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1. Introduction 

 Metric space is the main topics in mathematical analysis , especially the  topic of convergence and 
characteristics related  to this topic and measure theory also from the main branches of mathematical 
analysis ,especially convergence in measurable functions and study of the relation between 
convergences and many sources touched on this topic and in particular Eugene in[3] (1975) where he 
defined a metric function on a space random variables defined on the probability space and showed 
that each sequence of random variables is converge to a random variable in relation to the . And  
Jordan was  proved in [5] 2015 ܮ(Ω,ߤ,ܨ) is a complete metric space . In this paper we proved 
,ܨ,(Ωܮ ,ܨ,(Ωܮ is a complete metric space by using another metric function and proved (ߤ  is linear (ߤ
topological metric space and F-space . 
 
 
 

Authors Names 
a . Asawer  J.Al-Afloogee 
b.   Noori  F. Al-Mayahi   
 
Article History 
Received on: 2/2/2020 
Revised on:   29/2/2020 
Accepted on: 26/3/2020 
Keywords: 
: measurable function 
,convergence in measure 
,convergence in metric 
,topology of convergence 
in measure. 
 
DOI: 
https://doi.org/10.29350/jop
s.2020.25.2.1059 

ABSTRACT 
 
In this paper we introduce the metric function on ܮ(Ω,ܨ,  be the space (ߤ
of measurable functions defined on measure space (Ω,ܨ,  We prove the.  (ߤ
converge in this metric implies converge in measure ,but the converse not 
true only if  ߤ is finite  and  prove ܮ(Ω,ܨ,  with respect metric (ߤ
functions defined by  ݀(݂,݃) = ∫ஐ

|ି|
ଵା|ି|

݃,݂ for all ߤ݀ ∈ ,ܨ,(Ωܮ  is (ߤ
complete metric space and a topological linear space and  F-space . 
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2.Fundamental concepts 
In this section we introduce some basic concepts that we need such as measure, converges in measure 
,types of convergence and relation between them. 
Definition(2.1):[1] A nonempty family F of subsets of  a set Ω is called a field (or algebra)  on Ω if, 
1.A∈ ܣ then, ܨ ∈  ܨ
,ଶܣ, ଵܣ.2 … ܣ, ∈ then ∪ୀଵ,ܨ ܣ ∈  ܨ
In other words, 
A field is a nonempty family closed under the formation of complements and union .If (2) is replaced 
by the closed under countable union ,that is , 
3.If ܣ ∈ n=1,2,…,then∪ୀଵஶ     ,ܨ ܣ ∈  ܨ
F is called a ߪ –field (ߪ-algebra) on a set Ω .i.e. a ߪ-field on a set Ω is afield which closed under 
countable union .A measurable space is a pair (Ω,ܨ), where Ω is a set and F is ߪ-field on Ω. A subset 
A of  Ω is called measurable (measurable with respect to the ߪ-field F) if A	∈	F, i.e. any member of  F 
is called a  measurable set. 
 
Definition(2.2):[6]  Let (Ω,ܨ) is measurable space .A set function ܨ:ߤ → ܴ is said to be  
ୀଵஶ∪)ߤ   additive   (sometimes called completely additive ,or Countable additive) if -ߪ.1 (ܣ =
∑ ஶܣ)ߤ
ୀଵ ), 

Whenever {ܣ}  is a sequence of disjoint sets in F . 
2.Measure, if ߤ is a ߪ- additive and ߤ(A)≥ 0 for all ܣ ∈  .ܨ
A measure space  is a triple (Ω,ܨ,  ߤ  is measure on F .if ߤ is a  measurable  space ,and (ܨ,ߗ) where (ߤ
is a probability  measure on F ,(Ω,ܨ,  . is a probability space	(ߤ
 
Definition(2.3):[9] Let ܨ(Ω) be the family of all real valued functions defined on a set Ω	.Let ݂, ݂ ∈
݊ ,(Ω)ܨ ∈ ܰ and ܣ ∈ Ω. We say that 
1.{ ݂} converges pointwise to ݂ on A ,if for every ݔ ∈ ߝ and for every ܣ > 0 there is ݇ ∈ ℤା such that 
| ݂(ݔ)− |(ݔ)݂ < ݊ for all ߝ > ݇	.We lim→ஶ ݂(ݔ) = or ݂ (ݔ)݂ → ݂ on A 
2.{ ݂}		 uniformly convergent to ݂ on A, if for every ߝ > 0 there is ݇ ∈ ℤା such that | ݂(ݔ)− |(ݔ)݂ <
݊ for all ߝ > ݇ and all ݔ ∈ We write ݂. ܣ

௨
→݂ on A .It is clear that every uniformly convergent 

sequence is  pointwise convergent, but the converse is not true . 
 
