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Abstract:

The purpose of this paper is to deals with the problem of regional boundary asymptotic gradient full order observer (I'* AGFO-
observer) concept by using internal regional case. Thus, we study the relation between this notion and the corresponding
asymptotic detectability and sensors. More precisely, various important results have been examined and explored concern an
extension of an approach which enables to reconstruct the gradient of current state from internal region. In addition, it has been
shown that the characterization of I'* AGFO-observability under which conditions to be achieved. Finally, we have illustrate that
there is a dynamical system which does not represent the observer in the usual sense, but it could be interpreted as a I'*AGFO-

observer.

Keywords: I G-strategic sensors, ['* AGFO-detectability, ['* AGFO-observers, internal approach.

1. Introduction

The concept of asymptotic observer theory was discovered
by Luenberger for finite dimensional linear system as in [1].
Thus, this approach has been generalized to distributed
parameter systems characterized by strongly continuous
semi-group operators in Hilbert space by Grassing and
Lamont [2]. The characterization of an asymptotic observer
via sensor and actuator structures was explored by El Jai et
al. in [3-5].

Recently, an important extension is that of regional and
regional boundary state reconstruction has been introduced
by Zerrik and El Jai et al. for finite time [6-9]. Al-saphory
and El-Jai introduce the asymptotic regional state observation
in infinite time as in [10-12].Therefore, the regional analysis
consists in studying the asymptotic behavior of the systems
not in the whole the domain but only in region w < Q or on
I' € 0Qof system domain Q [13-16].

Another orientation of regional gradient analysis in more
different systems and regions [17-19] and for asymptotic
case [20-22].

The purpose of this concept is motivated by certain concrete-
real problems, in mechanic, thermic, environment in [23-25].
In this paper, we explore an approach which allow to
construct T'*AGFO-observer in a given region T*of the
domain boundary dQin connection with regional boundary
gradient strategic sensor (I'*G-strategic sensor)and regional
boundary asymptotic gradient detectability (I'*AG-
detectability).

It is interested to study the problem of the treatment of water
by using a bioreactor where the objective is to estimate the

40

concentration of substrate at the boundary output of the
bioreactor in order the water regulation is achieved ( figure

1) [26].

=

S
Fig. 1: Substrate concentration at the output of the reactor T'*.
The outline of this paper is organized as follow:

Section 2 concerns the class of considered system,
definition, characterizations in connection with sensors
and preliminaries of regional boundary gradient
observability and detectability. Section 3, devotes to
the problem of crossing method from internal region to
boundary case by using trace operator esteems. Section
4, gives an application to various situations of sensors
locations on the regional boundary gradient detectability in
diffusion parabolic distributed systems. Last section tackles
the relation between regional boundary detectability of state
gradient and regional boundary observer.

2. Considered System and Problem Formulation

Consider a distributed parameter system defined with the
following forms:

o Q) is an open bounded subset of R™with smooth boundary
Q.

o I'is a sub-region of dQ with positive measure.

o Denote @ = Q %x]0, o[ and @ = 9 X]0, o].

o The space X =H(Q), U=L?(,T,R?) andO =
L?(0,T,R?) are designed in this paper as separable Hilbert
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spaces and represented as state space, control space and
observation space where p and g are the numbers of

actuators and sensors [10].
]

oA = Z?m% (ay 527 With ag;€ D(A) (domain of 4) is a
second order linear differential operator, which generates a
strongly continuous semi-group (S,(t)):»o0n the space
H(Q) and is self-adjoint with compact resolvent.

oThe considered system is described by the following
parabolic partial differential equations

L&D =AxED+Bu) Q
x(§,0) = x0($) Q )
\Z a0 =0 0
where § € Q,n € 3Q, t € [0,T]and (¢,t) € Q,(n,t) € 6.
o The measurements can be obtained by using internal zone

sensors and pointwise may be located inside Q [6-7]. Thus,
the output function augmented is given by

y(., ) = Cx(.,t) 2
where  the  operators B € L(RP,H'(Q)and C€
L(H(Q),R?) are depended on the structure of actuators and
sensors [10-15] (see (figure 2)).
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Fig. 2: Domain €, boundary T'*, and sensors and controls.

oUnder the given assumption above, the system (1) has a
unique solution given by the following form [4-5].

