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1.Introduction

In 1965, Zadeh [23] proposed the concept of a fuzzy set for the first time. Fuzzy sets were
established to provide a mathematical representation for situations in which there are no
definite membership requirements for ill-defined groups or collections of items. In 1999,
Moldtsov [17] published a paper on the creation of soft set theory, a modern technique of
showing complexity and confusion. The theory of soft sets has a wide range of potential
applications, some of which Molodsov presented in [17]. In 2001 Maji et al. [11] combined fuzzy
sets and soft sets to establish the concept of fuzzy soft sets. Later in 2011, Tanay and Kandemir
[20] proposed a notion of topological structure based on fuzzy soft sets.

In 1966, Cech [2] presented the notion of Cech closure spaces (X, C), where C: P(X) — P(X) is
a mapping fulfilling C(@) = @,V < ¢(V) and C(V U F) = ¢(V) U C(F), the mapping termed Cech
closure operator on X, which is analogous to a topological closure operator with the distinction
that it does not have to be idempotent. That is, Cech satisfies just three of the four Kuratowski
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closure axioms. Mashhour and Ghanim [14] introduced the idea of Cech fuzzy soft closure space
1985, when they replaced sets with fuzzy sets in the description of Cech closure space. Rao and
Gowri [4] introduced the concept of biclosure space (X, C;,C;) in 2006. Such space is equipped
with two arbitrary Cech closure operators C; and C,. Tapi and Navalakhe [21] later introduced
the concept of fuzzy biclosure spaces in 2011. After the concept of soft theory appeared by
Moldtsov [17], Gowri and Jegadeesan [5], and Krishnaveni and Sekar [7] in 2014 using the
principle of soft sets, to introduce the concept of soft Cech closure spaces. Also, in the same year,
Gowri and Jegadeesan [6] introduced the concept of soft biCech closure spaces.

Majeed [8] recently established the definition of Cech fuzzy soft closure spaces, which were
motivated by Chang's concepts of fuzzy soft set and fuzzy soft topology [3]. Majeed and Maibed
also studied the architecture of Cech fuzzy soft closure spaces, including separation axioms and
connectedness [12, 13, 9, 10]. As a generalization to Cech fuzzy soft closure space [8], we
recently presented and researched the concept of Cech fuzzy soft bi-closure spaces (Cfs bicsp's)
[15] and give more study of Cfs bicsp's in [16].

This work aims to introduce and study lower separation axioms in Cfs bicsp's. Section 3,
devoted to defining pairwise T, and T; in Cfs bicsp's and their induced fs-bits's. We discuss the
relation between PT, and PT;, and study the hereditary property on Cfs bicsp's. Also, we give
the relation between Cfs bicsp (M,#1,%,,D) and its induced fs-bits (M, 7}1,7}2,1)) when
induced fs-bits is PT;, i = 0,1. In this section 4, pairwise T,-Cfs bicsp and other types, namely,
pairwise semi- (respectively, pairwise pseudo and pairwise Uryshon) T,-Cfs bicsp's are
introduced, the properties of each type are discussed as in Section 3. In addition, the
relationships between separation axioms introduced in the current section and the previous
section are obtained.

2. PRELIMINARIES

Throughout this work, M is the universal set, I=[0,1], I 0=(0,1), D is the set of parameters
for M, and A ba a nonempty subset of D. A fuzzy set 8 is a mapping from M into I [23]. [ refer
to the family of all fuzzy sets of M.

Definition 2.1 [22] A fuzzy soft set (fss) B, on the universe set M is a mapping from D
toI™,i.e.,B4:D — I, where B,(d) # 0ifd € A €D and f4(d) = 0ifd & A, where 0 is the
empty fuzzy set on M. The family of all fss's over M denoted by FS(M, D).

Definition 2.2 [22] Let B4, itz € FS(M, D). Then,
1. Bq < pgiff By(d) < pg(d), foralld € D.
2. Ba= ppiff g S ppandpug S Ba.
3. paus =BaV upiff paus(d) = f4(d) V pp(d), foralld € D.
4. pans = Ba N upiff panp(d) = a(d) Aug(d), foralld € D.
5. The complement of B4 is denoted by B4 where 85(d) =1 — B4(4), for all 4 € D, where
1(x) =1Vx € M.
6. P is called null fss, denoted 0y, if B;(d) = 0, foralld € D.
7. Pp is called universal fss, denoted 1p, if f(d) = 1, forall d € D.

Definition 2.3 [1] A fss B4 € FS(M,D) is called fs-point (fs-point), denoted by x7, if there
exists x € M and s € D such that 84(s)(x) =t (0 <t < 1) and 0 otherwise forall y € M — {x}.
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The fs-point x{ is said to belong to the fss B, denoted by x; € B if for the element s €
M,t < L4(5)(x).

Definition 2.4 [20] A triple (M, T, D) is called a fuzzy soft topological space where T is a family
of fss's over M which satisfying the following properties.

1. 0p,Ip €T,

2. Baup€T =pPaN up €T,

3. (Ba)i€ETVi=Uie; (Ba)i€T.
T is called a topology of fss's on M. Each member of T is called an T-open f'ss. ug is called a T'-

closed fssin (M,T,D) ifug € T.

Definition 2.5 [18] A quadruple (M,7;,7;,D) is said to be a fuzzy soft bi-topological space
where 73,7, are arbitrary fuzzy soft topologies on M.

The following recall the concept of Cfs bicsp and its fundamental properties. For i,j = 1,2
where i # j. Other than that we will mention the value of i and j.

Definition 2.6 [15] A Cfs bicsp is a quadruple (M, #;,#,, D) where M is a nonempty set, and
1,4, FS(M,D) » FS(M,D) are two fuzzy soft closure operators on M which are correct
according to the following axioms:

(A1) {)i(ﬁb) = 61)/
(Az) Ba < 4i(By) forall B4 € FS(M,D),
(A3) £;(Ba U ug) = £;(Be) U £;(up) forall 54, ug € FS(M, D).

Definition 2.7 [15] A fss 84 of a Cfs bicsp (M, #;,4,,D) is said to be #;-closed (£;-open,
respectively) fss if €;(B4) = Ba(respectively, £;(85)=%) And, it is called a closed fss if
#i(fj(,b’dq)) = f4.Fori,j = 1o0r 2 where i # j. The complement of a closed fss is called an open

fss.
Proposition 2.8 [15] Let B4 be a fss of a Cfs bicsp (M, 4, %,, D). Then, 8, is a closed fss in
(M, ¢£,,¢,,D) ifand only if B4 is £j-closed f'ss.

