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1. Introduction 

            Anosov [1] introduced the notion of shadowing property (or pseudo-trajectory 

tracing property) turned out to be one of the very important and useful dynamical 

properties of continuous maps on uniform space since its inception. The dynamical systems 

are one of the famous domains of researches in Mathematics [2].  

Various generalizations of shadowing property have been obtained and studied in detail 

the concepts of uniform shadowing, uniform expansive, uniform weak expansive, uniform 

generator, uniform transitive, uniforms mixing, uniform chain transitive, uniform 

conjugacy, and uniform pseudo-trajectory tracing property. The trajectory was defended by 

Pilyugin [6] and the expansive of uniform dynamical systems introduced by   I. J. Khadim 

and A. A. Ali [5]. 
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ABSTRACT 

 
          In this paper, We present some important dynamical concepts of 
uniform space such as the uniform minimal systems and uniform 
shadowing. We explain some definitions and theorems such as uniform 
expansive, weak uniform expansive, uniform generator. we study the 
relations among types of compact uniform space and uniform shadowing 
as well as uniform conjugacy. Moreover we show that if 𝑇: 𝛸 ⟶ Χ and 
𝑆: 𝑌 → 𝑌 are two uniform homeomorphisms on compact uniform spaces 𝛸 
and 𝑌, if 𝜑: Χ → 𝑌 is a uniform conjugacy from 𝑇 to 𝑆, then 𝐶𝑅𝑈(𝑆) =
𝜑(𝐶𝑅𝑈(𝑇)).  
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For a given real number,       a sequence of points *        +  of uniform space 

(   ) is called all pseudo-trajectory of a continuous map  :   →   if ( (  )      )    for 

each    (     ). Given      , a  -psendo-trajectory *        + is called  -traced 

by    , if  (   ( )   )    ,     (    ). Here the symbols   and   are takenas        

     , if   is bijective and as        ,   -, [3]. 

If   is not bijective, we say that   has the shadowing property or (pseudo-trajectory tracing 

property) for every       there exists       such that every  -pseudo-trajectory of   

can be traced by some point of  . The notion of  -pseudo-trajectory is quite a natural 

notion since on account of rounded errors, a computer will calculate a pseudo- trajectory 

rather than a trajectory. Moreover,  -tracing shows that a pseudo-trajectory is uniformly 

approximated by a genuine trajectory if   is compact then the shadowing property several 

problems including properties of maps possessing shadowing property and its relation 

with other dynamical properties have been studied in detail. 

             We prove that   is a homeomorphism and (    ) be a compact uniform space, then 

  is uniform weak expansive iff (if and only if )   has a uniform generator.  Although we 

show that if   :  →   and  :  →   be two uniform homeomorphisms on compact uniform 

spaces   and  and   :  →   is a uniform conjugacy  from   to  , then    ( )  =   (  ( )). 

              In [7] they present invariant dynamical properties under G-conjugacy. Moreover, we 

introduce the notions of G-minimal systems and limit G-shadowing property and we show 

that these properties are invariant under topological G-conjugacy.  

Definition(1.1): [5].  Let   be a set. A uniform construction on   is a non-empty collection   

include of subsets of the Cartesian square     fulfilling:   

(1)  if     ,  then     , such that     = *(   ):    + 

(2)  if      and           then        

(3)  if      and       then          

(4)  if       then       ; 

(5)  if       then       where        

           The elements of   are called the entourage of the uniform construction and the set   

is called a uniform space. The uniformity   is named separating (and   is called separated) 

if   * :    + =  . 

           We  note  that  ( ) ( ), and( ) hint that, for any entourage,   found a symmetric 

entourage   such that      .  Let    be a set  and          If    , we define the 

subset  , -    by  , - = *   : (   )   +  

Definition (1.2): Let  :  ⟶   be a continuous map on a uniform space (   ). A sequence 

*  :      +    is called a true trajectory of T and it is denoted by     (    ) =

*    (  )   + if     =  (  )   for all    . 

Definition (1.3): Let  :  ⟶   be a continuous map on a uniform space (   ).A sequence  

*    :    + is named a  -pseudo-trajectory for   , if ( (  )     )           . 
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Definition (1.4): A   -pseudo-trajectory*  + for T is called  -shadowed by     if   

(  ( )   )        .  