Definition (2.4):[3]  Let (Ω,ܨ, ,݂  be a measure space and (ߤ ݂ ∈ ∋n ,(Ω)ߤ ܰ. We  say that { ݂} 
1.Converges almost everywhere to  ݂ ,denoted by  ݂

..
ሱሮ ݂ ,if there is  a subset ܣ ∈ Ω  such that  

(ܣ)ߤ = 0  and ݂ → ݂ on ܣ . 
2. Converges almost  uniformly  to ݂ ,denoted by , ݂ 	

.௨.
ሱሮ 	݂ ,if  for  each ߝ > 0, there is a subset ܣ ⊂ Ω 

such that (ܣ)ߤ < and ݂ ߝ
௨
→݂ on ܣ 

3.Converges in measure to ݂, denoted  by ݂ഋ
→݂, lim→ஶ ܺ})ߤ ∈ Ω: | ݂ |(ݔ)݂_(ݔ) ≥ ({ߝ = 0, for each 

ߝ > 0. 
 
 Definition(2.5):[9] Let (Ω,ߤ,ܨ) be a measure space and ݂, ݂ ∈ ݊  ,(Ω)ߤ ∈ ܰ. For ߜ > 0, define   
(ߜ)ߚ = ݔ} ∈ Ω: | ݂(ݔ)− |(ݔ)݂ ≥ ݊    ,{ߜ ∈ ܰ, and  ߚఋ = lim→ஶ since each ݂ (ߜ)ߚݑݏ − ݂ is 
measurable function ,the sets  ߚ(ߜ) are measurable. 
 
Theorem(2.6):[3] Let (ߤ,ܨ,ߗ) be a measure space ݂, ݂ ∈ ݊ ,(Ω)ߤ ∈ ܰ. Then  
1.If  ݂

.௨.
ሱሮ ݂  ,then  ݂

ఓ
→ ݂  and  ݂

..
ሱሮ ݂  
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2.If  ߤ is finite , then ݂
..
ሱሮ ݂  iff lim→ஶ ߤ (∪ୀஶ ((ఋߚ = 0   every ߜ > 0  

 
3.If  ߤ is finite  and ݂

..
ሱሮ ݂,then  ݂

.௨.
ሱሮ ݂ 

 
4.If  ߤ is finite and   ݂

..
ሱሮ ݂, then ݂

ఓ
→ ݂ 

 
3.Main result 
In this section we prove that if a sequence in ܮ(Ω,ߤ,ܨ) converge in metric implies to converge in 
measure ,but the converse  is not true  if and only if ߤ is finite and prove some properties of the metric 
space ܮ(Ω,ߤ,ܨ) In this section we prove that if a sequence in ܮ(Ω,ߤ,ܨ) converge in metric implies 
to converge in measure ,but the converse  is not true only if ߤ is finite and prove some properties of the 
metric space ܮ(Ω,ߤ,ܨ) 
Let ܮ(Ω,ܨ, ,ܨ,be the space of measurable  functions defined on measure space (Ω (ߤ  (Ωܮ Then . (ߤ
,F,ߤ)	is a linear space under the following addition and scalar multiplication 
1.(݂ + (ݔ)(݃ = (ݔ)݂ + ݃,݂ for all (ݔ)݃ ∈ ,(Ω,ℱܮ  (ߤ
(ݔ)(݂ߣ).2  = ݂ for all (ݔ)ߣ ∈ and   ݂ ∈ ߣ or	(ߤ,Ω,ℱ)ܮ ∈ ܴ. 
 
