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Some Properties Related With L°(Q, F, u) Space
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1. Introduction

Metric space is the main topics in mathematical analysis , especially the topic of convergence and
characteristics related to this topic and measure theory also from the main branches of mathematical
analysis ,especially convergence in measurable functions and study of the relation between
convergences and many sources touched on this topic and in particular Eugene in[3] (1975) where he
defined a metric function on a space random variables defined on the probability space and showed
that each sequence of random variables is converge to a random variable in relation to the . And
Jordan was proved in [5] 2015 L°(Q, F,u) is a complete metric space . In this paper we proved
L°(Q, F, 1) is a complete metric space by using another metric function and proved L°(€, F, i) is linear
topological metric space and F-space .
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2.Fundamental concepts

In this section we introduce some basic concepts that we need such as measure, converges in measure
,types of convergence and relation between them.

Definition(2.1):[1] A nonempty family F of subsets of a set Q is called a field (or algebra) on Q if,
1.A€EF thenA¢ € F

24, ,4,, ..,A, € FthenUX, A, €EF

In other words,

A field is a nonempty family closed under the formation of complements and union .If (2) is replaced
by the closed under countable union ,that is ,

3IfA, € F, n=12,..thenu,_, A, €EF

F is called a o —field (o-algebra) on a set Q .i.e. a o-field on a set Q is afield which closed under
countable union .A measurable space is a pair (, F), where Q is a set and F is o-field on Q. A subset
A of Q is called measurable (measurable with respect to the o-field F) if A € F, i.e. any member of F
is called a measurable set.

Definition(2.2):[6] Let (Q, F) is measurable space .A set function u: F — R is said to be
1.0- additive (sometimes called completely additive ,or Countable additive) if pu(U;_; Ag) =
;.lo=1 M(An)i
Whenever {4,,} is a sequence of disjoint sets in F .
2.Measure, if u is a o- additive and u(A)= 0 forall A € F.
A measure space is a triple (Q, F, u) where (2, F) isa measurable space ,and u is measure on F .if u
is a probability measure on F ,(Q, F, u) is a probability space .

Definition(2.3):[9] Let F(Q) be the family of all real valued functions defined ona set Q .Let f, f,, €
F(Q),n € N and A € Q. We say that

1.{f,.} converges pointwise to f on A ,if for every x € A and for every € > 0 there is k € Z* such that
[f,(x) — f(x)| < eforalln >k Welim,_, f,(x) = f(x)or f, > fon A

2.{f,} uniformly convergent to f on A, if for every € > O there is k € Z* such that |f,,(x) — f(x)] <

eforalln >k andall x € A .\We write f, if on A .1t is clear that every uniformly convergent
sequence is pointwise convergent, but the converse is not true .

Definition (2.4):[3] Let (Q, F, u) be a measure space and f, f,, € u(Q2), ne N. We say that {f,,}

1.Converges almost everywhere to f ,denoted by f, = f ,ifthere is asubset A € Q such that
u(4) =0 and f;, - f on A° .
2. Converges almost uniformly to f ,denoted by ,f;, = f ,if for each e > 0, there is a subset A c Q

such that u(A) < eand f, if on A°¢
3.Converges in measure to f, denoted by fn;_t)f, im0 u({X € Q: |f,, (x)_f(x)| = €}) = 0, for each

e>0.

Definition(2.5):[9] Let (Q, F, u) be a measure space and f, f,, € u(Q2), n € N. For § > 0, define

Bn(8) ={x € Q:|f,(x) — f(x)]| =6}, n€eN,and Bs =lim,_ sup S,(8) since each f,, — f is
measurable function ,the sets S, (&) are measurable.

Theorem(2.6):[3] Let (2, F, u) be a measure space f, f,, € u(), n € N. Then
LIF £, 257 then £, 5 F and £, 55 F
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2.If pisfinite , then f, — f iff lim, o, u (Uy_y Bs)) =0 everyéd >0
. a.e. a.u.