(&) = S (Ox6(8) + [ Su(t —s) Bu(s)ds  (3)
o The initial state x,and its gradient Vx, are supposed to be
unknown, the problem concerns the reconstruction of the
initial gradient Vx, on the region T of the system domain 9.
o The mathematical modelling illustrated in Figure 2 is more
general and complicated than the real modelling in figure 1.
oThe problem is how to construct a an observer to the
gradient of current state in a givenI'* may be called I'* AGFO-
observer using internal region approach.
oFor deriving I'* AGFO-estimator of Tx(&) on I'*, we need to
consider the following points:
* Now, we consider the operator K given by the form
K:HY(Q) - L2(0,T,R9)
x = CSy()x
where K is bounded linear operator as in [4]. Thus, the
adjoint operator K*of K is defined by K*:0 - X, and
represented by the form
K*:1*(0,T,R7) - H1(Q)
Y= o Si()Cy (9)ds
* The operator V denotes the gradient is given by
{V:H HORICEO)
ox ox
X = Vx= (6—61, ,a—sn)
with the adjoint of V denotes by V* is given by [27]
{v*; (HY ()" - H1(Q)
x->Vy=v
where v is a solution of the Dirichlet problem
{A,,= —div(z) Q
v=20 a0
* The trace operator of order zero is described by [28]
Vo HH(Q) » H'/?(0)
which is linear, subjective and continuous [29]. Thus, the
extension of the trace operator of order zero which is denoted
by y defined as
y: (H (@)™ = (HY? ()"

and the adjoints are respectively given by ygand y*.
* For a sub-boundary I'* of 9Q and let jp-be the function
defined by

i aram s

XXX =X |

with x | - is the restriction of the state x to I'*, and

Xpe: (H ()" — (H /2(T"))"
where the adjoints are respectively given by )Z;* and yp-.
*Finally, we introduced the operator yp-yVK*from O into
(HY2(T*))™ and the adjoint of this operator given
byK V*y* xf-.
* We first recall a sensors are defined by any couple
(D, f)where Dbe a non-empty closed subset of Q which is
represented the spatial supports of sensor and f €
L?(D)represent the distributions of the sensing measurements
onD.
Then, according to the choice of the parameters Dandf, we
have different types of sensor:
« It may be zone, if D < Qand f < L?(D). In this case, the
operator C is bounded [8-9] and the output function (2) may
be given by the form

y(®) = [, fOx()ds = Cx(§,t) 4)
« It may be pointwise, if D = {b}with b€ Q and f =
6(.—b), where § is the Dirac mass concentrated in b. In this
case, the operator C is un bounded and the output function
(2) may be given by the form

y(©) = [, x(§,6)8,(& — b)d§ ®)
In this section, we present some definitions and descriptions
of regional boundary gradient observability, detectability and
strategic sensor, which is derived of [17-22]. Consider the
autonomous system of (1) define by

20 = Ax(&, 1) 0
x(£,0) = x0(§) Q (6)
Zmt=0 0
The solution of (7) is given by the following form
x(&,t) = Su(t)xy(&) forallt €0, T] @)

» The systems (6)-(7) are said to be exactly regionally
boundary gradient observable on T'*(E I'*G-observable) if
Im xpVK* = (HY/2(r)"
» The systems (6)-(7) are said to be weakly regionally
boundary gradient observable on T'* (WT*G-observable) if
Imyp-VK*=(H'/2 (T"*)"
It is equivalent to say that the systems (6)-(2) are WI'*G-
observable if
KerKV* yp- = {0}
o If the systems (6)-(2) are is WI*G-observable, then
xo(¢,0) is given by
xo = (K*K)"'K*y = KTy, ®)
where KT is the pseudo-inverse of the operator K [9-10].
A sensor (D, ) is regional boundary gradient strategicon
'* (T*G-strategic) if the observed system is WI*G-
observable.
» The measurements can be obtained by the use of zone or
pointwise sensors, which may be located in Q [11-12].