Definition 2.9 [15] Let (M, £, £, D) be a Cfs bicsp and H S M. The quadruple (%, 1,0 €251, D)
is called a Cech fuzzy soft bi-closure subspace ((Vlfs bi-csubsp) of (M,#,,%¢,,D), where
;.. FS(#,D) - FS(3,D) defind by ¢;,.(B4) = Hs n£;(B,4) for all B4 € FS(H, D). The Cfs bi-
csubsp (H,¢4,,%2,,D) is said to be a closed (respectively, open) subspace if Hyp is a closed
(resp. open) fss over M.

Proposition 2.10 [15] Let (M, £;,£,, D) be a Cfs bicsp and (¥, €1, €2,,D) bea Cfs bi-csubsp of
(M, £1,£,,D). Let B4 € FS(M, D). Then, B4 is a closed fss over } ifand only if £;, (B.4) = B.a.

Definition 2.11 [16] Let (M, #,,%,, D) be a Cfs bicsp, the induced fuzzy soft bitopological space
(induced fs-bits, for short) of (M, #;,¢,,D), denoted by (M, 72,72, D) where

Ty, = Ba:4i(Ba) = Bal-

Definition 2.12 [16] Let (M, T;,, 7;,, D) be the induced fs-bits of the Cfs bicsp (M, 4,5, D) and
B € FS(M,D). B4 is called an Tp,-open fss in (M, T,, T,, D), if B4 € T;,. The complement of an
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Tp,-open fss B4 is a Tp,-closed fss, and B4 is called an open fss in (M, T;,,7;,, D), if B4 is an Tp,-
open, fori = 1,2.

Definition 2.13 [16] Let (M,7;,,7;,,D) be the induced fs-bits of (M,f;,€,,D) and let
Ba € FS(M,D). The fuzzy soft closure of B, for £; and ¢;, denoted by f]}iﬂ}j-cl(ﬁﬂ), is the
intersection of all closed fuzzy soft supersets of [,. ie, %iﬂj-cl(ﬁcﬂ) =N {p@ 24

pe and £; (£;(pe)) = pe ).

Theorem 2.14 [16] Let (M, #;,4,,D)be Cfs bicsp and (M, T%,,T¢,,D) be the induced fs-bits
of (M,#4,€5,D).Then forany 8, € FS(M, D).

Ty To-int(Ba) € Inti (Int; (Ba)) € Ba € € (4B)) € T To,cl(Ba).

proposition 2.15 [16] Let (M, #;,£,,D) be Cfs bicsp and (M, 7%,,72,,D) be the induced fs-bits
of (M, ¢,,%,,D). Then forany S, € FS(M,D).
Tp,-int(Bg) € Int;(Ba) € Ba € Li(Ba) E Tpcl(Ba)-

Definition 2.16 [16] Let (M, ¥4, ¥,,D) and (M, ¥7,¥5, D) be two Cfs bicsp's on M. Then #; is said
to finer than #;, or equivalently #; is coarser than ¥;, if for each 84, € FS(M,D), £;(B4) € €; (B.4),
fori = 0,1.

3. Pairwise T;- Cech fuzzy soft bi-closure spaces, i = 0,1

Definition 3.1 A Cfs bicsp (M, €;,£,, D) is said to be pairwise Ty-Cfs bicsp ( PT,-Cfs bicsp), if for
every pair of distinct fs-points x§ and y,ﬁl, either x§ & {’L-(y,ﬁl) or y,ﬁl & £;(x3), fori =1or2.
Now we give some examples to illustrate Definition 3.1.

Example 3.2 Let (M,#,,€,,D) be the discrete Cfs bicsp (i.e, £;(B4) =B, for all B, €
FS(M,D)), then (M, 4,,£,,D) isa PTO-Cfs bicsp.

Example 3.3 Let (M, ¢, ¢, D) be the trivial Cfs bicsp (i.e., for all B, € FS(M, D), £;(B4) = 0 if
B4 = 0p and £;(B4) = 1p otherwise). Then (M, #,,%,,D) is not PT,-Cfs bicsp because for any
distinct fs-points x§ and y§ , we have x§ € 1p = £;(v{ ) and y§ € 1p = £;(x).

Example 3.4 Let M = {x,y}, D = {s4,5,} and let I' € FS(M, D) such that I' ={(sy,x¢, V ¥x,),
(52X, VYi,); ti,ta ke, ky € Ip}. Define fuzzy soft closure operators f£q,€,: FS(M,D) —
FS(M,D) as follows:



Mohamad Th. Hmood R. N. Majeed , Al-Qadisiyah Journal of Pure Science 26, SPECIAL ISSUENUM.4 (2021) PP.405-422 409

(0p if Ba=0p,
X! if Ba € {x;; t; € I},
Xy if Ba € {xfzz' t; € Ip},
(B =1 Yos if Ba € ' 0 < ky < 0.6},
7 if Ba € (g 0.6 < ky <1},
7 if B € {ysfi ka € Io},
() Ui () 60 (x2) v 21 (32)} if Ba €T
And
(0 if Ba=0p,
X0 if Ba € (X 0<t; < 0.3},
Xyt if Ba €{x;"; 03< t; <1},
£2(Ba) =+ Xy if Ba € {xtSZZJ ty € Ip},
' if Ba € ' ks € Lo},
% if Ba € 2 ky € I},
C{82(x)) U (e) L2 (x2)  (92)} if Ba €T

Then (M, 41, 4,,D) is a Cfs bicsp. To show (M, €4, £,,D)is PT,-Cfs bicsp, we have three cases for
distinct fs-points in M.

Case (1):If x # y and 5; = s, then we have x; and y,! are distinct fs-points. It is clear that y,"
€ £,(x!) because k; > (x;)(s1)(¥)=(x1)(¥) = 0. Similarly, x;? and Y. are distinct fs-points
and y,fzz ¢, (xtszz) N

Case (2):1f x = y and s; # s,, then x;" and x;? are distinct fs-points. It is clear that x;* & £, (x.?)
because t; > £1(x;*)(s1)(¥)=0(x) = 0. Similarly, y;' and y;> are distinct fs-points and

S F f S1

Vi, € 1(yk1)'

Case (3): If x # y and s; # 5, then we have x;! and y;? are distinct fs-points such that y,?
& £,(x!). Similarly, x;2 and Yy are distinct fs-points and y,! & £1(x;2). Hence, (M, £y, €,,D) is
PT,-Cfs bicsp.

Theorem 3.5 Let (M, £, £,,D) be a PT,-Cfs bicsp, then for any two distinct fs-points x§ and y,f’,
2;(x8) # £:(y5), fori = 1 or 2.

