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1. INTRODUCTION

Let H, U be a real Hilbert spaces, H*, U*are the dual of the spaces H, U, respectively, and H™, U™ are the
Hilbert product spaces doted.

Consider the perturbed linear time-varying nonlocal system of the form:

rdz;(t) ] (®)
-~ z1(t
dt (Axl(t) " 0 B, - 0 >|[ 1. |
— : : + : :
dz, (t) [Zm(t)J
dt -
uq ()
[E4 (t) o 1] [
0 [Em t .
L,y ()]
[21(0)] [Z0]
I [ |-
| |:| , z;(0)EZLie{1,..,m}
lzm-(O)J lZ.o—

Where, A(t):D(A(t)) c H - H be linear operator and A(t) = diag(A,(t), ..., A, (t)) with A;(t) is
enerates a strongly continuous semigroup T ; of bounded linear operators on real H|Ibert space H SatISerS
ﬁ?]"t || < M;e®tt>0, for M; >1,w; ER , and all i €{1,..,m}, and B(t):H—->H with B(t) =
dlag(IB%l(t) B,,(t)) are bounded linear operators i.e., there exists a real number c, such that ||B;(t)]] < c.
Moreover the operator E(t):U - H with E(t) = diag(E;(t), ..., E,,,(t)) is bounded linear operator for all
€ [1,m], z;(t) € H is the state, u;(t) € U is the control, and z, € H™, the inner product on the Hilbert
product space doted defined by (Zl,Zl)Hm = Yiz1(zi, z;)y.

The problem of controllability and stabilizability of the perturbed linear time-varying system(1), with
B(t) =0, and m =1, for all i € {1,...,m}has been studied extensively, see; e.g. [9,11,15,17], and the
reference therein. This problem related as an extension of the classical Kalman result [6] on controllability and
stabilizability of linear control system is to find an admissible control u(t) such that the corresponding solution
z(t) of the linear control system has desirable properties. Depending on the properties interested, one defines
different qualitative problem. For instance, the null-controllability problem concerns the question of finding an
admissible control u(t) which steers an arbitrary state z, of the linear control system into zero; stabilizability
problem is to find a control u(t) = K(t)z(t) such that the zero solution of the closed-loop system

4/ 102(®) = [A(D) + BOK®]z(t),t = 0

is asymptotically stable in the Lyapunov sense. Moreover, the linear control system is the stabilizable by the
control u(t) = K(t)z(t), and it is the stabilizing feedback control of the linear control system. Different
stabilizability concepts can be adopted to investigate the stability property of the linear control systems [4, 10,
and 14]. Wonham [14] extended stability properties is the concept of the complete stabilizability, which
relates to a strong exponentially stability of the linear control system. That is to say, the linear control system
is completely stabilizability if for every number § > 0, there exists a feedback control u(t) = K(t)z(t) such
that the solution z(t, zy) of the closed-loop system satisfies the following condition

AN > 0: ||z(t, zo) || < Ne~%||z,]l,Vt = 0
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This means that for every positive number § > 0, the system zero-input restraint of the closed-loop system
decays faster than e %%, In other words, for any given in advance the decay rate § > 0, the linear control
system can be §-exponentially stabilizable. It is well known that, If a finite-dimensional time-invariant linear
control system is globally null-controllable in finite time then it is stabilizable, but the converse is not true,
studied by Kalman [6], and Wonham [15]. Nevertheless, if the system is completely stabilizable, then it is
globally null-controllability in finite time discuss by Wonham [14].

However, in the infinite-dimensional control theory, investigations of controllability and stabilizability are
more complicated and require more techniques that are sophisticated. The difficulties increase to the same
extent as passing from time-invariant to time-varying system. Some extensions have been developed by
Slemrod [13], Zabczyk [16] for time-invariant control systems in Hilbert spaces. For time-varying control
systems in finite-dimensional spaces, using Kalman's decomposition method, [5] proved that the system is
completely stabilizable if it is uniformly globally null-controllable and [12] extends some of [5] to time-varying
control systems. P. Niamsup and V. N. Path. [1], develop the result in [12] on the relationship between the
globally null-controllability and complete stabilizability for the linear time-varying control system in the real
Hilbert space H.

From the all above, one can find a reasonable justification to accomplish the study of this paper. In this paper,
we develop the result of P. Niamsup and V. N. Path. [1] on the relationship between the exact controllability
and complete stabilizability for the perturbed linear time-varying system (1) in Hilbert space H. We show that
the system is complete stabilizable if it is globally null-controllable in finite time, and conversely under some
additional growth condition on the evolution operator of the system, the system is globally null-controllable in
finite time if it is complete stabilizable in finite time.