3. T'*G-obervability and I'* AG-detectability

This section links I'*G-obervability and T'* AG-detectability
notions and which roll paly to build the devoted observer.

e The semi-group (S4(t))sso Iisregionally boundary
asymptotically gradient stable on (HY2(I*))* (I'*AG-
stable), then for all x,€ H'(Q), the  solution of
autonomous system associated to system (1) coverage to
zero when t tend to co.

« The system (6) is said to be I'*AG-stable if the operator A
generates a semi-group which is I'*AG-stable.



*A system is said to be ' AG-stableif and only if there exists
some positive constants M+, ar-, such that
II)(r*YVSA(-)IIL((Hl/z(F*>)",H1(m> < Mpe®r, vt 2 0. )
* If the semi-group (S4(t))¢so IS [*AG-stable, then for all
X, € H1(Q), the solution of autonomous system (6)
associated to system (1) satisfies

X yVx(., ) ”(Hl/Z(l—w))n =

ILxr-yVSa(£)xo ||(H1/z(r*))"

< Mr*ear*”xo”(m/z(r*))n

and then, we have
Jim [y x(t)II(Hl/z(r*))n =0.

*The system (1)-(2) is said to be regionally boundary
asymptotically gradient detectable on T'* (I'*AG-detectable),

n
if there exists an operator Hps,q:R? - (Hl/z(l"*)) , such
that the operator (A— Hp4;C) Qenerates a strongly
continuous semi-group(SHr,‘AG (t)) , which is T*AG-stable.
t=0

Proposition 3.1:If the system (6)-(2) is E I'"G-observable,
then it is ' AG-detectable. This results gives the following
inequality 3 k- > 0, such that
")(r*VVSA(-)x”(Hl/z(F*))" <k I"‘”CSA(-)x”LZ(O,w,O)r (10)
n
forall x € (HY/2(r)) .
Proof: The proof of this proposition can be concluded from
the results on observability by considering the operator
xr-YVK™ in the following forms [29-30]
1. Imf c Img.
2. There exists k > 0, such that
[lf*x*||gr < kl|lg*x™||p+, forall x* € G*
From the right hand said of above inequalitykp-|lg*x* ||z,
there exists Mp-, wp+ > 0 with kp+ < M-, such that
ke-llg™ x| < Mp-e=“r[lx” |-
where E,Fand G be a reflexive Banach spaces and f €
L(E,G), g € L(F, G).If we apply this result, considered
E=G=HY">T)", F=0, f =Idyqyn
and
9 =SiOxry'veer
where S,(.) is a strongly continuous semi-group generates
by A, which is T'* AG-stable on T'*, then it is T* AG-detectable
onl*.m
Thus, the notion of I'*AG-detectability is a weaker property
than the E T*G-observability [30].
Remark 3.2: We show that the characterization result that
links an T*AG -detectable and sensors structures. For that
purpose, we assume that the operator A has a complete set of
eigenfunctions  H'(Q)[13] denoted  ¢,,;orthonormal
in (HY?('))™ and the associated eigenvalues A,, are of
multiplicity r,,, and suppose that the system (1) has J unstable
modes.
Thus, the sufficient condition of an T'*AG-detectability is
given by the following result.
Theorem 3.3: Suppose that there are g zone sensors
(D;, fi)12i=q and the spectrum of A contains/ eigenvalues
with non-negative real parts. The system (1)-(2) are T*AG-
detectable if and only if

l.g=m,

2.rank G; = my, forall i = 1,...,] with

G = (G); = {(%(-)ﬁ(-))mwo zone sensors
T b)) pointwise sensors

where supm; =m < ocoandj=1,..., 0.

Proof: The proof can be stated by the same way as in ref.
[31] with some modifications by choosing pointwise
sensors.m

3.1.is complete
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4. Regional internal and I'*AGFO-observer
reconstruction

In this section, we give the sufficient conditions which are
guarantee the existence of (I'*AGFO0-Observer) which allows
to construct a I'*AGFO-estimator of the state yp-yVTx(§,t)
by using internal region to pass on the regional boundary.

The original results are presented and examined.