Proof: Let (M, #,,%,,D) be a PT,-Cfs bicsp, and let x{ and y,ﬁl be any two distinct fs-points.
Suppose that #;(x{) = t’i(y,il) for i =1and 2. Since x{ € £;(x;) and y,f’ € {’i(y,f’) for
i = 1and 2. Then from the hypothesis, x; € {’i(y,ﬁl) and y,ﬁl € £;(x;) for i =1and 2. This
implies (M, ¢;,£,,D) is not PTy-Cfs bicsp, which is a contradiction. Hence, ¢;(x?) # fi(y,f’) for
i=1lor2.m

The converse of the above theorem is not true, as the following example show.

Example 3.6 Let M ={x,y}, D ={sy,s;} and let I' € FS(M,D) such that I' ={(sy,x¢, V
Vi, )s(S2, X, V Yi,); ti,ta, k1, k, € Ig}. Define fuzzy soft closure operators £q,€,: FS(M,D) —
FS(M, D) as follows:
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(05 if Ba=0p,
{(s1,%02 VY01)} if Ba S xg.lz'
{(51,%01 V¥02)} if Ba< yg.lzr
Ba if Ba€{x;502<t, <1}
6B =y 5, if Ba € {3502 <k <1},
x5 if Ba € {(xc}; ty € 1o},
7% if Ba € {ysji ka € Io},
{el(x,fll) U el(y,fll),el(x,_f;) U el(y,jj)} iffq €T.
And
rOD lf Bc/l = OD )
{(51,%07 V Y05)} if Ba € x4,
{(s1, %05 VY07)} if BaSyys
Ba if Ba€{x07<t, <1}
6D =4 5, if Ba € 0.7 <ky < 1),
x;? if Ba € {x;2; t; € I},
Vi’ if Ba € e’; kg € I},
() o () £2(x2) U 62 (32)} if Ba €T

Then (M, £4,%€,,D) is a Cfs bicsp. It is clear that for any two distinct fs-points x7 and y,ﬁr, where
s,s' € {sy,s,}and t, k € I, we have ¢;(x{) # #i(y,il) for i = 1 or 2. However, (M, 4,5, D) is not
PT,-Cfs bicsp, since there exist two distinct fs-point x, and y,% such that x;} € ¢;(y,}) and
ol by . : . . .
Yo1 € #i(xo_l) fori =1,2.
Next, we show that PTy is a hereditary property on Cfs bi-csubsp.

Theorem 3.7 Every Cfs bi-csubsp of a PT,- Cfs bicsp, is a PT,-Cfs bi-csubsp.
Proof Let (M,#,,¢,, D) be a PT,-Cfs bicsp and (H,£1,,,2,,D) be a Cfs bi-csubsp of

(M, #441,%,,D). Let x{ and y,ﬁl be any two distinct fs-points in (3, ¢y, , £5,, D). Since FS(H,D) c
FS(M,D), then x; and y,f’ are distinct fs-points in FS(M, D). Since (M, #,,£,,D) is PT,-Cfs
bicsp. Then, x{ & £;(y§ ) or yi & £;(x$) for i = 1 or 2. This implies either x{ & £;(y§ ) N Hs or
y,ﬁl & £;(x$) N Hs. Then x§ & fiﬂ(y,il) or y,il é 4, (x{). Hence (H,%,,,%,,,D) is PT,-Cfs bi-
csubsp. [

Definition 3.8 The induced fs-bits (M, T7;,,7;,,D) of a Cfs bicsp (M, #,,£,,D) is said to be
pairwise Ty-fsbits ( PT,-fsbits, for short), if for every two distinct fs-points x; and y,il, either
x; & f]}iﬂ}j-cl(y,i’) or y,il é Tgi?}j-cl(xf), fori,j =1or 2.

To give the relationship between the induced fs-bits (M, 7, ,T;,, D) which is PT,-fs-bits
and Cfs bicsp (M, £4, £,, D) we need first to introduce the following lemma.

Lemma 3.9 Let (M,#;,€,,D) be a Cfs bicsp. Then for any B, € FS(M,D), B4 S £;(B4) S
1£’i(fj(ﬁc,«z))-
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Proof. Obvious. [}

Theorem 3.10 If (M, T} ,7;,,D) is a PT,-fs-bits, then (M, £, £, D) is also PT,-Cfs bicsp.

Proof: Let x{ and y,ﬁl be any two distinct fs-points in (M, £, £,, D). Since (M, T,,73,, D) is a PTy-
fs-bits, then x; & ﬂ}iﬂ}j-cl(y,ﬁl) or yi & T, Tp,-cl(x), for i,j = 1or 2. By Theorem 2.14 and
Lamma 3.9, we get, x{ & £;(yi ) or y§ & €;(x). This implies (M, £1, 45, D) is PT,-Cfs bicsp.m

The converse Theorem 3.10 is not true, as we shown in the following example.

Example 3.11 Let M ={x,y}, D ={s;,5,} and. Define fuzzy soft closure operators
1,£,: FS(M,E) » FS(M, £) as follows:

( Op if Ba= Op,

{(Slel)' (52; yl) } lf ﬁc/l c xil'

{(s1, 1), (52, %1)} if BaSyt

{(Slel)' (SZixl)} lf ﬁcﬂ c x~192'

0,80 = | {(s1,¥1), (52, ¥1)} if Ba S 2

{(s1,x1), (52,21 VY)Y if Ba € {(s1,x1), (52, %1)}; Ba & {xtsi’i =12te Io}'

{(s1, 21 VY1), (s2,y1)} if Ba S {(s1,x1), (52, ¥1)}; Ba & {xtsl'ylfzi t,k e 10}’

{(s1,x1 VY1), (52, %)} if Ba E{(51,y1), (S2,x1)}; Ba & {xtsz’y/fli t,k e Io}’
{(Gs1,y1), (52, x, VY)Y if Ba E{(1Y1), (2, ¥} Ba € {}’;fiii =12kE€ Io}'

\ 1p otherwise.

And £,(B4) = B, for all B4 € FS(M, E). Then, (M, £4,4,,D)is PT,-Cfs bicsp. But (M, 7;,,7;,, D)
is not PT,-fs-bits, because for any two distinct fs-points x{ and y,ﬁl, where s,s' € {sy,s,} and
t,k € I, we have x{ 'Evﬂ}if]}j-cl(y,ﬁl) =1, andyd @@iﬂ}j-cl(xf) =1pfori,j =1or2.

Now, we introduce the notion of pairwise T;-Cfs bicsp’s.
Definition 3.12 A Cfs bicsp (M, £,,%,,D) is said to be pairwise T;-Cfs bicsp ( PT;-Cfs bicsp), if
for every two distinct fs-points x; and y,ﬁl we have x{ & {’i(y,il) and y,il & 2;(xP).

Next, we give an example of a PT;-Cfs bicsp.

