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Abstract.

This research aims to continue the investigation of ii — T1 spaces, specifically their
4

behavior when producing products. As a result, we may easily design non-ii — T1spaces
4

as well as ii — T spaces that aren'tii — T1. Furthermore, use new axioms of separation,
4 2

which are, ii — T1 by using ii — open sets. We begin in section two with some definitions
4

and theories that can be used in arriving at the new axioms of separation. Also, as an
explanation of the ii —open set and some of its characteristics. We define some closed sets
that explain the relationship between the new axioms of separation, including the iil —
closed set. We also give some examples to illustrate the new axioms of separation.

Furthermore, we prove its relationship to the axioms of separation.T:. We also learn about
4

the important characteristics of these axioms. We know the new separation axioms are

called ii — T spaces and clarify the relationship between them and ii — T1space andii —
4

4

T1 space. We can illustrate the relationship between the separation axioms of type

2

ii —through a diagram and then explain and list the theorems that show the domain of

products. ii — T..

4

Keywords: iiA — closed set, ii — T1 space,ii — T+ space, ii — T; space, iig —closed set.
4
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1. Introduction set in a topological space in their study of

generalised continuity in 1997. If A =
Arenas, Dontchev, and Ganster [1] ]

L N F,where L is a V- set, a subset A of
established the concept of a 1 — closed

13
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a space (X,t) is called ii- closed. A subset
A of a space (X, 1) is called A —closed if
A =LnF,whereLisaA —set, i.e. Lis an
intersection of open sets, and Fis closed.
Using A1 —closed sets, the authors in [1]
characterized T, spaces as those spaces
where each singleton is A —closed, and

Tispaces as those spaces where every
2

subset is A —closed. The notion of a

T1space has been introduced by Levine in
2

[2]. Dunham [3] showed that a space

(X, 7) is T1if and only if each singleton is

open or closed. One of the most important

examples of Tispaces is the digital line or
2

Khalimsky line (Z,K) (see e.g. [4]). The
digital line is the set of integers Z with the
topology S={{2m-
12m,2m+1}:m € Z}as a

khaving
subbase.
Clearly,(Z,K) fails to be T;. However,
each singleton of the form {2m}is closed
and each singleton of the form {2m —
1}is open. It should be observed that
(Z,K) iseven a T%space (see [5]). In [1],

T1 is a new separation axiom introduced
4

by the authors. They emphasized that the

T.1 space class lies squarely between the
4
Tospace, and T space classes, and that
2

those spaces are ones in which each finite

14

set is A —closed. Throughout this paper,
we will introduce new class axioms by
using ii — open set.A subset Aof X is
called ii —open set [6] if there exist an
open set Gin the topologyzof X, such that:
G +p,X,Accl(ANnG) and int(A) =
G , the complement of an ii — open set is

an ii — closed set.

The goal of this paper is to continue the

investigation of ii — T1Spaces,
4

specifically to look into their behavior
when forming products. As a result, we

may easily construct non-ii — T1Spaces
4

as well as ii — T1 spaces that aren'tii —
4

T1.

2

2 Preliminaries.

Throughout this paper (X,7) or simply
Xrepresent topological spaces on which
no separation axioms are assumed unless
otherwise mentioned. For a subset Aof
X,cl(A),int(A), cl;(A) and A¢denote
the closure of A, the interior of A,
ii —closure of Aand the complement of
Arespectively. Let us recall the following
definitions, which are useful in the

sequel.
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Definition. 2.1
A subset Aof a space (X, 1) is called a

e Semi-open set if Ac
cl(int(A)).
e A closed generalized set (in

shortg — closed) if cl(B) c Gat

[7]

any timeB c G and Gis open [2].
e Aset (A) [1] is defined to be the
setn{0 € (X,7) — A c 0}.
e A A1— closed set if A=Ln
Fsuch that Lis (A) set and Fis
closed set and (A)°represent

A —open set [1].

e ¢ — closed set if B = dcl(B), where

Scl(B) ={xeX—intcl(G)NB #

@}, x € Gand G € 7 [8]

e § — closed generalized set (in short §g —
closed ) if 6cl(B) c Gat any time B C