Theorem (3.1) 
Let (Ω,ߤ,ܨ) be a finite measure space .ܮ(Ω,ܨ,  be the collection of equivalent classes of (ߤ
measurable functions defined on (Ω,ܨ, ݔ}ߤ where two ݂ and ݃ are equivalent when (ߤ ∈ Ω ∶ (ݔ)݂ ≠
{(ݔ)݃ = 0.We define d:ܮ(Ω,ܨ, (ߤ × ,ܨ,(Ωܮ (ߤ → ℝ by d(f ,g)= ∫ஐ

|ି|
ଵା|ି|

݀µ  for all ݂,݃ ∈
,ܨ,(Ωܮ  We call the topology induced by d the topology .(ߤ,ܨ,Ω)ܮ Then d is a metric function on.(ߤ
of convergence in measure . 
Proof .1.Since  |݂ − ݃| ≥ 0 for all  ݂,݃ ∈ ,(Ωܮ F, µ) ,then |ି|

ଵା|ି|
≥ 0 for all ݂,݃ ∈ ,ܨ,(Ωܮ  (ߤ

⇒ ∫ஐ
|ି|

ଵା|ି|
ߤ݀ ⇒ ݀(݂,݃) ≥ 0 

2.Let ݂,݃ ∈ ,ܨ,(Ωܮ then   ݀(݂,݃) = ∫ஐ, (ߤ
|ି|

ଵା|ି|
ߤ݀ = ∫ஐ

|ି|
ଵା|ି|

 ߤ݀
 

 If 	݂and g  are equivalent ,then ݔ}ߤ ∈ Ω:݂(ݔ) ≠ {(ݔ)݃ = 0 .so that 
 ݂ = ݃			ܽ. ݁. , ݅. ݁. ݂ − ݃ = 0	ܽ. ݁.⟹ |ି|

ଵା|ି|
= 0	ܽ. ݁.⟹ ∫ஐ

|ି|
ଵା|ି|

ߤ݀ = ݀(݂,݃) = 0  

 If ݀(݂	,݃) = 0 then		∫ஐ
|ି|

ଵା|ି|
|since |ି ,ߤ݀

ଵା|ି|
≥ 0 ⟹ |ି|

ଵା|ି|
= 0	ܽ. ݁.⟹ ݂ − ݃ =

0	ܽ. ݁.⟹ ݂ = ݃		ܽ. ݁.	 
4.Let ݂,݃,ℎ ∈  	(ߤ,ܨ,Ω)ܮ
Since |ି|

ଵା|ି|
+ |ି|

ଵା|ି|
≥ |ି|

ଵା|ି|ା|ି|
+ |ି|

ଵା|ି|ା|ି|
= |ି|ା|ି|

ଵା|ି|ା|ି|
⟹ |ି|

ଵା|ି|
+ |ି|

ଵା|ି|
≥

ଵ
భ

|ష|ାଵ
≥ ଵ

భ
|ష|ାଵ

= |ି|
ଵା|ି|

⟹ |ି|
ଵା|ି|

≤ |ି|
ଵା|ି|

+ |ି|
ଵା|ି|

⟹		∫ஐ
|ି|

ଵା|ି|
ߤ݀ ≤		 ∫ஐ

|ି|
ଵା|ି|

ߤ݀ +

		∫ஐ
|ି|

ଵା|ି|
	ߤ݀ ⟹ ݀(݂	, ℎ) ≤ ݀(݂,݃) + ݀(݃ − ℎ).This show that ∫ஐ

|ି|
ଵା|ି|

 is metric on ߤ݀

,(Ωܮ F, µ)	.We now prove that if a sequence in ܮ(Ω, F, µ) converges in metric then it converges in 
measure and convers is true if and only if  ߤ is finite. 
Theorem(3.2) :Let { ݂} be a sequence in ܮ(Ω,ܨ,  ,(ߤ
1.if d( ݂ , ݂) → 0 then ݂

ఓ
→݂	 .   
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 2.If  ߤ is finite and ݂
ఓ
→ ݂	, then ݀( ݂ , ݂) → 0                                                                      

Proof 1.Let ߝ > 0.For each n, let ܣ = ݔ} ∈ Ω: | ݂(ݔ)− |(ݔ)݂ ≥ To prove lim→ஶ .{ߝ (ܣ)ߤ = 0  
ܣ = ݔ} ∈ Ω: | ݂(ݔ)− |(ݔ)݂ ≥ {ߝ = ቄݔ ∈ Ω: |(௫)ି(௫)|