4.1 Definitions and characterizations
This subsection related to present some definitions and
characterizations.

Definition 3.1:The dynamical system associated to the
considered systems (1)-(2)is given by

2(§,t) = Fropgz(§, ) + Gpropgu(t) + Hryey () Q

2(£,0) = 2,(&) QO (11)

=m0 =0 0
whereFr-4;0enerates a strongly continuous semi-group
(Skp e ()20 Which is Fr-,c-stable on Z and Gr-y6 €
L(U,Z),Hp4¢ € L(0,Z). The system (11) defines an'*AG-
estimator for Tp46x(&,t) = xrVTx(é,t), where T: X — Z
with

Tra6x(§,t) = 2(§, t)

Definition 4.2:Suppose there exists a dynamical system with
state z(.,t) € Z given by

(6,0 = 42(5,0) + Bu(®) — HrpoC(x(€,0) = 2(6,0) @

#(§,0) = 2,(§) o (12)

z(n,t) =0 z
In this case the operator Fr-,sin system (1)[13] is given by
Frege = A— HpycC where Tpeye = Iragro the identity
operator. Thus the operator A — Hp-4;C generate a strongly
continuous  semi-group  (Sp—pp.,,c(t))ez0  ON  separable
Hilbert space Z which is I'*AG-stable.
Thus, 3 My_y.,.c @a-ppe ¢ > 0 sUCH that

”SA—Hr*AGC(-)“ S My_pyp jgc€ “A7Hractt, vt 2 0.
Then, let such that solution of (11) similar to (3)

2(8) = Spttgenoc (D) + [ [} Sacir ot =

©) Bu(0)H-46y(1)] dr.
Definition 4.3: The system (12) defines I'* AGFO-estimator
such that

z(§,t) = xr'V Tracrox(§, t) = Iragrox(§,t) €
(Hl/Z(l—w))n
where x(¢, t) is the solution of the systems (1)-(2), if

tll_g}’“Z(: t) = xrV Tr acrox (¢, t)”(Hl/Z(r*))n =0,
and  xpVxrVipragro MmMaps D(A) into D(A-—
Hp 4 C) where z (€, t) is the solution of system (12).
Remark 4.4: The dynamic system (12) specifies I'*AGFO-
observer of the systems given by (1)-(2) if the following
holds:

1-There exists

Mragro € L(R,(HY*(T")™)  and
L((HY2(" )™

such that

Mr+aGroC + Nreagro = Ir*acFo-

2- A — Fr-pgro = HracroC and Gragro =B.

3- The system (11) defines T'*AGFO-estimator for
x(¢,t).

4- The purpose of T'*AGFO-observer is to provide an
approximation to the original system state gradient. This
approximation is given by

£(t) = Mr-agroY(t) + Npagro (D).

Definition 4.5: The systems (1)-(2) are regionally boundary
asymptotically gradient full order observable on T'* (I'*AGFO
-observable), if there exists a dynamic system which is
['*AGFO -observer for this system.

Nr-acro €



Remark 4.6:If a system is ['*AGFO-observable then, the
corresponding sensor is I'*AGFO- strategic sensor.
» The regional boundary observer in I'* may be seen as
internal regional observer in w,. if we consider the following
transformations. Let R be the continuous linear extension
operator [28], R: (HY/2(8Q))" —» H (Q)"such that

Xey VRRGut) = h(u,0), forall he (HYV2(r))"  (13)
» Let r > 0 is an arbitrary and sufficiently small real and let
the sets

E = UyerB(x,r) and @, = ENQ
where B(x,r) is the ball of radius rcentered in x(¢,t) and
where I'* is a part of w,. (Fig. 3).