Definition (1.5): Let  :  ⟶   be a continuous map on a uniform space (   ). A map   has 

the uniform shadowing property (USP) if      ,       where for any  -pseudo-

trajectory for   there is     such that      we have (  ( )   )     

Let (   ) be a compact uniform space with compact. Then the family *  :    + is 

equicontinuous. 

Theorem (1.6):  Let  :  ⟶    be a homeomorphism on a compact uniform space (   ). 

Then   has USP iff       has USP 

Proof: Assume that   has USP then for each          such that any  -pseudo-

trajectory for   is  -shadowed with some point in  .  Choose     so that for any       

then we have (   )    implies that ( ( )  ( ))      now let *  + be a  -pseudo-

trajectory for    and  put    =    . So       then (   (   )       )    . 

Hence       we have (     (     ))   .So(    (    ))    . Thus       so that 

(  ( )   )     for each     . So (   ( )   )    that is *  + is   -shadowed. 

Conversely, similarly, we can show that if      has  USP  then    has  USP. 

Definition(1.7): A Uniform homeomorphism  :  ⟶   is called uniform expansive on 

condition that      such that         with      ( )      ( ), there exists     such 

that ((  ( )   ( ))    for all       ( )       ( ), such that        The   is 

entourage called uniform expansive entourage for  . 

Definition(1.8): A uniform homeomorphism  :  ⟶   on a uniform space (   ) is called 

uniform weak expansive on condition that      such that        with     ( )  

    ( ) if       ( )  and       ( ) , then there exists  =  (   )    such that 

(  ( )   ( ))     The entourage   is named a uniform weak expansive entourage   for  . 

The following definition is a generalization of the definition of generator in[6] 

Definition(1.9): A uniform generator for   is fini e open cove  α of   is named if for each 

bisequence  *         +   , the set  (       )(  ̅̅̅̅ ) contains at most one 

trajectory. 

Theorem (1.10):  A uniform homeomorphism  :  ⟶   on a uniform space (   ). Then   is 

uniform weak expansive  iff    has uniform generator. 

Proof:(( )) 

           Assume that T is uniform weak expansive.  If (   )  (       )(   ̅̅̅̅ )  then for each 

   . We have (  ( )   ( ))     .  Let*  +   
 

be  a  bisequence  such  that *  +   
 
   , 

that is        such that     ,    is a uniform of  ,       . Such that(   )  

(       )(  ̅̅̅̅ )        Then (   )  (       )(  ̅̅̅̅ )         ( 
 ( )   ( ))    ̅̅̅̅  
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      By hypothesis each      . Let              then (     )(   )    ̅̅̅̅ , then 

(  ( )    ( ))    ̅̅̅̅  ( 
 ( )    ( )) uniformity       . 

           If (     )       (    )   
       (  ̅̅̅̅ )    (   )  ( 

    )  (   ̅̅̅̅ ), 

         (     )    ̅̅̅̅ , such that  = (        (  )  ) = ( 
      )(  )    

         If (     )    ̅̅̅̅           (  
    
 )    ̅̅̅̅   such that   

 ⟶      
 ⟶     

as  ⟶  ,(        )(  
 ) ⟶ (       )(  ) =        as  ⟶  , (       )(  

 ) ⟶

(       )(  ) =         as  ⟶  , then (     ) = (  
    
 )   . 

(( )) Assume that   is a uniform generator for T and   is the uniform space.  If   is not 

uniform weak expansive then         so that    ( )     ( )      . we conclude that  

(  ( )   ( ))    . 

Thus for each   there exists       so that  (  ( )   ( ))     .   

Hence (    )          (  ̅̅̅̅ )   

         Which is a contradiction  

2. Uniform conjugacy. 

Definition (2.1):  Let   and   be two uniform homeomorphisms in uniform space   and 

   Then   is uniform conjugate to   if there is equivariant uniform homeomorphism 

 :  →    satisfy      =    . The uniform homeomorphism   is  named  uniform 

conjugacy. 

Definition (2.2): For given points       we inscribe       if there exist finite  - 

pseudo-trajectory  =             =    and  =              =   , for  .  If  for  every  

   ,      , then   is called linked to   ( we write     ). 

Definition (2.3): Let  :  ⟶   be a continuous map on a uniform space (   ). Then a point 

     is  called   -chain recurrent point of   if      . 