Example 3.13 Let M ={x,y}, D=1{sy,s,} and let I' € FS(M,D) such that I ={(sq,
Xe, VY D(S2,Xe, VYi,)i  ti,ta, ki, ky € Iy, Define  fuzzy  soft  closure  operators
1,4, FS(M,D) -» FS(M, D) as follows:
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(0p if Ba = GD ,
Xy if Ba € (x5 t1 € o},
Xy if Ba € {xfzz; t; € I},
ACHERES if Ba € i ka € I},
Yos if Ba € e 0 <k, < 0.8},
7 if Ba € (g% 08 < ky <1},
(o) v ea(ve) ta(x2) v e (v2)} if Ba €T
And
(6D if Ba = OD )
X" if Ba € {x;"; t; € I},
Xo' if Ba€{x% 0<t,< 09},
£,(B) =4 X1 if Ba€{x;% 09< t, <1},
7% if Ba € ils ky € I},
y152 if Ba € {yliji k, € Iy},
U () v (i) L2 (x2) v b2(32))  ifBaET.

Then (M, #,,%,,D) is PT,-Cfs bicsp. Since for any two distinct fs-points xts1 and y,fz we have
[ 105 and y® & £5()] and [ & £,05%) and 3 & £:0)])

In the next, we give the relation between PT; and PT,-Cfs bicsp's.

Proposition 3.14 Every PT;-Cfs bicsp is PT,-Cfs bicsp.
Proof: Follows directly from the definition of PT;- Cfs bicsp. =

The converse of Proposition 3.14 is not true, as seen in the following example.
Example 3.15 Let M ={x,y}, D={s;,s;} and let T € FS(M,D) such that

I ={(s1,x¢,),(S2, %, VYK, )i ti,tz, ki, ky € I}, Define  fuzzy  soft  closure operators
£,,4,: FS(M,D) -» FS(M, D) as follows:

(0p if Ba= 0p,
Xo if Ba € {x;1,0<t; <07},
x;t if Ba €{x;1,07<t; <1},
2,(Ba) =1 x7° if Ba € {xtszz; t, € Iy},
¥y if Ba € e’ ky € I},
(i), e(x2) ui(y2)}  ifBa €T,
\ 1p otherwise.

And
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(0p if Ba= Op,

xy! if Ba € (x5 t; € I},

x;? if Ba € (x5 t; € I},
2,(Ba) =1 Yoa if Ba € (12,0 <k, <04},

Vit if Ba € (72,04 <k, <13,

{2(xc2), 2(x2) U2 (3:2)})  ifBa€T

\ 1p otherwise.

Then (M, €, 4,,D) is PTy-Cfs bicsp. However, it is not PT;-Cfs bicsp because there exist xy% and
y05_12 are two distinct fs-points such that xg.ls €, (y(ilz)zip.

Theorem 3.16 If every fs-point in a Cfs bicsp (M, #1, 5, D) is a closed fss, then (M, £,€,,D) is
a PT;-Cfs bicsp.

Proof. Let x; and y,ﬁl be any two distinct fs-points in (M, #,,¥,, D). From hypothesis, we have
2,(x$)=x{ and £,(yf)=yi for i =1,2. This implies x{ & ¢;(y{ ) and y§ & ¢;(x{). Thus,
(M, £4,4,,D) is a PT;-Cfs bicsp. m

The converse of the above theorem is not true in general as we have seen in the following
example.

Example 3.17 In Example 3.13, (M, #;,£,,D) is a PT,-Cfs bicsp, yet there exists fs-point ygé
such that #1(,2) = ¥,3 and x,5 such that £,(x,3) = xp3.

Theorem 3.18 Every Cfs bi-csubsp of PT;-Cfs bicsp is PT;- Cfs bi-csubsp.
Proof: Similar to the proof of Theorem 3.7. [

In the next definition the concept of PT; in the induced fs-bits is given.
Definition 3.19 The induced fs-bits (M,7;,,7;,,D) of a Cfs bicsp (M, £;,%,,D) is said to be
pairwise T, -fs-bits ( PT,-fs-bits, for short ) if for every two distinct fs-points x{ and y,ﬁl, we have
x; & J}iﬂ}j-cl(y,il) andy; & T3, T0,-cl(xf), for i,j = 1 or 2,i # j.

The next theorem gives the relationship between the induced fs-bits (M, T To, D)
which is PT;-fs-bits and Cfs bicsp (M, £4, €5, D).

Theorem 3.20 If (M, 7;,,7,, D) is a PT;-fs-bits, then (M, ¢4,%,,D) is also PT,- Cfs bicsp.
Proof: Similar to the proof of Theorem 3.19. [

Example 3.21 Let M = {x,y}, D = {sy,s,} and let ' € FS(M, D) such that I ={(s1,%¢, V Y,)»
(52X, V¥i,); tiuta ke, ky € Iy}, Define fuzzy soft closure operators #q,f,: FS(M,D) —
FS(M, D) as follows:
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(05 if Ba= 0p,
Xt if Ba €{x;; t; € I},
Xy if Ba €{x;%; t, € 1o},
6B =\ if Ba € % Ky € I},
2% if Ba € (25 ks € I},
{fl(xril) U fl(y;i)'fl(xfzz) U fl()’/fj)} ifBa€r.

And ¢,(B4) = B4 for all B4 € FS(M, D). Then (M, ¢,,€,,D) is PT,-Cfs bicsp. But (M, T,_,T;,,D)
is not PT;-fs-bits, because for any two distinct fs-points x; and y,ﬁl, where s,s’ € {sq,s,} and
t,k € I, we have x @ﬂiﬂ}j-cl(y,ﬁl) =1pandy} €Ty, Ty -cl(x?) = 1p fori,j =1 or 2.

Proposition 3.22 If (M, ¢,,%,,D) is PT;-Cfs bicsp and ¢}, £} are C-fsco’s on U such that #; and
£ is finer than #; and ¢, respectively, then (M, #3, 5, D) is PT;-Cfs bicsp for i = 1,2.

