -1 -10010 0 0 0 0 0O

o o0 0 o0 00O0O1 O O O O 0O

o 0 0 0 0000 1 0O 0 0 0O

o o0 0 o0 00O0OOTO0O 1 0 O0 0O

o 0 0 o0 00O0OOTO0O O 1 0 0O

o o0 0 O 00O0OOO0O O O 1 00O

o 0 0 0 0000 1 1 1 1 10

o o0 0 O 00O0OOO0O O O 1 01

o o0 o0 o 00OO0O-1-1-1-100

I'—‘OOOOOOOOOOOOOOO
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Example(4.7)

To find D(Q3,%XC;) and the cyclic decomposition of the

factor group

We find the matrices P(Q3,xC;) and W(Q3,xC5) as in

example (4.6) and M(Q3,%C5) as in example (4.4),then :

P(Q32%C7).M(Q32%C7). W(Q3xCr)=
diag{2,2,2,2,22,22.2.2.1,1,1,1,1,1}=D(Q3,xC7)

Then by Theorem (3.2) we have

10
ACD(QuxCry= DC,

The following theorem gives the cyclic decomposition of
the factor group AC(D(Q,nxC5)) when m=2",h € Z" and
p is prime number .

Theorem(4.8):

If m=2", h any positive integer and p is prime number
then the cyclic decomposition of AC(QnxC,) is :

2(h+1)

ACDQuCy= @ G,

Proof :

By using the proposition (4.3),we can find matrix
M(Q;,m*C,) and by the proposition (4.5),we find
P(QunxC,) and W(QumxC,p) when m=2", h € Z" and p is
prime number :

p((QZm>< Cp) M(QZm ch)' W(QZm ch):

diag{2,2,2,2,22,...2221,1,1,1,1,1}
Then ,by the theorem (3.2) we have :

2(h+1)

ACDQu=C= @ G,



Example(4.9) :

Consider the groups (Q16384%C11) ,(Q134217728XCs),then :

30
1. AC(Qy354 X Cy) = AC(Q214 xCy)= l@]cz

56
2. AC(Q134017725% Cs) = AC(Q227 xC5) = 9C2

17
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P 3o geamea 23e hom=2" OIS 13) 4 Cum 222 A Y ) ) e e AC(QynxCp) 330 &l 53l ol U (A yilall 4 50l
(Ol Il s

2(h+1)
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