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1. Introduction

Anosov [1] introduced the notion of shadowing property (or pseudo-trajectory

tracing property) turned out to be one of the very important and useful dynamical
properties of continuous maps on uniform space since its inception. The dynamical systems
are one of the famous domains of researches in Mathematics [2].
Various generalizations of shadowing property have been obtained and studied in detail
the concepts of uniform shadowing, uniform expansive, uniform weak expansive, uniform
generator, uniform transitive, uniforms mixing, uniform chain transitive, uniform
conjugacy, and uniform pseudo-trajectory tracing property. The trajectory was defended by
Pilyugin [6] and the expansive of uniform dynamical systems introduced by 1. ]. Khadim
and A. A. Ali [5].
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For a given real number, U € U a sequence of points {x;, a <i < b} of uniform space
(X,U) is called all pseudo-trajectory of a continuous map T:X — X if (T (x;),x;4+; ) € U for
eachi € (a,b —1). Given V € U, a U-psendo-trajectory {x;, a < i < b}is called V-traced
by x € X, if (T* (x),x;) € V,Vi € (a,b).Here the symbols a and b are takenas—o < a <
b < oo,ifT is bijective and as a,b € [0, 0], [3].
If T is not bijective, we say that T has the shadowing property or (pseudo-trajectory tracing
property) for every V € U there exists U € U such that every U-pseudo-trajectory of T
can be traced by some point of x. The notion of U-pseudo-trajectory is quite a natural
notion since on account of rounded errors, a computer will calculate a pseudo- trajectory
rather than a trajectory. Moreover, V-tracing shows that a pseudo-trajectory is uniformly
approximated by a genuine trajectory if X is compact then the shadowing property several
problems including properties of maps possessing shadowing property and its relation
with other dynamical properties have been studied in detail.

We prove that T is a homeomorphism and (X, U ) be a compact uniform space, then
T is uniform weak expansive iff (if and only if ) T has a uniform generator. Although we
show that if T:X — X and S:Y = Y be two uniform homeomorphisms on compact uniform
spaces X and Yand ¢: X — Y is a uniform conjugacy from T to S, then Qy(S) = @(Qy(T)).

In [7] they present invariant dynamical properties under G-conjugacy. Moreover, we
introduce the notions of G-minimal systems and limit G-shadowing property and we show
that these properties are invariant under topological G-conjugacy.

Definition(1.1): [5]. Let X be a set. A uniform construction on X is a non-empty collection U
include of subsets of the Cartesian square X X X fulfilling:

(1) if U € U, then A, c U,suchthat A, = {(x,x):x € X}

(2) if UeUand UcV cXxX,thenV €U

3)ifUeUand VeU,thenUNV € U;

(4) if U € U, then U™t € U;

(5) if U € U, then3V € U whereV oV c U;

The elements of U are called the entourage of the uniform construction and the set X
is called a uniform space. The uniformity U is named separating (and X is called separated)
if N{U:U €U} = A.

We note that (3),(4), and(5) hint that, for any entourage, U found a symmetric
entourage V such that VoV c U. Let X be aset and U c X X X. If x € X, we define the
subset Up,; € Xby Uy = {y € X: (x,y) € U}.

Definition (1.2): Let T: X — X be a continuous map on a uniform space (X, U). A sequence
{x,: 0 <n<o}cX is called a true trajectory of T and it is denoted by trar(x,, T) =
{x0, T(x0), ... }if Xj4q = T(xj), forall j € N.

Definition (1.3): Let T: X — X be a continuous map on a uniform space (X, U).A sequence
{x, € X:n € Z} is named a U-pseudo-trajectory for T, if (T (x,),x,+1) € U, Vn €Z.
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Definition (1.4): A U-pseudo-trajectory{x,} for T is called V-shadowed by x € X if
(T™(x),x,) €V, Vn € Z.

Definition (1.5): Let T: X — X be a continuous map on a uniform space (X, U). A map T has
the uniform shadowing property (USP) if VV € U, 3 U € U where for any U-pseudo-
trajectory for T there is x € X such that Vn € Z we have (T"(x),x,) € V.

Let (X, U) be a compact uniform space with compact. Then the family {8,: U € U} is
equicontinuous.

Theorem (1.6): Let T:X — X be a homeomorphism on a compact uniform space (X, U).
Then T has USP iff T ~* has USP

Proof: Assume that T has USP then for each V € U, 3U € U such that any U-pseudo-
trajectory for T is V-shadowed with some point in X. Choose C € U so that for any x,y € X
then we have (x,y) € C implies that (T(x),T(y)) € C, now let {x,} be a U-pseudo-
trajectory for T~'and put y, = x_,,. SoVn € Z then (T~*(x_,), Xx_n4+1) € U.