Proof: We prove the proposition when i = 1 and the proof is similar for i = 0. Let x{ and y,il be
any two distinct fs-points in (M, €3, €5, D). From hypothesis (M, #;,¢,,D) is PT;-Cfs bicsp, this
yield xf & £;(yi ) and y§ & £;(x), for i,j = 1,2,i # j. Since £; and £} is finer than £, and ¢,
respectively, that means ¢1(B4) S ¢1(B4) and £5(B4) S €,(B4) for all B, € FS(M,D). This
implies, x5 & ¢:(y3 ) and yi & £; (x{). Hence, (M, 7,5, D) is PT;-Cfs bicsp. =

4. Pairwise T,- Cech fuzzy soft bi-closure spaces.

Definition 4.1 A Cfs bicsp (M, £4,%,, D) is said to be pairwise T,-Cfs bicsp ( PT,-Cfs bicsp), if for
every two distinct fs-points x; and y,ﬁl, there exist disjoint £;-open fss B, and ¢;-open fss Eg
such thatx{ € B4 and y§ € &g

Next, we give an example of PT,-Cfs bicsp.
Example 4.2 Let M={x,y,z}, D={s}. Define fuzzy soft closure operators ¢,,¢,: FS(M,D) —
FS(M,D) as follows:

( 07) lf ﬁcﬂ = 6’1)'
{(s, X402 V Yer02)} if Ba €{x¢; 0<t<0.8},
{(s,x1 vy} if Ba€{x{; 0.8t <1},
{(s, Yk+02)} if Ba €{yi; 0<k<0.8]},
{(s,y1)} if Ba € {yi; 08 <k <1}
£1(Ba) = 1§ {(s, Zr40.2)} if Ba €1{z7; 0<r <08},
{(s,z1)} if Ba€{z;08<r<1}
£1(x?) U L1 (k) if Ba €{(s,xc Vyi)it k €1},
23 (xf) U 41(27) if Ba €{(s,xcVz);t,T € Lo},
1(Vi) U £1(27) if Ba €{(s,yx V7 )ik, 1 € I},

(D) UL UE1(z7)  ifBa € {(s;xtVkaV zy);t,k,r € Ip}. _
And ¢,(B4) = B, for all B4 € FS(M, D). Then (M, 44,%,,D) is Cfs bicsp which is PT,-Cfs bicsp.
To explain that we have three cases for distinct fs-points as follows:
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Case (1): x?,y; are distinct fs-points, there exist #;-open fss B,={(s,x;)} and there exist #,-
open fss Ez={(s,y;)} such that x{ € B4 and y; € Eg, and B4 N Eg = 0p. And there exist £,-
open fss B,={(s,x;)} and there exist £;-open fss Ez={(s,y;)} such that x; € B, and y; € &z,
and B, N €5 =0p.

Case (2): x;, z; are distinct fs-points, there exist £;-open fss B,={(s,x;)} and there exist -
open fss E={(s,z;)} such that x{ € B, and z5 € &g, and 4 N Ez = 0p. And there exist £,-
open fss B,4={(s,x;)} and there exist £;-open fss Ez={(s,z;)} such that x; € B, and z5 € &g,
and B, N €5 =0p.

Case (3): x?, z; are distinct fs-points, there exist £;-open fss B,={(s,y;)} and there exist -
open fss Ez={(s,z,)} such that yi € B4 and z5 € &z, and 4 N Eg = 0p. And there exist £,-
open fss B,4={(s,y1)} and there exist ¢;-open fss Ez={(s, z,)} such that y; € B4 and z; € &g,
and By N Ez = 0gp.

Remark 4.3 If (M,¢,,£,,D) is PT,-Cfs bicsp, then (M, #;,%,,D) need not to be PT,-Cfs bicsp.
To see that, in Example 4.2, (M, #4,%,,D) is PTZ-Cfs bicsp but it is not PTl-Cfs bicsp. Since there
exist x5 ; and y§ , are distinct fs-points, and y3 , € €1 (x5 3) = {(s, %05 V ¥o5)}-

In order to study the hereditary property in PT,-Cfs bicsp's, we need first to give the
following two lemmas.

Lemma 4.4 Let (M,?;,¢,,D) be aCfs bicspand (¥, t1,,%2,,D) be a Cfs bi-csubsp of
(M, £,,4,,D).Then for any 54 € FS(M, D), we have 8§ N Hy = Hp — (ﬁdq N }TD)
Proof. Let 5, € FS(M, D). From the definition of Hp, it is clear that for any s € D and x € H,
BaNHp = f,4.Now, foranys € Dand x € H.
[}TP ~(Ban ﬁ@)](s)=£7'~[b — B4) (s) € I™. Now,
(Hp = BA) (s) (x) = (Hp(s) = Ba(s))(x)

= ((Ba(s) N Hp(s))(x)

=(Hp —Ba)NHp. m

Lemma 4.5 Let (M,¢,,¢,,D) be a Cfs bicsp and (#,?4,,%2,,D) be a Cfs bi-csubsp of
(M, £,,4,,D). If B, is an L;-open fss of (M,#;,€,,D), then B, NHs is an ¢;,,-open fss in
(H, {’1}[,32}[,@), fori =1 or 2.

Proof. We proof the lemma when i = 1 and the prove is similar for i = 2. Let 4 be an £;-open
fssin (M, £,,4,,D). Then, B is a £;-closed fss in (M, £,,%,,D). To prove Hyp N B4 is an 1,
open in }{. That means we must prove £, (Hp — (7—7@ N Bﬂ)) = Hyp — (Hp N B4). Now,

21, (f'[D —(Ban }TD)) =y N 8, (Fp —(Ba N Hyp))  (By definition 2.9)

E ﬁ@ n41(B2) (By Hp —(Ba N Hp) € BY)
=Hp N LY (By B4 is £1-closed)
=Hp — (Bq N Hs) (By Lemma (4.4)).

On the other hand, Hpy —(84 N Hp) S Y1, (77[@ - (ﬁﬂ N ﬁp)). Then, f4 N Hp is an £;-open fss
in (H,%4,,%2,,D). ®

Now, we are ready to discuss the hereditary property in PT,- Cfs bicsp's.
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Theorem 4.6 Let (M, ¢4, ¢,, D) be a PT,- Cfs bicsp and let (3, ¢;,,, £,,., D) be a Cfs bi-csubsp of
(M, ¢,,%,,D). Then, (¥, 44,,,£5,,D)isa PT,-Cfs bi-csubsp of (M, £4,4,,D).
Proof. Let x{ and y,ﬁl be any two distinct fs-points in (H, £, ¥,,D). Then, x{ and y,ﬁl are
distinct fs-point in (M, £4,£,, D). Since (M, £4,£,,D) is a PT,-Cfs bicsp, there exist two disjoint
open fss's 4 and &z in ¢; and ¢; respectively such that x{ € 4 and y,il € &g. Consequently,
xS EBaNFHyp, vi € EgnHy and (By N Hp) N (€5 N Hp) =0p. By Lemma 4.5, B4 N Hp and
Eg N Hyp are open fss's in ¢, and ¢;, respectively. Hence (H,?¥q,,%5,,D) is a PT,-Cfs bi-
csubsp of (M, ¢4,4,,D) . [

Definition 4.7 The induced fs-bits (M, 7;,,7;,,D) of a Cfs bicsp (M, £4,,,D) is said to be PT,-
fs-bits, if for every two distinct fs-points x; and y,il, there exist an open fss's B4 and &z in Ty,

and 1y, respectively such that x; € B4, yS € Egand By N Ex=0yp.

Theorem 4.8 The induced fs-bits (M, 7;,T;,,D) is PT,- fs-bits of (M, ¢,,%,,D) if and only if
(M, 44, 4,,D) is PT,-Cfs bicsp.