2. CONCEPT AND MATHEMATICAL PRELIMINARIES

The following concepts will be used in this article.

1. All real numbers are represented by the letter R, the set of all non-negative real numbers is denoted by
]R+

2. H, U denotes an infinite-dimensional real Hilbert spaces with the inner product {.,.), H* U*denotes the
dual spaces of the spaces H, U respectively, H™, U™ denotes the real Hilbert product spaces dotted with
the inner product defined by (z, z)ym = 2% 1(z;, Zi)n-

3. L(H) denotes the Banach space of all linear bounded operators mapping H into H, L2([t, s], H) denotes
the set of all strongly measurable L?-integrable and H-valued functions on [t, s].

4. D(A),A”! and A*denote the domain, the inverse and the adjoint of the operator A respectively, M
denotes the closure of a set M, I denotes the identity operator; the operator A is called self-adjoint if
A = A*, p(A4), and R(4, A) denotes the resolvent set and the resolvent of the operator A; respectively.

5. An operator Q; € L(H) is called non-negative definite (Q; = 0), if (Q;z;,z;) = 0, for all z; € H, and for all
i € [1,m]; LO(H)([t, +o], H') denotes the set of all linear bounded self-adjoint non-negative definite
operator-valued function on [0,), the operatorA(t): D(A(t)) c H - H be linear operator and
A(t) = diag (A, (t), ..., Ay, (t)) with A;(t) is generates a strongly continuous semigroup T, ; of bounded
linear operators on real Hilbert space H satisfies ”Tt,i || < M;e®t, t >0, for M; > 1,w; € R for all
i €{1,.. m}if:

1
Ai(t)zi = tl—l]g'l"? [Tt,i - Ii]zi ,VZi S D(Al(t)),l € {1, ,m}

Where, D(A;(t)) = {z; € H:lim,_+ % [T ; — I;]z;} exists.
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Consider the perturbed linear time-varying system (1), where H, U infinite-dimensional real Hilbert spaces
and H™, U™infinite-dimensional real Hilbert product spaces doted.

Assume the following assumptions satisfying.

1. A(t):D(A(t)) € H — H be linear operator and A(t) = diag(A;(t), ..., A, (t)) with A;(t) is generates a
strongly continuous semigroup T.; of bounded linear operators on real Hilbert space H satisfies
||’H‘t,iT| < M;e®t,t >0, forM; > 1,w; € Rforalli € {1,...,m}.

2. B(t):H — H with B(t) = diag(B,(t), ..., B;,(t)) are bounded linear operators i.e., there exists a real
number ¢;, such that ||B;(t)|| < ¢;, foralli € {1, ..., m}.

3. E(t) =diag(E,(t),...,E,(t)) is bounded linear operator for all i € [1,m], z;(t) € H is the state,
u;(t) € U is the control.

Therefore, by "bounded perturbation theorem" [18], the operator A(t) + B(t): D(A(t)) c H — H with

A(t) + B(t) = daig(A,(t) + B, (t), ..., Ay (t) + B, (1)) is infinitesimal generator a strongly continuous
semigroup S;; satisfies

|Se.i|| < Me@itMicdt for all t >0, omits B(t) # —A(t), and B(t) # aA(t), for all a>1, i €
{1,..,m}.

Moreover, the following conditions that guarantee the existence and uniqueness of the solution for the
perturbed linear time-varying system (1).

4, The linear operators[A(.) + B(.)]z(.), and E(.)u(.) are continuous and bounded in t € R* for all
z(.) e H,u(.) € U,andforalli € {1, ..., m}.

5. D(A(t) + B(t)) = D(A(t)) = H, t € R*, A(.) + B(.) generates a strongly continuous semigroup S; ;
on M, and there is an evaluation operator W; 4, 5(t,s):{(t,s):t = s = 0} - L(H), such that W; ,,(¢,5s) is
continuous in t, s and for each z; € D(A;(t)), W; 4,45,(t,s)z; € D(A;(t)) foralli € {1, ..., m}.

(l) dwi,A+B(t'5)Zi

DUV = [A(E) + BOIWiarp(t 5z, Wiarp(s,s) =1 .
(i) W 44p(t,8) = W; 4156, )W, 44 p(r,5), forallt >5s>0,i € {1,..,m}.