-
—> sensors

Fig. 3: Domain Q, region @, and the sub-region I'*.
* For the sub-regionw,. of the domain Q and let y,, be the
function defined by
Xo,: (L2 = (L (w))"
X = XX = X|o,
where x|, is the restriction of x tow, for more derails see
ref. s ([10-13]).
Proposition 4.7:If the system (1)-(2) is E w, G-observable
(respectively Ww,.G), then it is EI*G -observable
(respectively WTI'*G-observable) (see [30]).
From proposition 4.7, we can deduce the following
important result.
Proposition 4.8:A dynamical system is w,AGFO-observer
for the system (1)-(2), then it isT* AGFO-observer.
Proof: Let z(&,t) € (HY2(D)*, xp-z(&,t) € (HY2(Q)"
and z(¢,t) be an extension to (HY?(aQ))™ By using
equation (10) and trace theorem there exists
Rxz(§,t) € (HH (@),
with bounded support [15] such that
YV Rxrz(€,0) = z(§,0) (14)
Since the system (12) is regional w,AGFO-observer, then it
is w,AGFO0-observer, there exists a dynamical system with
x(&,t) € X such that
Xw,.VTx(f' t) = prm)(lt*z(f. t)
then we have
Xr (VXX VTX)(E, 1) = x(§,t)
The equations (2) and (15) allow
y(§, 1) c
e R P R GE o
and there exist two linear bounded operators R and Ssatisfy
the relation
RCH+ xr (YXooX0VT) = Ip-
There exists an operator F,. is regionally stable oné,, then it
is regionally stable on I'* [21-20].
Finally the system (12) is al'*AGFO-observer [30-31].m

(15)

4.2 Sufficient condition for I'*AGFO-observer

As in (Refs. [21, 30-31]), we extend the characterization
result that links the TI'*AGFO-observer and I'*AGFO-
detectability which is described a sufficient condition for
I'*AGFO-observer in the following main result.

Theorem 4.8: If the system (1)-(2) is I'*AGFO-detectable,
then, the dynamical system (12) is the associated I'*AGFO-
observer,i.e.

llx(,t) = Treagroz(, Ol 1 =
H2(T*)
lim 1, 0= I aroz, Ol oz =

lim (., 0= Ireagro7Co Ol e =
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lim[lx(, ) = 2(, Ol sz = 0 (16)
Proof: From the assumptions of section 2, the system (1) can
be decomposed by the projections Pand I — Pon two parts,
unstable and stable [5]. The state vector may be given by
where x; (¢, t)is the state component of the unstable part of
the system (1), may be written in the form
9%
et =An(E D +But) Q
xl(f’ t) = xol(f) QO
e =0 0
and x,(&,t) is the component state of the stable part of the
system (1) given b
)
L0 = Axyy (§,6) + Bu(t) Q
x2(§,8) = x0,(8) Q
\Z2(r,) =0 0
The operator A;is represented by a matrix of order
(Zn=15n, Zh=1 Sn) given
A, = diag[A4, ...

(17

(18)

J ALy e Agy e
and

PB = [G{",GfT,...,Gf"]
Pute(¢,t) = x(&,t) — z(&, t) where z(¢, t) is the solution of
the system (12). By deriving the above equation and

substituting equations (1) and (12), we obtain

de ox dz

E(E't) = E(E't) _E(E't)

=Ax(é,t) — Az(§,t) —
HragroC(x(.,t) —z(&,1))
= (A= Hragro0Oe(§, t)
Since the system (1)-(2) is I'"AG-detectable, there exists an
operator Hr«agpo € L(R?, HY/2(I'™)),such that the operator
(A — HpeagroC),generates a stable, strongly continuous
SeMi-group (Sg. ,gpo (0))tz0 ON the spaceH'/?(T*), that
means 3 Mr«agro, @r-agro > 0, Which is satisfied the
following inequality
X YVSAOIl w12y < Mp-agroe ™ “racrot
Finally, we have
leC, Ol vz <
”XF*YVSHr*AGFo(')“ Hl/z(r*)||eo(-)||H1/2(r*)
<

Mragroe™ “r'acrot|ley ()|l y1/zqrey
and

eo(§t) =x(6,t) —z(§,t)
therefore

tll_{g”e(,t)“ wizqy = 0.
Consequently, the dynamical system (12) is a T'*AGFO-
observer for the considered system (1)-(2).m
Remark 4.9.From theorem 4.8., we can deduce the following
results:
1. A dynamical system which is an dQAGFO-observer is
I'*AGFO-observer.
2. If a system is I;"AGFO-observer, then it is T,"AGFO-
observer in every I;* c T, ", but the converse is not true. This
may be proven in the following application