Proof. Suppose (M, 7;,,7;,,D) is PT,-fs-bits and let x{ and y,ﬁl be two distinct fs-points in M.
Since (M, T;,,7,, D) is PT,-fs-bits, there exist 4 and £z open fss's in Ty, and Ty, respectively
such that x§ € B, yi € &g and B, N E=0yp. Since B4 and Ep are open fss's in Ty, and Ty,
respectively, then t,,-int(f.4)=.4 and T{)J.-l'nt(gg): Eg, fori,j =1,2,i # j From proposition 2.15,
we have Int;(B,) = B4 and Int;(€p) = €. That means there exist 4 and € are open fss's in ¢;
and #; respectively such that x{ € 8, and ys € &g and B, N Eg = 0p. Hence, (M, £, £,,D) s
PT,-Cfs bicsp.

Conversely, similar to the first direction. m

Lemma 4.9 Let (M,¢,£,,D) and (M, ¥}, €3, D) be Cfs bicsp's, For any B, € FS(M,D), if
2i(B4) € ¢;(B4), then Int;(B,) S Int;(B,), fori =1 or 2.

Proof. We proof the lemma when i = 1 and the proof is similar for i = 2. Let 84 € FS(M, D).
From hypothesis, #;(8%) S ¢1(B%), implies (£1(B9))€ € (£1(B%))¢. Therefore, Int;(B4) S

Int,(B.4)- u

Proposition 4.10 If (M, ¢,,%,,D) is PT,-Cfs bicsp and ¢} and ¢} are C-fsco’s on U such that
£1, %5 is finer than ¢4, ¢, respectivly, then (M, ¢1,%5,D) is PTZ-(VIfs bicsp, fori = 1,2.

Proof. Let x{ and y,ﬁlbe any two distinct fs-points in M. Since (M, #4,£,,D) is PT,-Cfs bicsp,
then there exist two disjoint open fss's 84, and €z in £; and ¢; respectively such that xi € B4 and
y,ﬁl € &p. That is mean Int;(8,4) = B4 and Int;(Ep) = E3. Since #] is finer than ¢;, this yields by
Lemma 4.9, B4 S Int;(B4) € Int;(B4) € s and Eg E Int;j(Ep) € Int/(Ep) S Ep. Therefore,
there exist two disjoint open fss’s 4 and £z in ¢; and ¢} respectively such that x{ € B4 and
y,ﬁl € &z. Hence, (M, £;,¢5,D)is PT,-Cfs bicsp. m

Definition 4.11 A Cfs bicsp (M, £1,4,, D) is said to be pairwise semi T,-Cfs bicsp (P- semi T,-Cfs
bicsp), if for every two distinct fs-points x; and y,ﬁl, either there exists an ¢;-open fss 4 such
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that x; € B4 and y,ﬁl & ¢;(B,) or there exists an #;-open fss Ez such that y,ﬁl € &3 and
x; & €;(Eg), fori =1or2.

Example 4.12 Let M'={x,y}, D={s}. Define fuzzy soft closure operators ¢,,¢,: FS(M,D) -
FS(M, D) as follows:

(OD if Bg= 0p,
£(B) =4 Xros if Ba € (65,0 <t <07,
| xf ilequ{xtS,O.7StS 1},
Ve, ues(v))  if Bacl(sx VYo tk €l
And
JOD if Ba= 0p,
f2(Ba) = s if Ba C x5,

LG U600 ifBa el x VI tk €l
Then, (M, £4,%,,D) is P-semi T,-Cfs bicsp. Since for any x7, y;; are distinct fs-points, there exists
an ¢;-open fuzzy soft set 8, = x5 such that x{ € B4 and y; & £,(B,)= x{.

Proposition 4.13 Every P-semi T,-Cfs bicsp is PT,-Cfs bicsp.

Proof. Let x{ and y,ﬁl be any two distinct fs-points in (M, #,,%,,D). From (M,¥,,¢,,D) is P-
semi T,-Cfs bicsp, there exists an £;-open fss 4 such that x§ € B, and y,il & £;(B,) or there
exists an #;-open fss Eg such that y,ﬁl € & and x{ € £;( &) for i =1 or 2. This implies
xf € £,(xf) € £:(Ba) and yi & £:(xf) or yi € £,(yi) € 4,(Ep) and xf & £,(yi) for i =1 or
2.Hence, (M, #,,%,,D) isa PTO-(st bicsp. m

The converse of above proposition is not true as seen in the next example.
Example 4.14 In Example 3.4. (M, £,,%,,D) is PT,-Cfs bicsp. But (M, £4,%€,,D) is not semi T,-
Cfs bicsp, since there exist x,% and y,2 are distinct fs-points such that for any ¢;-open fss B,
we have x,5 € B4 and y,%2 €¢,(B4) and for any #¢;-open fss Ep, we have y,2 € &g
,Xos € £1(Ep).

Theorem 4.15 Let (M, ¢,,¢,,D) be a pairwise semi TZ-Cfs bicsp and let (H, €1H,€2H,D) be a
closed Cfs bi-csubsp of (M, £,,%,, D). Then, (3, 1, €2, D) is a P-semi T,-Cfs bi-csubsp.

Proof. Let x; and y,il be any two distinct fs-points in (7—[, {’1]{,{’2}[,7_)). Then, x; and y,ﬁlare
distinct fs-points in (M, £,,£,, D). Since (M, £, %,,D) is P-semi T,-Cfs bicsp, then either there
exists an ¢;-open fss B, such that x{ € B4 and y,ﬁl & £;(B,) or there exists an £;-open fss Eg
such thaty$ € Egand x¥ & £;,( Ep),i = 1 or 2. Now, if x{ € B, and yi & £;(B,), then by Lemma
4.5, x{ € B4 N Hs which is L;,-open fss in (¥, %4,,%;,,D). That is mean we find an #; -open
fss BqNHsin (H, 1, €2, D) contains x{, for i = 1 or 2. To complete the proof, we must show
yil ¢ ti, (Ban Hp). It is clear that from the definition of t;,, we have, £, (B4N Hp)=Hs N
2(Bq N Fp) € Hs 0 £,(Ba) N £:(Fp) = Hp 0 £:(Ba). And since yi & £,(B4), then we have
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y,ﬁl é{’i}[(ﬁﬂ N Hp). Similarly, if there exists an t;,,-open fss Eg such that y,il € &z and
x; & £;( ). Hence, (H, 1, €2, D) is a P-semi T,-Cfs bi-csubsp of (M, £1,4,,D). m

Definition 4.16 The induced fs-bits (M, 7;,,7;,,D) of a Cfs bicsp (M, £, 4,,D) is said to be P-
semi T,-fs-bits, if for every distinct fs-point x{ and y,ﬁl, either there exists a T,,-open fss's 4 in
(M, 7;,,7;,,D) such that x§ € B, and y,ﬁl é T,-cl(B.4), or there exists a T,,-open fss's £z in
(U, T, 7z, S) such that y§ € Egand x§ & Tp-cl( Eg), fori =1 or 2.