In this case, we say that [A(t) + B(t)]generates a strongly continuous evolution perturbation operator

W; 4+5(t,s), then for every initial state z, € H,and for every admissible control u(t), the perturbed linear

time-varying system (1)has a mild solution given by:

Let z(-) € H be a solution of the perturbed linear time-varying system (1), then by definition of evolution
family we have W; 4,5(t, 5), z;(s) is differentiable, that implies the H-value function g(s) = W; 4,5(t, 5)z(s)
is differentiable fort = s = 0; and :

ag(s) 0 0
35 W, a45(8, s)gz(s) + z(s) gwi,Aw(t: s)

= Wi a45(t$)2(s)([A®) + B(O)]z,(s) + E(s)u(s))z(s) (—[A®) + BOIW, 415(t, 5)Z(5))

Wi a+p(t, )E(s)u(s),

Integration (2) from 0 to ¢, yields:
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9(0) — g(0) = f Wy arp (6, )E(S)us) ds
0

Since:
9(s) = Wiaup(t,5)z(s),t 25 2 0

Then

¢
W; 445 (t, 0)z(s) = W; 445(t,0)z(s) = f W; 445 (t, S)E(s)u(s) ds
0

Hence,

t
Wi ars (6, 02(s) = W as5(t, 0)2(s) + f Wy ars (6, )E(S)u(s) ds
0

By definition of semigroup, we obtain the solution

W; 445(t,5)z(s) = z(t)
=W, 44+5(t,0)z

t
+ j W; 415t S)E(s)u(s) ds, 3)
0

The evaluation-perturbed operator W; (¢, s) is a natural extension to the strongly continuous semigroup of
time-invariant perturbed linear systems. For example, if A(t) + B(t) = A+ B is independent of t then
W; 445(t,5)S:;S; i, and the two parameter family of semigroup operators reduces to one parameter family
S¢:, which is standard a strongly continuous semigroup generated by A+ B € L(H), t € R*, then the
semigroup evolution operators W; 4,5(t,s) satisfying the above conditions always exists. However, if
A(t) + B(t), t € R*is unbounded perturbed operator, then the evolution-perturbed operator W; 4. 5(t,s)
exists provided additional assumptions [2,8].

1. Definition

The perturbed linear time-varying system (1), is called globally null-controllability (GNC) in finite time
if, for every z, € H, there exist a number T > 0 and an admissible control u(t) such that

T
Wi ars (6, 0)z0 + f Wi ass (T, )E(s)u(s) ds = 0
0
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2. Remark [2,3]

The perturbed linear time-varying system (1) is called globally null-controllability if and only if 3T >
0,b; > 0 such that

T
f |E* ()W 445 (T, )z"||*ds = b;||W; 45 (T, 0)z°||", ¥2" € H*
0

3. Definition

The perturbed linear time-varying system (1) is called completely stabilizability (CZs) if every number
(w; + M;c;) > 0 there exists a feedback control u(t) = K(t)z(t), where K(t) € L(H, U) is bounded on R,
such that the solution z(t, z,) of the closed-loop nonlocal system

[dzy (1) ]
d.t <A1(t) 0 Bl(t) 0 )
= S N N
dzn.l(t) 0 Am(t) 0 Bm(t)
dt
[Z1(t)]
E (&) - 0 Ki(8) - 0 [ - |
+ - : : : [ . |
0 - E,oll 0 -+ K,@® [ . J
7, (t)

RIOIE

lzl (O)J Z.o

Satisfies

AN > 0:]|;(t, zp) || < Ne~(@itMicdt||z ||, vt > 0,i € [1,m]. The solution for the stabilizability nonlocal
problem involves a perturbed Riccati operator equation (PROE) of the form:
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[dP;(0)]
dt Py (¢)
. Ai(t) 0 [B;’{(t) 0 .
+( S A )
. 0 A;‘n(t) 0 [Bg;‘n(t) .
dPn(t) lp, ()]
dt
[P1(D)]
a0 o B,() - 0
+ . ( S Y )
. 0 - A, 0 - B0
[P, (1))
[P1(8)] [P1(t)]
. ([E1(t) 0 ”]EI(t) 0 DI . I Q. () - 0 ]
- . P P +| ;
. o - E,oll o - e,/ . | 0 Q, (1)
2, ()] 12, ()]
0]
-
= -|: 4)
o]

Where, Q;(t) = 0, is given self-adjoint operators for all i € {1, ..., m}, it is not clear a priori what a solution of
(PROE) means. We will defined the solution of (PROE)(4) as follows.

4. Definition

The (mild) solution of (PROE)(4) is a linear operator P;(t) € L(H) satisfying the following conditions:

1) The scalar function (P;(t)z;, ;) is differentiable on [0, o) for every z;,y; € D(A(t) + B(t)) = D(A(t))
,ie{1,..,m}.