G in addition G € 7 [8].
Definition. 2.2

The intersection of all open set
supersets of Ais the kernel of a set A4,

represented by A [9].
Definition. 2.3

The ii —interior [6] of a subset Aof Xis
the wunion of all ii —open set of

Xcontained in Aand is denoted by

int;(A). The subset Ais called ii —open

15

set [6] if A = int;;(A). The complement
of a ii —open set is called ii —closed set.
Alternatively, a subset Aof a space (X, 1)
is called ii —closed set [6] if A = cl;;(A4),

when  cl;;(4A) = {x € X:int(cl(G)) N

A+ ¢,Getand x € G}.
Theorem. 2.4 [9]

The following conditions are equivalent

for a subset Aof a topological space(X, t):

e Ais A — closed set.

e A=Lncl(A), where Lis a (A)
set.

e A=Ancl(A).

Theorem. 2.5 [9]

The following conditions are equivalent

for a subset Aof a topological space(X, 7):

e Every 1 — closed set is a locally
closed set.

e Each (A) setisaclosed A —set.
Lemma. 2.6 [9]

Let (X, 1) be a topological space and let
A c (X, 1) then Ais g — closed set if and
only if cl(A) c A cl(A) c A.

Definition. 2.7

A space (X, 1) is called a:
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T3 —space [5] if each §g —closed set
4

initis & —closed.

e ygFT:i—space [3] if each g —
2

closed set in it is closed set.

e Ti—space [1] if each finite subset

F c Xand each pointy & F thereisa
subset that exists A c Xsuch that
FcAy¢éA,

closed.

and Ais open or

e Semi T; —space [10]if for any x,y €
Xsuch that x # ythere exists a semi
—open set M (x) which contains xbut
noty, and an semi open set N(y)

which contain ybut notx.

3 ii — T1 space.
4

In this section we will talk about new

separation axioms using the ii —open set.
Definition. 3.1

The topological space (X, t) is said to be

ii —T1 if each finite subset F c Xand
4

eachy & F, there is a subset A c Xthat
exists such that F c A,y ¢ A, and Ais

ii — (open or closed)set.
Example. 3.2

Let X ={a,b,c},
{¢, X, {a}, {b},{c},{a, b}, {a,c},{b,c}}

and T=

16

So, the sets are

¢, X, {a}, {b},{c},{a, b}, {a, c},{b, c}}

ii —open

We note that X is the ii —T1 space

4
because it fulfills the above definition.
Proposition. 3.3

Every T1 —space is ii — T1.
4 4

Proof.
let (X, t) beaT: — space thismean each
4

finite subset F < Xand each point y ¢ F
there is a subset that exists A € Xsuch
that F c A,y ¢ A, and Ais open or close,
but every open set is ii — open. This mean

(X, ) is ii — T1space.
4

Remark. 3.4

The converse of the above proposition is
not true as shown in the following

example.
Example. 3.5

Let X ={a,b,c}, T ={¢p,X,{b},{b,c}},
by definition of ii — open we have : ii —
open sets are:¢, X, {b},{a, b}, {b, c}. This

mean (X, 7) is ii — T1Space but it is not
4

T1 — space.
4
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Definition. 3.6

Let (X, 7) be a topological space, and let
A c (X,7) then Ais iid —closed set if
A=LnNF, where Lis a (A) set and Fis

ii —closed set. The complement of an
iid —close set is an iid —open set.
Proposition. 3.7

The following are equivalents for a

space(X, 7):
e (X,t)isaii— T space.
4

e There exists a subset for each
locally finite subset F c X and

each pointy & F.
Proof.

1) -»2). Suppose that F < Xbe ii —locally
finite and let y & F. We're done if Fis
finite. So, let's pretend Fis infinite. A =
X — Uis the needed set if yhas an open
neighborhood  Uwith an  empty
intersection with F. Otherwisey € cl(F),
and because Fis ii — locally finite, there
exists an open neighborhood yof y where
UNF is finite, say{xq, x,..., Xk},
andy € cl;;{x;}, for some x;. Now choose

any of themx € F —{xy,x,,...