Hence Vn € Z, we have (x_,,T(x_n41)) € C.S0(¥, T(yn_1)) € U. Thus Ix € X so that
(T™(x),y,) € V foreach n € Z.So (T "(x),x,) € V thatis {x,} is V-shadowed.
Conversely, similarly, we can show that if T~ has USP then T has USP.

Definition(1.7): A Uniform homeomorphism 7:X — X is called uniform expansive on
condition that 3U € U such that Vx,y € X with trar(x) # trar(y), there exists n € Z such
that ((T™(w),T"(v)) € U for all u € trar(x),v € tray(y), such thatu,v € X. The u is
entourage called uniform expansive entourage for T.

Definition(1.8): A uniform homeomorphism T: X — X on a uniform space (X,U) is called
uniform weak expansive on condition that3V € U such that Vx,y € X with tra;(x) #
trap(y) if u€trar(x) and v € trar(y), then there exists n = n(u,v) € Z such that
(T™(w), T™(v)) & U. The entourage U is named a uniform weak expansive entourage for T.

The following definition is a generalization of the definition of generator in[6]

Definition(1.9): A uniform generator for T is finite open cover a of X is named if for each
bisequence {A4,, —0 <n < w}ca, the set (T™™xT ™)(4,) contains at most one
trajectory.

Theorem (1.10): A uniform homeomorphism T: X — X on a uniform space (X, U). Then T is
uniform weak expansive iff T has uniform generator.
Proof:((=))

Assume that T is uniform weak expansive. If (x,y) € (T™" X T"™)(4,,) then for each
n € Z. We have (T"(x),T"(y)) € U. Let{An}:’:wbe a bisequence such that {An}:f:m C a,
that is A, € @, such that n €7Z, A, is a uniform of U, Vn € Z. Such that(x,y) €
(TT"XT™(A,),Vn€Z Then (x,y) € (TT"XT ™(A,),VYneE Z (T"(x),T"(y)) € 4,,
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n € Z. By hypothesis each A, € U. Let z, € A,,Vn € Z then (T" x T™)(x,y) € 4,, then
(T™(x) X T"(x)) € A, = (T™(x) X T™(x)) uniformity z, € A,.
If (p, yn) €Ay = (x,y) ET " XT(4,) = (x,y) €(T"XT") (4p),

Vne Z=3(x,V,) €EA,, such that X=(T"XT ™" (x,),Y)={T"xT ™),

VvneZ If (x,y,) €A4,,Vne Z= 3I(xk y*) €A, such that x¥—x,vF—y,
ask — oo, (T x TT)(xK) - (T XT ™) (x,) =x Vn, as k > oo, (TT"XT ™) (y*) —
(TT"XT™) () =y Vn, ask — oo, then (x,, y,) = (T, Ty € U.
((&)) Assume that « is a uniform generator for T and U is the uniform space. If T is not
uniform weak expansive then 3x,y € X, so that tra(x) # tra(y), vn € Z . we conclude that
(T™(x), T™(y)) € U.
Thus for each n there exists 4, € U so that (T"(x),T™(y)) € Ap.
Hence (x,y) ET " X T™" (4,).

Which is a contradictionm

2. Uniform conjugacy.

Definition (2.1): Let T and S be two uniform homeomorphisms in uniform space X and
Y.Then T is uniform conjugate to S if there is equivariant uniform homeomorphism
@:X—>Y satisfy @oT =S§o¢. The uniform homeomorphism ¢ is named uniform
conjugacy.

Definition (2.2): For given points x,y € X we inscribe x =" y if there exist finite V-
pseudo-trajectory x = x¢,Xy,..., X, =y and y = yy,¥1,-..,Vm = %, for T. If for every
V € U, x »Y y, then x is called linked to y ( we write x~yy).

Definition (2.3): Let T: X — X be a continuous map on a uniform space (X, U). Then a point
p € X is called U-chain recurrent point of T if p~yp.

Definition (2.4): A homeomorphism T: X — X is called uniform transitive condition that for
every non-empty open subset U and Vof X, then 3In>0, n€Z such that ((T" X
THYU)nV + Q.

Definition (2.5): A uniform homeomorphism T:X — X is called uniform mixing if for every
non-empty open subset U and V of X, then 3N € Z such that Yn > N, we have
(TP xTHW)) N V + Q.