3.If wisfinite and f,, — f,then f, — f

4.1f pisfiniteand f, — f, then £, = f

3.Main result

In this section we prove that if a sequence in L°(Q, F, u) converge in metric implies to converge in
measure ,but the converse is not true if and only if y is finite and prove some properties of the metric
space L°(Q, F, 1) In this section we prove that if a sequence in L°(Q, F, 1) converge in metric implies
to converge in measure ,but the converse is not true only if u is finite and prove some properties of the
metric space L°(Q, F, 1)

Let LO(Q, F, u) be the space of measurable functions defined on measure space (Q, F, i) . Then L°(Q
,F,u) is a linear space under the following addition and scalar multiplication

L(f +g)(x) = f(x) + g(x) forall f, g € L°(Q, F, u)

2.(Af)(x) = A(x) forall f e and f € L°(Q,F,u) or 1 €R.

Theorem (3.1)

Let (Q, F, 1) be a finite measure space .L°(Q, F, 1) be the collection of equivalent classes of
measurable functions defined on (Q, F, 1) where two f and g are equivalent when u{x € Q : f(x) #
g(x)} = 0.We define d:L°(Q, F, i) x L°(Q, F, ) » Rby d(f ,9)= [, 1Lf|fg| du forall f,g €

L°(Q, F, ). Then d is a metric function on L°(Q, F, ). We call the topology induced by d the topology
of convergence in measure .

Proof .1.Since |f —g| =O0forall f,g € L°(Q,F, 1), then ——=~ = g' > Oforall f,g € L°(Q, F, u)

L+ -
If -yl
= Jaq—gdu=d(f.9) 20

et f.g ¢ 19, F. ) then d(f. )= | ol tbdu = [y 75 du

e If fand g are equivalent ,then u{x € Q: f(x) # g(x)} = 0 .so that
f=g ae,ef—-g=0ae=-L9 —gge= [ Y9I g,=qig)=0

il 1+|f—-gl Q 1|+If—|yl
_ f-g9 : If-gl f-gl _ _
Ifd(f,g) =0 then du,since——>0=>——=0a.e=>f—g=
* (f.9) PSwpell 1+1f gl +f-g 0@ e=[=4g
OQae=f=g a.e.
4.Lletf, g, heLo(QF,u
Since L=9_ 4 _19=hl - lf gl + lg—hl — f=gltlg=hl _ If=gl | _lg=hl -
1+[f-gl  1+lg=h] = 1+|f-gl+lg-hl 1+|f-gl+lg-hl  1+|f-gl+|lg—h| 1+|f-gl 1+|g-h|
1 1 If-gl [f=h]| If-gl lg—hl| |f=h]| If-gl
> = < + +
ﬁ+1 - ﬁﬂ 1+|f-h| = 1+|f=h| = 1+|f-gl 1+|g—h| = fﬂ 1+|f-h| du < fﬂ 1+|f-gl du

lg—hl : If-gl : :
/g i d(f ,h) < d(f,g) + d(g — h).Thisshow that [, T+i7 -] G is metric on

L°(Q, F, 1) .We now prove that if a sequence in L°(Q, F, ) converges in metric then it converges in
measure and convers is true if and only if u is finite.
Theorem(3.2) :Let {f,,} be asequence in L°(Q, F, n),

Lifd(f,, f) » Othen f, S f .
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21f pisfiniteand £, & £, then d(f,, f) = 0

Proof 1.Let € > 0.Foreachn, let 4, = {x € Q:|f,,(x) — f(x)| = £} To prove lim,,_,, u(4) =0
A, ={x e Qlf,(x) — f(x)| = €} = {x e OOl e } since —IA < Vn@D-EOL 0

T+ () —f (0] = 1+e T+ () —f ()]
s £ —F ()
have [ =L, du<f, TH )~

i.e. fgll(An) < d(fy. f) = u4,) <—

Iimn—>oo M(An) =0
2.Let e > 0 since u is finite ,then u(Q) < c0.Take § =

1+¢

—d(fu., f) Since d(f,, f) - O, then u(4,) - 0,ie.