,xk}.
Then {xq,x5,...,x,} is a finite set that

does not containy. Since (X,t) isii — T1
4

17

A subset must exist A, c Xsuch

-'xk} CAxfy € Ax!

A,is ii —open or closed. Since y €

that{x,, x5, .. and
clii{x;} c cl;;(A,), Acannot be
ii —closed set, thus A, must be open. If
A=U{A,:x €F —{x4,...,x,}} then Ais
an ii —open set containing Fsuch thaty ¢

A, and then we're done.

2) —1). Since any finite subset is ii-

locally finite subset, this is obvious.
Definition. 3.8

The topological space (X, ) is said to be

it —Ti if for each at most countable
4

subset F < Xand each pointy & F, there
exists is a subset A c X, such that F c
Ay & A, and Ais

closed)set.

ii — (open or

Remark. 3.9

Every ii — T1 space is ii — Tispace. But
4 4

the converse is not true as shown in the

following example.
Example. 3.10

Let X be a collection of nonnegative
integers in the topological space(X, 1),
where U € tifand only if U = ¢ or 0 €
UWhile X — Uis finite. Which isa ii —
T% space by definition 3.1. Now let F =



Journal of Wasit for Science and Medicine

2021: 14(3): 13-22

(X —0). Then Fis countable and 0 ¢ F.
{0}is

it —closed, (X, 7) cannot be ii — T1.
4

Since neither ii —open nor

Definition. 3.11

A subset Aof (X, 1) is called iig —closed
set if cl;(A) c Uwhenever A c Uand

Aisii —open.
4 Applications.
We introduce the following definition.
Definition. 4.1°
A topological space (X, 1) is called.

e (i—Ti  space if  every
2

iig —closed set is ii —closed set.

e ii—T; space if for each two
distinct points x,y € X, there
exist ii —open sets U, Vsuch that
xeU,yeVandUNV = ¢.

e ii—T, space if for each two
distinct points x,y € X, there
exist ii —open set Usuch that x €

U,y & Uor vice versa.
Theorem. 4.2

The following conditions are equivalent

for a subset Aof a topological space(X, 7).

18

e Xisaii— Tispace.
4

e FEach finite subset of Xis

iid —closed set.

Proof.

1) -2) let F c X be a subset of Xthat is

finite. Since Xis ii — T1, then for each

2
point y & F, there exists is a subset A c
X, suchthat F c A,y ¢ A, and Ais ii —
(open or closed) set. Let Chbe the
intersection of all ii — closed sets A and
be the intersection of all ii —open sets A.
Clearly, Lis (A) set and Cis ii — closed.
Note that F = L n C. This demonstrates

that Fis iiA —closed set.

2)— 1) Let Fbe a finite subset of X, and
y € F.By (2) F=LnC,where Lis (A)
set and Cis ii — closed. If C does not
include y, then X — Cis an ii —open set
containing y, and then we're done. If
Ccontains y, then y & L As a result, for
some ii —open set U that contains F, we

have y ¢ U. therefore Xis ii — Tx.

4

Remark. 4.3

The following diagram shows the
relationship between the new axioms of

separation.
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-7 =T i _T°
in-T i —T
- %
Theorem. 4.4 Proof.

The following conditions are equivalent

for a subset Aof a topological space(X, 7).

e Xisii — T1 space.
2

e Every singleton of Xis iid—

closed.
Proposition. 4.5.
let (X,t) be ii —T. space. Then each
4

subspace of Xis a ii — T space.
4

5 ii — T1space's products.
4

In this section we give the products for
the new separation axioms that we

defined previously.
Proposition. 5.1

Let (X,7) and (Y,7*) be a topological

space such that X x Yare ii — T1. After
4

then, both spaces are available (X, ) and

(Y,t") are ii — T1, and at least one of the
4

space must beii — Tj;.

19

Since (X,7) and (Y,7%)

homeomorphic to subspaces of X X Y, As

are

a result of Proposition 4.5, both spaces

must be ii — T1.