ଵା|(௫)ି(௫)|
≥ ఌ

ଵାఌ
ቅ	,	since		 ఌ

ଵାఌ
ܫ ≤

|(௫)ି(௫)|
ଵା|(௫)ି(௫)|

 ,we 

have 	∫ஐ ఌ
ଵାఌ

ߤ݀ܫ ≤ ∫ஐ
|(௫)ି(௫)|

ଵା|(௫)ି(௫)|
  ߤ݀

݅. ݁.  ఌ
ଵାఌ

(ܣ)ߤ ≤ ݀( ݂ , ݂) ⟹ (ܣ)ߤ ≤ ାࢿ
ࢿ
݀( ݂ , ݂) Since ݀( ݂ ,݂) → 0, then ߤ(ܣ) → 0, i.e. 

lim→ஶ (ܣ)ߤ = 0 
2.Let ߝ > 0		since ߤ is finite ,then ߤ(Ω) < ∞.Take ߜ = ఌ

ଵାఓ(ஐ)
	, then For each n ,let ܣ =

ݔ} ∈ Ω: | ݂(ݔ)− |(ݔ)݂ ≥ ܣ .{ߜ = ݔ} ∈ Ω: | ݂(ݔ)− |(ݔ)݂ ≥ ݔቄ= {ߜ ∈ Ω: |(௫)ି(௫)|
ଵା|(௫)ି(௫)|

≥ ఋ
ଵାఋ

ቅ .Since 
(ܣ)ߤ → 0 as ݊ → ∞,there exists ݇ ∈ ℤା such that ߤ(ܣ) < ݊ for all ߜ ≥ ݇  ,d( ݂ , ݂) =
∫ஐ

|(௫)ି(௫)|
ଵା|(௫)ି(௫)|

ߤ݀ = ∫
|(௫)ି(௫)|

ଵା|(௫)ି(௫)|
ߤ݀	 + ∫

|(௫)ି(௫)|
ଵା|(௫)ି(௫)|

)d⟹ ߤ݀ ݂ , ݂) ≤ ∫ஐ݀ߤ +

∫
ఋ

ଵାఋ
ߤ݀ = (ܣ)ߤ + ఋ

ଵାఋ
ܣ)ߤ ) = ଵ

ଵାఋ
(ܣ)ߤ) + (ܣ)ߤ)ߜ + ܣ)ߤ) ))) = ଵ

ଵାఋ
ቀߤ(ܣ) +

ܣ)ߤ൫ߜ ∪ ܣ )൯ቁ = ଵ
ଵାఋ

(ܣ)ߤ) + (ܣ)ߤ Since (Ω)ߤߜ < ݊ for all ߜ ≥ ݇	, we have  ݀( ݂ , ݂) <
ଵ

ଵାఋ
൫ߜ + ൯(Ω)ߤߜ = ఋ

ଵାఋ
൫1 + ൯(Ω)ߤ < ൫1 + ߜ൯(Ω)ߤ = )Hence d .	ߝ ݂ ,݂) → 0	. 

Corollary (3.3) :[5] Let  { ݂} be a sequence  in ܮ(Ω,ߤ,ܨ)	. If ߤ is finite and ݂
..
ሱሮ ݂ , then 

݀( ݂ ,݂) → 0 
Proof: Since ߤ	is finite and ݂

..
ሱሮ ݂ ,then by Egroݒ ,es theorem we have ݂

ఓ
→ ݂ ,by theorem (3.2) 

,we have ݀( ݂ ,݂) → 0 . We now  to prove the metric space ܮ(Ω, F, µ) is complete. 
 