Definition (2.6): A uniform homeomorphism T:X — X is called uniform minimal if Vx € X
then trar(x) = X where trar(x) = {T"(x) : n € Z} is the trajectory of x.

Theorem (2.7): Let T: X = X and S:Y = Y be two uniform homeomorphisms. If T and S are
conjugate then T is uniform transitive iff S is uniform transitive.

Proof: Assume that Tand S are uniform conjugate by ¢ that is @oT =So¢@. LetT be
uniform transitive and, U,V c Y such that U,V are open sets. Then (¢! x ¢~ 1) (U) and
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(7 x @ 1) (V) c X such that (¢! X @ 1)(U),(¢! X ™) (V) are open sets. Then

In>0 where (T"x TH (¢ xo ™)) n((@7 x 1)V)) # 0.
Consequently( (¢! X @ ™S xSMW)N (¢t xp )W) #0® and  therefore
(7! x@™H)((S" xSMHU)) N (V) # 0. u

Theorem (2.8): Let T: X - X and S:Y — Y be two uniform homeomorphisms. If T and S are
uniform conjugates then T is uniform mixing iff S is uniform mixing.

Proof: Let T be uniform mixing and U,V c Ysuch that U,V are open sets. Then (¢~ ! X
e 1)) and (¢! X 1) (V) € X such that (¢~ x @ 1) (U),(¢™1 x @~1) (V) are open
sets. Then3a N €Z such that Vvn=>Nso that (T"XT™ (¢ ! xe 1)U)) n (¢~ x
@~ 1) (V) # @. Therefore Vn = N then (¢! X o 1))((S" xSMHW)) N (¢t x ) (V) #
@ and ((S™ x SHU) NV) # 0. n

Theorem (2.9): Let T: X — X and S:Y — Y be two uniform homeomorphisms. If T and S are
uniform conjugates then T is uniform weak expansive iff S is uniform weak expansive.
Proof: Let VV be a weak expansive entourage of T. Then 3 U € U where (x,y) € U implies
to (¢ 2 (x), ¢ *(y)) €V,Vy € Y. Let trar(x) # trap(y), foreachn € Z, (S™ (x),S" () €
U. Therefore Vn € Z, (¢ 1 S™ (x), ¢~ 15" (y)) € V.

Hence(T™p™! (x), T"@ *(y)) €V, VR € Z. Then trar(o~1(x)) = trar(¢71(y)).
Therefore ¢~ (trar(x)) = o~ (tras(»)).

Which is a contradiction.
]

Theorem (2.10): Let (X, U) be uniform space, let T:X — X, S:Y —» Y be two continuous
maps and @:X = Y be a uniform homeomorphisms. If T and S are uniform conjugates
then T has the USP iff S has the USP.
Proof: Given( ¢ o ¢) € H. Suppose T has the U-shadowing property, we show that
S=(@oTop 1) has H(U)-shadowing property. Since T has U-shadowing property,
there is V € U such that every V-pseudo-trajectory for T is U-traced by a point of X. S is
H(V)-traced by a point of Y.
Let {y;:i = 0} be a H(V)-pseudo-trajectory for S. Then for each i = 0(S(y;,yi+1) €

HV) = (T (), ¢ (vis1)) EV.
Then so that (T(x,,), Xn11) = (@71 (SOM)), @ yns1) € Uy set 9 1(y;) = x;. Then for each
i >0, (T(x;),xi+1) € V and therefore {x;:i = 0 } is U-traced by some point x of X.

Hence for each i > 0(T(x),x;) € U = (9T (x),9(x))) € (¢ X 9)(U) = (Si(¢(x),y;) €
H(U) this proves pseudo-trajectory {y;:i = 0} for S is H(U)-traced by a point ¢(x) in Y.
[ |

Example (2.11) [7]
Consider the uniform space (X, U) define as follows.
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X =[0,1) and U be the uniformity induced by the usual uniform on X. Define T:X — X by
T(x) = x(—3x + 4)"1. We need to show that T has USP. If U € U with the property
that U, ¢ U, Ve > 0.

Note that T is uniform homeomorphisms. Define the homeomorphisms h(x):[0,00) — X

such that h(x) = x2(x? + 1)™! and f(x): [0,0) —[0, ) such that f(x) = %x, then f has
U.-SP, Ve > 0. Since f is contraction map put U =(h X h)(U.). Then by Theorem.2.10.,
hfh~* =T, T has U-shadowing property.

Note that U= (hxh)(U.) ={(w,v):u=x/(x>+1),v=9%/(y?+1),x—e<y<x+eg,
x,y = 0}, does not contain U, ,Ve > 0. We mention that shadowing property of map T you
know on compact uniform space (X, U) saved under conjugacy.