Definition (2.4): A homeomorphism  :  ⟶   is called uniform transitive condition that for 

every non-empty open subset   and   of   ,  then            such that ((   

  )( ))     . 

Definition (2.5): A uniform homeomorphism  :  ⟶   is called uniform mixing if for every 

non-empty open subset   and   of   , then       such that     , we have 

((     )( ))          

Definition (2.6): A uniform homeomorphism  :  ⟶    is called uniform minimal if        

then     ( )̅̅ ̅̅ ̅̅ ̅̅ ̅̅ =    where       ( ) = * 
 ( )     + is the trajectory of   . 

Theorem (2.7): Let  :  →   and  :  →   be two uniform homeomorphisms. If   and   are 

conjugate then   is uniform transitive iff    is uniform transitive. 

Proof: Assume that  and   are uniform conjugate by   that  is      =    .   Let   be 

uniform transitive and,   ,     such that  ,   are open sets. Then (         ) ( ) and 
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(         ) (  )    such that (         )( ),(         ) (  ) are open sets. Then 

      where (      )((         )( ))   ( (         )(  ))   . 

Consequently( (         )(      )( ))  ((         ) ( ))    and therefore 

(         )( (      )( ))  ( )   .                                                                                                                          

Theorem (2.8): Let  :  →   and  :  →   be two uniform homeomorphisms. If   and   are 

uniform conjugates then   is uniform mixing  iff   is uniform mixing. 

Proof: Let   be uniform mixing and   ,   such that  ,  are open sets. Then (     

    )( ) and (         ) (  )    such that  (         )( ),(         ) (  ) are open 

sets. Then       such that      so that ((     )(         )( ))    (     

    ) (  )   . Therefore      then (         )((      )( ))  (         ) (  )  

   and ((      )( )   )                                                                                

Theorem (2.9): Let   :  ⟶   and  :  →   be two uniform homeomorphisms. If   and   are 

uniform conjugates then   is uniform weak  expansive  iff    is uniform weak expansive. 

Proof: Let   be a weak expansive entourage of  . Then       where  (   )    implies 

to (   ( )    ( ))   ,     . Let       ( )       ( ), for each     (   ( )    ( ))  

    Therefore       (       ( )       ( ))    .  

Hence(      ( )      (  ))        . Then     ( 
  ( )) =     ( 

  ( )). 

Therefore      (    ( )) =  
  (    ( )).  

Which is a contradiction.                                                                                                                                        

  

Theorem (2.10): Let (   ) be uniform space,  let   :  ⟶    :  →   be two continuous 

maps and   :  →    be a uniform homeomorphisms.  If   and   are uniform conjugates 

then   has the USP   iff    has the USP. 

Proof: Given(     )   . Suppose   has the  -shadowing property, we show that 

 = (         ) has  ( )-shadowing property.  Since   has  -shadowing property, 

there is      such that every  -pseudo-trajectory for   is  -traced by a point of  .    is  

 ( )-traced by a point of   . 

        Let *  :    + be a  ( )-pseudo-trajectory for S. Then for each    ( (       )  

 ( )   (    (  )  
  (    ))   .  

Then so that ( (  )     ) = ( 
  ( (  ))  

      )     set    (  ) =      Then for each 

    ( (  )     )    and therefore *  :     + is  -traced by some point   of  . 

      Hence for each    (  ( )   )    (  
 ( )  (  ))  (   )( )  ( 

 ( ( )   )  

 ( ) this proves pseudo-trajectory *  :    + for    is  ( )–traced by a point  ( ) in Y.                          

                                                                                                                 

Example (2.11) [7] 

            Consider the uniform space (   ) define as follows. 



Alaa Saeed Abboud , Ihsan Jabbar Khadim, Al-Qadisiyah Journal of Pure  Science 26 , SPECIAL ISSUE NUM.4 (2021)  PP. 100–107   105 
 

 

 = ,   ) and   be the uniformity induced by the usual uniform on  . Define T: ⟶   by        

  ( ) =  (     )  . We need to show that T has USP. If     with the property 

that            

Note that   is uniform homeomorphisms. Define the homeomorphisms  ( ): ,   ) ⟶   

such that  ( ) =   (    )   and  ( ): ,   ) ⟶,   ) such that  ( ) =
 

 
 , then   has 

  -SP,      .  Since   is contraction map put  =(   )(  )   Then by Theorem       

     =     has   -shadowing property. 