4.3 Counter Application to Diffusion System

Consider two-dimensional of system (1)which is given by the
following diffusion parabolic equations

(1,62 ) = Bx(E1, E2,0) + 85(61, EDu(e)
x(§1,€2,8) = x0(§1,§2)
Z_:(Up’hrt) = 0

y(t) = 8 (b1, b3)x(§1,2,1)
where

Q =]0,1[x]10,1[, 65(&;, &) = 8(&, — by, & — by)

(19)

0 ® D0



and b = (bg,,b,) € Q is location of the internal pointwise
control (b, 85). Then, and the operator Bu(t) in system (19)
is given by

Bu(t) = &5(by, by )u(t) (20)
Consider the internal filament sensor where 6 = Im(y ) c Q
is symmetric with respect to the line b =(by,b,) as in and
f(by,by) = cosmh, cosmb, .
The augmented output function (2) can be written by

y(t) = fﬂ 8y (1 — b1, by — $5)x(§4, 2, 0)dE, dS; (21)
Since the pointwise sensor is a couple (b, §,) of b and §,,
then

y(t) = Cx(§1,62,t) = 8 (b1, b2)x(81,83,0) (22)
The operator A = A generates a strongly continuous semi-
group (S,(t)) 0 0N the Hilbert space H* (Q) given by

Sa(B)x = Z:ﬁm=0 elnmt(x: (pnm)Hl(Q) Pnm (23)
where
Apm = —(n?,m?)m? (24)
are the eigenvalues and
Pnm(§1,€2) = 2any, cos(nméy) cos(nms,) (25)
are eigenvectors with
2ap, =(1- Anm)_l/2 (26)
Consider now, the dynamical system
(5 (1r600) = 82006200 + 8562, £)u(e)
4 _Hab(bpbz)(x(fpfzi) _Z(fpfzrf)) Q (27)
|Z(S(1vfzv0) = 70(&1,&2) Q

k% (1M, £) =0 (C]
where H € L(RY,Z),Z is a Hilbert space and C: H*(Q) - RY
is a linear operator. If the state x, is defined in Q by

x9(§1,§2) = cos(mé,) cos(2méy), (28)
then the system (19) is not WQG-observable, i.e. (g, f) is not
QG-strategic sensor [17-18]and therefore the system (19) is
not QAG-detectable.

Thus, the dynamical system (27) is not QAGFO-observer [30]
for the system (19 (see [21]). Now, consider the regionl™ =
10,1[x {1} < 9Q (figure 4) \évyith previous results, then

~ pral

1

by pof «Q r

>

0 by 1
Fig. 4: Domain €, region I'* and locations ¢ of filament
pointwise sensor.
The dynamical system
(5 €082 0) = 020680 + 856 U

4_HF‘AGF06b(b1r b,)(2(&1,&,,) — x(&1, &5, 1)) Q (29)
|Z(flrfzro) =20(&1,&) Q
5t =0 ()

where H € L(RY, HY/2(T*)), then in this case, the system
(19) is WI'*G-observable. Thus, the sensor (a,8,) is I'*G-
strategic [20] if,

nb; ¢ N and nb, ¢ Nforeveryn,m ={1,...,J}.

Hence, the system (19) is I'*AG-detectable [1]. Finally, the
dynamical system (27) isI'*AGFO-observer for the system
(19) [21].m

Remark 4.11: If the system is I'*AG-detectable, then it is
possible to construct I'*AGFO-observer for the original
system.
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6. Conclusion

We have extended the original results related to the concept
of ['"AGFO-observerfor parabolic distributed system in where
the dynamic system generates a strongly continuous semi-
group Hilbert space.

More precisely, we have shown that, the possibility to design
a dynamic system which is enable to observe asymptotically
the state gradient in sub-region I'* of the boundary 9Q using
the corresponding detectability and strategic sensors in
different situations.

The problem of passage form internal region to regional
boundary case is proved and analyzed with an application to
diffusion system. Moreover, many problem still opened like
the development of these results to case of hyperbolic
distributed parameter systems as in [25].
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