Theorem(3.4) :The metric space ܮ(Ω,ܨ,  . is complete  (ߤ
Proof: Suppose that ݂ is a Cauchy sequence in ܮ(Ω,ܨ,  .(ߤ
Let ߝ > 0,for each n, let  ܣ = ݔ} ∈ Ω: ݂(ݔ)− (ݔ)݂ ≥  to prove {ߝ
 lim→ஶ (ܣ)ߤ = ,ܣ, 0 = ݔ} ∈ Ω: | ݂(ݔ)− ݂(ݔ)|	=	ܣ = ݔ} ∈ Ω: |(௫)ି(௫)|

ଵା|(௫)ି(௫)|
≥ ఌ

ଵାఌ
}    

Since ఌ
ଵାఌ

,ܫ ≤ |(௫)ି(௫)|
ଵା|(௫)ି(௫)|

	,we  have   ∫ஐ
ఌ

ଵାఌ
,ܫ ≤ ∫ஐ

|(௫)ି(௫)|
ଵା|(௫)ି(௫)|

 

 ߤ݀
i.e. ఌ

ଵାఌ
,൯ܣ൫ߤ ≤ ݀( ݂ , ݂) ⟹ ,൯ܣ൫ߤ ≤

ଵାఌ
ఌ
݀( ݂ , ݂) .  Since  d( ݂ , ݂) → 0, then ߤ(ܣ,) → 0 as 

݊,݉ → ∞	, i.e. lim→ஶ ,൯ܣ൫ߤ = 0 .Hence { ݂} is a Cauchy in measure , so that there is 
݂, ݂ ∈ ,ܨ,(Ωܮ such that ݂ (ߤ

ఓ
→ ݂ since ߤ is finite  ,then ݀( ݂ , ݂) → 0 as  n→ ∞ .then ܮ(Ω,ܨ,  is (ߤ

complete . We now to prove the metric space ܮ(Ω,ܨ,  .is a topological linear space (ߤ
 
Theorem (3.5) :ܮ(Ω,ߤ,ܨ) is a topological linear space  
Proof:  let  ܺ = 	 ,ܨ,(Ωܮ ∋ ݃,݂ is a metric space ,then X  is topological space . Let  (ߤ ܺ, then ݂ 
and ݃ are measurable  function for all ߚ,ߙ ∈ ℝ ,hence  X  is a linear space over ℝ . 
Define u:ܺ × ܺ → ܺ by  (ݔ)(݃,݂)ݑ = (ݔ)݂ +  . To prove u is continuous. (ݔ)݃
Let ݂ ,݃	,݂,݃ ∈ ܺ such that ݀( ݂ ,݂) → 0 as ݊ → ∞ and ݀(݃ ,݃) → 0 and ݊ → ∞ .Then ݂ → ݂ 
and ݃ → ݃ ,so that ݂ + ݃ → ݂ + ݃ .Since ߤ is finite  by (1) of theorem (3.2) , then ݀( ݂ +
݃ ,݂ + ݃) → ݊	ݏܽ		0 → ∞ ,i.e.ݑ( ݂ ,݃) →  . (݃,	݂)ݑ
Define ݒ:ℝ × ܺ → by   (ݔ)(݂ߣ)ݒ =  . is continuous ݒ  To  prove. (ݔ)݂ߣ
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Let ݂	, ݂ ∈ ,ܨ,(Ωܮ ߣ and (ߤ ߣ, ∈ ℝ  such that ݀( ݂ ,݂) → ݊	ݏܽ	0 → ∞ and |ߣ − |ߣ → ݊	ݏܽ	0 → ∞ 
.Then ߣ ݂

ఓ
ߣ)݀ is finite ,then ߤ since,  	݂ߣ→ ݂ (݂ߣ, → ݊		ݏܽ		0 → ∞ ,i.e. ݒ( ݂ (ߣ, →  we 	.	(ߣ,	݂)ݒ

now to prove the metric space ܮ(Ω,ܨ,  .is F-space (ߤ
 
Theorem(3.6) : ܮ(Ω,ߤ,ܨ) is F-space. 
 Proof:  Since ܮ(Ω,ܨ,  .  is complete metric space we need to show that d is invariant (ߤ
Let ݂,݃, ℎ ∈ ,ܨ,(Ωܮ ݂)݀  (ߤ + ℎ,݃ + ℎ) = 
∫ஐ

|ାି(ା)|
ଵା|ାି(ା)|

ߤ݀ = ∫ஐ
|ାିି|

ଵା|ାିି|
ߤ݀ = ∫ஐ

|ି|
ଵା|ି|

= ݀(݂	,݃) .then ܮ(Ω,ߤ,ܨ)  is F-space. 
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