 Note that  = (   )(  ) = *(   ):  =   ( 
   )  =    (    )           

     +   does not contain            We mention that shadowing property of map    you 

know on compact uniform space (   ) saved under conjugacy.  

Theorem (2.12): Let  :  →   and  :  →   be two uniform homeomorphisms. If   and   are 

uniform conjugates then T is uniform chain transitive (recurrent ) iff   is uniform chain 

transitive (recurrent ).  

Proof: We prove this theorem by depending on proving of Theorem 2.10.and we note that 

       if      (with regard to  ) then  ( )    ( )(with regard to  ). 

Theorem (2.13): Let  :  →  and  :  →   be two uniform homeomorphisms. If   and   are 

uniform conjugates then   is uniform chain mixing iff   is uniform chain mixing. 

Proof: Let   be uniform chain mixing. Given     there exists a     such that we 

have (   )    leads to ( ( )  ( ))          .If    ́    then        therefore 

     there exists a  -chain  =  
  ( )           =   

  ( ́) from    ( ́) to     ( ).  

Thus   (  )  (  )      (  ) is an   - chain from   to  ́.                                                                             

  

Theorem (2.14): Let  :  →   and  :  →   be two uniform homeomorphisms. If   and   are 

uniform conjugates then   is  uniform minimal  iff    is uniform minimal. 

Proof: If   is uniform minimal and     such that     (   ( ))
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ =  . We show 

that     ( )̅̅ ̅̅ ̅̅ ̅̅ ̅̅ =  . Let      be given and       thereforewe have(     )    leads to 

( (  )  (  ))               . If     then       where (      ( )    ( )) =

( (   (   ( ))    ( ))        So (  ( )  )      since   is uniform homeomorphism.                                                                       

                                                                                         

Definition (2.15): Let (   ) be a uniform space and  :  ⟶    be continuous onto map. A 

point   in   is said to be the uniform non-wandering point of   if for every 

neighborhood  , -based of  , there exists an integer     such that ((   )( , -)   , -)  

 .We shall denote the set of all uniform non-wandering  points of T  by    ( )  

Definition (2.16): Let(   ) and (   ) be  uniform spaces.  A map  :  ⟶   is called  to be 

uniform continuous if,  for every      there is some      such that (   )     implies 

that ( ( )  ( ))     If    is one-to-one, onto and both  of  T and    are uniformly 
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continuous. We called   a uniform homeomorphism (uniform equivalent) iff uniform 

continuous function is continuous. 

Theorem (2.17): Let  :  →   and  :  →   be two uniform homeomorphisms on compact 

uniform spaces   and . If  :  →   is a uniform conjugacy from  to  , then   ( )  =

  (  ( )). 

Proof: Assume that     ( ) and  , ( )- is the neighborhood based of  ( ). The uniform 

continuity of    implies to     ( , ( )- ) is the neighborhood of   . So there exist    

   therefore  .   ( , ( )-)/  ( 
 .   ( , ( )-)/)     

If         =           then     ( , ( )-)    
   (  ( , ( )-))   . 

     ( , ( )-)  
 ( , ( )-)   . 

 ( , ( )-)  
 ( , ( )-)   ,  then  ( )    ( ) 

          Hence  ( )    ( ). Thus  (  ( ))    ( ). A similar way using the uniform 

conjugacy      :  →   to prove that    (  ( ))     ( )                                                                                               

   

Theorem (2.18): Let  :  ⟶   and  :  →   be two uniform homeomorphisms on compact 

uniform spaces   and  . If  :  →   is a uniform conjugacy from   to  , then    ( ) =

 (   ( )). 

Proof: Let      ( ) and   . We build  a   -trajectory from  ( ) to herself. Since   is 

uniformly continuous on  ,      where (     )    then ( (  )  (  ))      since  

     ( ) there exists a  -chain   =            =   from   to herself.     =           

put    =  (  ).  

Then  ( (  )     ) = (   (  )  (    )) = (   (  )  (    ))   . 

Therefor  (   ( ))     ( ).  

              A similar way using the uniform conjugacy    :  →   to prove that  (   ( ))  

   ( ).                                                                                                                                                                         
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