Theorem 4.17 If the induced fs-bits (M, J,,7%,,D) is a P-semi T,-fs-bits, then (M, €4, £, D) is
also P-semi T,-Cfs bicsp.

Proof. Let x{ and y,ﬁl be any two distinct fs-points in (M, #,,£,, D). From hypothesis, either
there exists a tp,-open fss f4 in (M, Tp,,Tp,, D) such that x{ € B4 and y,ﬁl é Tp,-cl(B.), or there
exists a T,-open fss &g in (M,T;,,Tp,,D) such that y,ﬁl € & and x{ € Tpcl(Ep). By
proposition 2.20, we have the following, either there exists an ¢;-open fss B4 such that x; € B4
and y,ﬁl & £;(B,) or there exists an £;-open fss Ez such that y,ﬁl € Egandxi € £;(Eg),i=1or
2. Thus, (M, 4,,¢,,D) is a P-semi T,- Cfs bicsp. =

Proposition 4.18 If (M, £, £,, D) is a P-semi T,-Cfs bicsp and #; and £} are C-fsco’s on U such
that 7, ¢5 is finer than ¢4, £, respectivly, then (M, ¢7, ¢35, D) is P-semi T,-Cfs bicsp.

Proof. Let x{ and y,ﬁlbe any two distinct fs-points in M. Since (M, #,,%,,D) is P-semi T,-Cfs
bicsp, then either there exist an ¢;-open fss B4 such that x{ € B, and y,il & £;(B,), or there

exist an ¢;-open fss Eg such that y,ﬁl € ugp and xi € £;(E3), i = 1,2. Suppose, if there exists an
£.-open fss B, in (M,#¥,,€,,D) that is mean Int,(B,) = B4. Since ¢] finer than #,, then by
Lemma 4.9, we have Int,(84) S Int;(B4) and that is mean there exists an ¢7-open fss B, in
(M, £%,¢5,D) such that x§ € B,. On the other hand since y & #,(8,) then yi & €:(B). This
implies (M, €, €5, D) is P-semi T,-Cfs bicsp. Similarly, if there exists an £;-open fss £z such that
y,ﬁl € Egand x{ & £;( ). By the same way, we can prove the proposition wheni = 2. m

Definition 4.19 A Cfs bicsp (M, £4,%,, D) is said to be pairwise pseudo T,- Cfs bicsp (P-pseudo
T,- Cfs bicsp, for short), if for every two distinct fs-points x7 and y,ﬁl, there exist #;-open fss B4
and ¢;-open fss g such that x§ € B, v @4;(B) andy € Ep x5 & 2;( Ep).

An example of pairwise pseudo T,- Cfs bicsp in given in the following.
Example 4.20 Let M={x,y}, D={s}. Define fuzzy soft closure operators #;,¢,: FS(M,D) —
FS(M, D) as follows:

(0p if Ba= 0p,
P if Ba € {(s,x11 Vy1);0 <t <1},
(B = { P if Ba€{(s,,Vyi_1); 0<k <1},
Ba if Ba€{(s,x);0<t<1}
Fa if Ba€{(s,yk);0<k<1}

(63Ge) U, if Ba € (5,2 Vi) 5 6k € Io).
And
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{61) ifﬁc/lz (~)‘D'
) X if B4 S x3,
L= if B < 5
\2,(x8) UL, if Ba € (s, % Vi) ; tk € 1),

Then (M, £,,4,,D) is a P-pseudo T,- Cfs bicsp, Since for any x§, y$ are distinct fs-points there
exist £1-open fss B, = {(s,x;)} and £,-open fss Ez = {(s,y1)} such that x{ € B, = {(s,x.)},
yi & £1(Bq) = B4 and yi € E5 ={(s,y1)}, x5 € £,(E) = Ep, and there exist £,-open fss
Ba ={(s,x1)} and ¢1-open fss Ep = {(s,y,)} such that x{ € Bz = {(s,x1)}, Vi & £2(Ba) = fa
and y; € &g = {(s,y1)}, x{ € £1(Ep) = Es.

Proposition 4.21 Every P-pseudo T,- Cfs bicsp is P-semi T,-Cfs bicsp.
Proof. Follows directly from the definition of P-pseudo T,- Cfs bicsp. m

Proposition 4.22 Every P-pseudo T,- Cfs bicsp is PT;-Cfs bicsp.
Proof. Let x{ and y,ﬁl be any two distinct fs-points in M. From hypothesis (M, #;,¢,,D) is P-
pseudo T,-Cfs bicsp, then there exist #;-open fss B, and £;-open fss Ep such that x§ € 4,
yi &€:(By) and yi € €z, xf E£;(Ep). Since x{ EP, and yi € Ep, then it follows
x§ EL(x) € 4:(Ba) and y§ € £;(yi) S ¢;( E). And since yi & £,(B4) and x§ & £;( Ep), then
yi & 2:(x?) and x§ & £;(y ). Hence (M, £y, £,, D) is a PT;-Cfs bicsp. =

The next example shows that converse of the above proposition is not true.

Example 4.23 Let M = {x,y}, D = {s1,s,} and let I' € FS(M, D) such that I' ={(s1,x¢, V Yx,),
(S2,%t, V¥i,); titz ke, ks € Iy} Define fuzzy soft closure operators Lq,L,: FS(M,D) -
FS(M,D) as follows:

f()@ if Ba= 61) )
xp' if Ba S X,
Xy if Ba S x2,
L) = N if Ba € ¥,
You if Ba € e2; 0 <k, < 0.8},
7 if Ba € {ye2; 0.8 < k, <1},
() U () 40 (x2) U 4 (032)} if Ba €T
And
(0p if Ba=0p,
Xy if Ba S X,
X2 if Ba S x;2,
£2(Ba) =13 y}l if B C ylfl,
" if Ba S ¥,

L) i) e (x2) 1 (32)} if Ba €T
Then, (M, ¢,,4,,D) is a PT,-Cfs bicsp. But (M, #;,¥,,D) is not P-pseudo T,-Cfs bicsp. To show
that consider x,% and y,? are distinct fs-points. The open fss's B4 such that x;% € 4 are:
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1. Bq = 1p, implies y,2 € £,(1p).

2. B ={(s1, %1 Vy1), (sz,y1)} implies y(i27 € £1(B)

3. Ba=1{(s1,%1),(s52,% Vy1)} impliesy(ié € £1(B).
Hence, for all open fss B4 such that x,% € f,4, we have bgz7 € £,(B4). Thus, (M, #4,£,,D) is not
P-pseudo T,-Cfs bicsp.