Theorem (2.12): Let T: X - X and S: Y = Y be two uniform homeomorphisms. If T and S are
uniform conjugates then T is uniform chain transitive (recurrent ) iff S is uniform chain
transitive (recurrent ).

Proof: We prove this theorem by depending on proving of Theorem 2.10.and we note that
Vx,y € Xifx ~y y (withregard to T) then ¢(x) ~y @ (y)(with regard to S).

Theorem (2.13): Let T: X = Xand S: Y — Y be two uniform homeomorphisms. If T and S are
uniform conjugates then T is uniform chain mixing iff S is uniform chain mixing.
Proof: Let T be uniform chain mixing. Given V € U there exists a U € U such that we

have (x,y) € U leads to (¢(x),¢(y)) €V, Vx,y € X.If y,y €Y then IN >0, therefore
vn > n there exists a U-chainy, = ¢ 1(¥),y1,...,Y%n = @ 1(¥) from ¢ 1(y) to ¢ 1(y).

Thus o), eW1),--, () is an V- chain from y to y.
|

Theorem (2.14): Let T: X - X and S:Y — Y be two uniform homeomorphisms. If T and S are
uniform conjugates then T is uniform minimal iff S is uniform minimal.

Proof: If T is uniform minimal and y €Y such thattrar(¢~(y)) =X. We show
thattras(y) =Y. Let V € U, be given and 3U € Uythereforewe have(x;, x,) € U leads to
(p(x1), p(x3)) EV, Vxy,x, €EX. If z€Y then 3n>0 where (¢~ 1oS™(y), ¢ (2)) =

((T" (e 1), 0 1(2)) € U. So (S™(y),z) €V, since ¢ is uniform homeomorphism.
|

Definition (2.15): Let (X, U) be a uniform space and T: X — X be continuous onto map. A
point xin X is said to be the uniform non-wandering point of T if for every
neighborhood U, based of x, there exists an integer n > 0 such that ((T™)(Uy)) N Upy)) #

@.We shall denote the set of all uniform non-wandering points of T by Q;(T).

Definition (2.16): Let(X,U) and (Y, V) be uniform spaces. A map T:X — Y is called to be
uniform continuous if, for every V € V, there is some U € U such that (x,y) € U implies
that (T(x),T(y)) € V.If T is one-to-one, onto and both of T and T lare uniformly
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continuous. We called T a uniform homeomorphism (uniform equivalent) iff uniform
continuous function is continuous.

Theorem (2.17): Let T:X = X and S:Y = Y be two uniform homeomorphisms on compact
uniform spaces X andY. If ¢:X =Y is a uniform conjugacy from Tto S, then Q,(S) =
@ (Qy(T)).

Proof: Assume that x € Qq(T) and V[, () is the neighborhood based of ¢(x). The uniform

continuity of ¢ implies to (p‘l(V[(p(x)]) is the neighborhood of x. So there exist n >

1, therefore ((p‘l(V[(p(x)])) N (T" ((p‘l(V[(p(x)])» * 0,
If T"o (p_l = (p_l o S™, then g0_1 (V[<p(x)]) N §0_1 (Sn(V[(p(x)])) * Q.
= 07" Vipemn S" Ve # @
= (V[(p(x)])ﬂ Sn(V[(p(x)]) # @, then @p(x) € Qu(S)

Hence ¢@(x) € Qy(S). Thus @(Qy(T)) € Qp(S). A similar way using the uniform
conjugacy p LYy - X to prove that e(Qy (1)) 2 Qy(S)
|

Theorem (2.18): Let T: X — X and S:Y — Y be two uniform homeomorphisms on compact
uniform spaces X andY. If ¢:X = Y is a uniform conjugacy from T to S, then CR,(S) =
@(CRy(T)).
Proof: Let x € CRy(T) andV € U. We build a V-trajectory from ¢(x) to herself. Since ¢ is
uniformly continuous on X, 3U € U where (z;,2z;) € U then ((p(zl), <p(zz)) €V, since
X € CRy(T) there exists a U-chain x, = x,x4,...,X, = x from x to herself. Vi = 0,...,n
put y; = @(x;).
Then (SO, Yis1) = (S © 9(x), @(Xis1)) = (@ © T(x), 9(xi11)) € V.
Therefor @(CRy(T)) < CRy(S).

A similar way using the uniform conjugacy ¢ ~*:Y — X to prove that ¢(CRy,(T)) D
CRy(S).
|
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