°_ thenForeachn let4, =
1+u(Q)

{r € Qlf00) — F 2 6} Ay = {x € £ () = ()| = 6} ={x € @ T > 2

u(4,)) » 0asn — oo,there exists k € Z* such that u(4,)) < é foralln = k d(f,, f) =

} Since

[fn(x)—F ()| _ | fn () —f () | fn(X)—f ()
T T du = < +
Ja 1+|fn(x)—f(x)|d” fAn 1+ () - ()] du+ fAC 1+ ()~ () du d(f”’f) Jqdu
)
[ ag it = p(An) + = p(A5) = == (u(An) + 5(u(An) + (u(45))) = = (u(4,) +

§(u(A, U AS ))) _5(“(‘4”) + Su(Q) Since u(4,) < § foralln = k,we have d(f,, f) <
5(5 +8u(Q)) = ﬁ(l +u(Q) < (1 +u(Q))8 = e. Hence d(f;,, f) - 0.

Corollary (3.3) :[5] Let {f,,} be asequence in L°(Q, F,u) . If u is finite and f;, = f ,then
d(fn,f) =0

Proof: Since u is finite and f, = f ;then by Egrov-es theorem we have f, 5 f by theorem (3.2)
we have d(f,,f) - 0.We now to prove the metric space L°(Q, F, ) is complete.

Theorem(3.4) :The metric space L°(Q, F, 1) is complete .
Proof: Suppose that f,, is a Cauchy sequence in L°(Q, F, u).
Let ¢ > O,for each n, let 4, = {x € Q: f,(x) — f(x) = €} to prove

: _ _ . - o @@ e
lim, e u(4,) =0 ,Apm = {x € Q:|f,(x) fm(x)l =A,={x € Q T D) > 1+E}
[frn(x)—fm(x)]

. < |fn () = Fin ()]
1T+ ()~ fin ()|’ g Anm =

we have [ - Q TH ()~ frn ()|

- &
Slncel—ﬁlAnym <
du
e. ﬁu(An,m) < d(fp fin) = u(dpm) <= —d(fu, fn) . Since d(fn, fn) = O, then u(A, ) > O as

n,m— oo, ie. lim,,. H(An,m) = 0 .Hence {fn} is a Cauchy in measure, so that there is

f, fn € L°(Q, F, u) such that f,, 5 f since p is finite ;then d(f;,, f) - 0as n— oo .then L°(Q, F, p) is
complete . We now to prove the metric space L°((, F, u) is a topological linear space.

1+¢

Theorem (3.5) :L°(Q, F, 1) is a topological linear space

Proof: let X = Ly(Q,F,u) isametric space ,then X is topological space . Let f, g € X, then f
and g are measurable function for all @, 5 € R ,hence X is a linear space over R.

Define u:X x X - X by u(f,g)(x) = f(x) + g(x) .To prove u is continuous .

Letf,,9,.f,9 € Xsuchthatd(f,,f) > 0asn - oandd(g, g) » 0andn - o« .Thenf, - f
and g, — g sothat f,, + g, — f + g .Since u is finite by (1) of theorem (3.2) , then d(f,, +

gn f+9)— 0 asn - o ieu(fy, gu) > u(f 9).
Define v:R x X - by v(Af)(x) = Af(x) .To prove v is continuous.
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Letf,f,, € L°(Q,F,u) and A,,,A € R suchthatd(f,,f) >0asn—> oand |1, — 1] > 0asn - o

Then A,,f;, i/lf since u is finite then d(1,,f,,Af) » 0 as n - o ie. v(f,, 1,) = v(f,1). we
now to prove the metric space L°(Q, F, 1) is F-space.

Theorem(3.6) : L°(Q, F, u) is F-space.
Proof: Since L°(Q, F, 1) is complete metric space we need to show that d is invariant .
Letf,g,h € Lo(Q, F,u) d(f +h,g+h) =

If+h—(g+h)| _ |f+h—g—h| — lf-gl _ 0 is F-
fﬂ 1+|f+h—(h+g)| i = fﬂ 1+|f+h—g—h| du = fﬂ 1+lf-gl d(f . g) then L(Q.F, ) is F-space.
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