Theorem 4.24 Let (M, ¢,,%,,D) be a P-pseudo T,-Cfs bicsp and let (%, t1,,,¥2,,D) be a closed
Cfs bi-csubsp of (M, ¢4, £3, D). Then, (H, €4, , £,,,, D) is a pairwise pseudo T,-Cfs bi-csubsp.
Proof. Similar of Theorem 4.15. m

Definition 4.25 The induced fs-bits (M, t,,, T,, D) of (M, 4,,%,,D) is said to be P- pseudo T,-
fs-bits, if for every distinct fs-points x; and y,ﬁl there exist 7 -open fss .4 and Ty;-open fss Egin
(M, Ty,,T;,,D) such that x{ € Bq, y§ & Ty,-cl(B4) and y§ € Ep and x7 & Ty,-cl( Ep).

Theorem 4.26 If the induced fs-bits (M, 7;,,7;,,D) is a P-pseudo T,-fs-bits, then (M, 4,,%4,,D)

is also P-pseudo T,-Cfs bicsp.
Proof. Similar of Theorem 4.17. =

Proposition 4.27 If (M, #,,¢,,D) be a P-pseudo T,-Cfs bicsp and £ and £} are C-fsco’s on M
such that ¢}, ¢} is finer than #,, ¢, respectivly, then (M, €%, ¢35, D) is P-pseudo T,-Cfs bicsp, for
i =12

Proof. Similar of Proposition 4.18. m

Definition 4.28 A Cfs bicsp (M, £,, %5, D) is said to be pairwise Uryshon T,-Cfs bicsp (P-Uryshon
T,-Cfs bicsp), if for every two distinct fs-points x7 and y,ﬁl, there exist ¢;-open fss B4 and ¢;-
open fss Ez such thatxi € S, y,ﬁl € Ezand £;(B4) N4;( Ep)=0p.

The next example explains the concept of P-Uryshon T,-Cfs bicsp.
Example 4.29 Let M={x,y}, D={s}. Define fuzzy soft closure operators ¢;,¢,: FS(M,E&) -
FS(M, £) as follows:

(0p if Ba= 0p,
S . g xS
g — ‘g =J xl lf ﬁcﬂ 1>
L 1p other wise.

Then (M, #4,£,, D) P-Uryshon T,-Cfs bicsp. Since for any x$ and y; are distinct fs-points, there
exist £;-open fss B4=xi and £;-open fss Ep=y; such that x{ € B4, yi € € and £;(B4) N
£i(Ep)=x§ Nyf=0p fori,j=12,i # .

Proposition 4. 30 Every P-Uryshon T,-Cfs bicsp is P-pesudo PT,-Cfs bicsp.

Proof. Let x{ and y,ﬁl be any two distinct fs-points in (M, ¢, ¢,,D). Since (M, 4,,¢,,D) is P-
Uryshon T,-Cfs bicsp, there exist £;-open fss 84 and £;-open fss Ep such that xi € 4, y,ﬁl € &g
and ¢;(B4) N ¢;( €3)=0p . This implies x{ & ¢;( £3) and y,il & 2;(B,)- Therefore, (M, £4,£,,D) is
P-pesudo T,-Cfs bicsp. m
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Proposition 4.31 Every P-Uryshon T,-Cfs bicsp is PT,-Cfs bicsp.
Proof. The proof follows immediately from the definition of P-Uryshon T,-Cfs bicsp and the
property 5.4 € €;(f.4) for any fuzzy softset ;. =

The hereditary property in P-Uryshon T,-Cfs bicsp's are studied in the next theorem.
Theorem 4.32 Let (M, ¢4,%,,D) be a P-Uryshon Tz-Cfs bicsp and let (K, 4,,€,,,,D) be a closed

Cfs bi-csubsp of (M, ¢4, £3, D). Then (¥, 4y, ¢,,,, D) is a P-Uryshon PT,- Cfs bi-csubsp.
Proof. Let x; and y,ﬁl be any two distinct fs-points in (#,¢y,,?,,,D). Then, x{ and y,il are
distinct fs-points in (M, #;,%,,D). Since (M,¥,,4,,D) is a P-Uryshon T,-Cfs bicsp, it follows
there exist £;-open fss [, and #;-open fss Ep such that xi € B, y,il € & and £;(B4) N
£;( £5)=0p. By Lemma 4.5, 8.4 N Hp and £z N Hp are open fss's in £;,, and £}, sespectivly such
that x§ € B4 N Hp, y§ € Ep N Hyp. Next, we must show that £, (B4 N Hp) N £, (E N Hp) =0p.
Now, from the definition of fi}[ and fj}[ we get,
21,0 (Ba N Hp) N, (E5 N Hp) = [Hp 0 £:(Ba 0 Hp)| 0 [Hp N £;(Ep N Hp)]

S[ti(Ba) N (Ep)]IN Hp

=0p NHyp

=0p.
Therefore, (H,%,,,,¥2,,,D) is a P-Uryshon T,-Cfs bi-csubsp of (M, £1,4,,D). m

Definition 4.33 The induced fs-bits (M, 7}, 7;,,D) of (M, £, ¢,,D) is said to be P-Uryshon T5-
fs-bits, if for every distinct fs-points x{ and y,ﬁl, there exist t,,-open fss B, and T¢-0pen fss &g
such that x§ € B4, y§ € &g and Ty,-cl(Bg) N Ty;-cl(Ep) = Op.

Theorem 4.34 If the induced fs-bits (M, T;,,7;,, D) is a P-Uryshon T,-fs-bits, then (M, 4,,%4,,D)
is also P-Uryshon T,-Cfs bicsp.

Proof. Let x{ and y,ﬁl be any two distinct fs-points in M. Since (M, Tz, Tz,, D) is an P-Uryshon T,-
fs-bits, then there exist J;;-open fss 4 and t,-open fss €z such that x} € B4 vi € Egand Ty,-
cl(By) N J}j-cl( Eg) = 0p . By proposition 2.20, we obtain 4 and £z are open fuzzy soft sets in
¢; and ¢; respectively such that x{ €8, and ys' € &5 and £;(B,) N £;(E3)=0p.
Hence, (M, ¢4,¢,,D) is a P-Uryshon Tz-Cfs bicsp. m

Proposition 4.35 If (M, £,,¢,,D) be a P-Uryshon Tz-Cfs bicsp and ¢73, ¢, are C-fsco’s on M such
that #] and ¥5 is finer than #; and ¢, respectively, then (M, ¢7, 5, D) is pairwise for i = 1,2.

Proof. Similar to the proof of Proposition 4.18. =
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