4

Assume that neither (X, ) nor (Y,7") are
ii — T, spaces. Then there exist x;,x, €
X,x; = x, such that x, € cl;{x;}, and
that
that

such y, €

F =

YuY2 EY,y1 # ¥,
clii{y1}. Assume

{(x1,¥2), (x1, ¥1), (x2,¥2)} € X X Y.

Then (x,y,) € F. There is, according to
theory a set A c X XY, such that F c
A, (x5,y1) € A, and Ais ii — (open or

closed).

If Aii —closed , this mean if (X XY) —
Ais ii —open, there exist ii —open sets
U, c X,V, cY such that x, € U,,y, €
Viand (U, XxVy)NF =¢. however,
since x, € cl;;{x,}, we have x, € U,, and

so (x1,y1) € U, x V;, a contradiction.
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If Ais ii —open, After that, there's

ii —open set U, c X,V, c Ysuch that
x, € Uy, y, € V,and U, X V, c A. Since
v, € clii{y;}.We have y, € V,, and thus
(x5,y1) € A, acontradiction. Asaresult,
at least one of the spaces is (X,t) or

(Y,t*) mustbe ii —T; .
Proposition. 5.2.

Let X = [];e; x; be a topological space's

product (x;,7;),i € 1. if Xis ii — T then

4

all spaces (x;, ;) are ii — T1 and there is
4

just one factor that isn't space ii — Tj;.

Proof.

Since each (x;, ;) is homeomorphic to

subspaces of X, and therefore itis ii — T1
4

by Proposition 4.5. (Z, k), Assume the
following: (x;, 7;) and (x;,7;),i # j, are
not ii—T,. Since (X;XX;) is
homeomorphic to subspaces of X, it must

be ii — T1 by Proposition 4.5. However,
4

this is a contradiction to Proposition 5.1.

It's simple to come up with examples of

ii — T, spaces that aren't ii — T1 using

4

our previous findings. For instance, we

have

Example. 5.3

20

The product of two copies of the digital
line(Z, k), failsto be ii — T in the digital
4

planeZ?.

Proposition. 5.4

If (X,7) is ii — Taand (Y, %) i ii — T;.
4

Then X x Yisii — T..

4

Proof.

Let F={(x1,¥1),-.., (X yn)} © X X
Yand let (xo,y0) € F. The natural

projections are denoted by p;: X XY - X
and p,: X XY - Y. Let F* = {(x;,y;) €
Fiy; =yoland F*™ = {(x;, ;) € Fry; #
Yo}- Then F =F"UF", x, & p(F")
andy, & p,(F*™). . Since p;(F*) c X is

finite and(X,t) is ii —T1, there is a
4

subset A c Xsuch that p;(F*) c A,x, ¢
Aand Ais ii —open or closed. If Ais ii —
in (X,1),
ii —closed in X x Ysuch that F* c A X
o}, (x0,¥0) & A X {yo} Also, X X
p2(F™) is ii —closed in X XY, F** c
X X po(F™) and (xo,¥0) & X X p2(F™).
As a result, there is an ii —closed setB c
X XY, namelyB = (A X {yo}) U (X X
p2(F*)), such that F c Band (x,,y,) €
B.

closed then A X {y,} Iis
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If Ais ii —open in(X,t), then A XY is
it —open in X x Ysuch that F* c A XY,
(X0, ¥0) € AXY. Also, X X (Y —{yo})
is ii—open in X XY, F*cXx (Y —
{vohand (xo,¥0) € X X (¥ — {yo}). As
a result, there is an ii —open set B c
XxY,namelyB=(AXY)U (X x (Y —
{yo]})), such that F c B and ((xq,Yo) €
B. This demonstrates that X X Yis ii —
Ti.

2

Proposition. 5.5

Let X =]l;e;X; a topological space's
prOdUCt (xi,Ti), iellf (xl-, Ti) isii — Tl

4
for some i€l and all other spaces
(xj,7j), L # j are ii — Ty, then Xis ii —

T

4

Proof.

Clearly X
(I1;+i X;)- By Proposition. 5.4, it follows

is  homeomorphic toX; x

that Xis ii — T1 , since [];,; X;is ii — T;.
4
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