2) Forallz,y; € D(A(t) + B(t)) = D(A(t)), t e RY, i € {1, ..., m}:
%(Pi(f)zi' yi) + (P;()z;, (At) + B@®))y:) + (PO (A®) + B(©))z, yi) — (P, (EE*()P;()z;, y;) +
(Qi(D)z,y:) = 0.

We state the following sufficient condition, which guarantees the existence of a bounded solution P;(t) of
(PROE)(4).

5. Definition .

Let Q;(t) € LO([0, ), H"). The perturbed linear time-varying system (1) is called Q;(t)-stabilizable if for
every initial state z,, there is a control u(t) € L2([0, ), U) such that the cost function:
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[ ()] f [l (I +4@u (D21 (t, 20), 21 (6, 20))] dt
1\ 0
|

il '
]m(-ui)

f[||u1(t)||2 +{(Q1 ()21 (t, 20), 21 (t, 2))] dt
Lo

Exists and is finite for all i € {1, ..., m} .

6. Remark [2]

If the perturbed linear time-varying system (1) is Q;(t)-stabilizable, then the (PROE)(4) has the solution
P;(t) € LO([0, ), H") bounded on R™.

3. MAIN RESULT

Consider the perturbed linear time-varying system (1) in real Hilbert space. As we have already hinted at
introduction, for time-invariant control system in finite-dimensional spaces Wonham [13] studied the
equivalence of complete stabilizability and global null-controllability and for the case of infinite-dimensional
systems, assuming a compactness property on the semigroup Slemrod [11] showed that the time-invariant
control system in Hilbert spaces is completely stabilizable if and only if it is globally null-controllability in finite
time. P. Niamsup and V. N. Path. [1], develop the result in [13] on the relationship between the globally null-
controllability and complete stabilizability for the linear time-varying control system in the real Hilbert space
H. In this paper, we develop the result in [1] on the relationship between the exact controllability and
complete stabilizability for the perturbed linear time-varying nonlocal system (1) in Hilbert space H. We show
that the system is complete stabilizable if it is globally null-controllable in finite time, and conversely under
some additional growth condition on the evolution operator of the system, the system is globally null-
controllable in finite time if it is complete stabilizable in finite time. In this section we us the following growth
condition on the perturbed evolutionW; 4. g, (¢, s):

(H) 3M; > 0,y; + Myc; > 0: |W;45(t 5)|| < MieVitMiedlt=sl wt, s > 0,i € {1,...,m}.

From [8] that the growth condition H hold for time-invariant system whenm = 1,B,(t) = 0, for, and
A(t) € L(H) is a linear continuous constant operator as well as for time-varying system when A(t) is a matrix
function uniformly bounded in t € R*.

Proposition 3.1

The perturbed linear time-varying system (1) is completely stabilizable (CS,) if it is globally null-controllability
(GNQ) in finite time.

Proof:

Assume that the perturbed linear time-varying system (1) is globally null-controllability (GNC) in finite time.
Let (w; + Mc;) > 0, for all i € {1,...,m} be any given number. We take a change of the state variable
y;(t) = e(@itMicidt 7 (1), then the perturbed linear time-varying system (1) is transformed to the system given
by:
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ol _ n®] Uy ()
: A (D) - 0 B,(t) - 0 : E, (&) -~ 0 .
: =< : o+ : )[ : l+ : : [ : ‘
: 0 A, () 0 - B0 : 0o - E,@® :
diym (t) |.ym (t)J |_um (t)J
| t i

[}’1(0)} [YoZo]
: [ - |

=| : |,Vi€[1,m]:

[ym.(O)J lyo.ZoJ
{1,..,m}, 6)

Where,
Al(t) 0 @1(15) 0
: : +| :
0 Am(t) 0 @m(t)
A (t) - 0 B (t) - 0 el@1+Mycy) ., 0
=< : : + : : >><[ : : ]xl
0 e A 0 e B, (1) 0 vo elom+Mmen)
and,
E, (t) - 0 [e(w1+M101) 0 [E1(t) 0 ]
6 Em(t) - 0 e(wm"':Mmcm) 0 Em(t)
We choose an operator function Q;(t) € LO([0, ), H) bounded on R*, such that
[Ql(t) 0 ] A - 0 B,(t) - 0
oo S -1 N T T N I S :
0 Qm(t) 0 Am(t) 0 I’B;m(t)
El(t) 0 Ei(t) 0
+< RO ” A D o)
0 IEm(t) 0 [E;n(t)

We now show that the perturbed linear time-varying system

[A,(0) + By(6), E;(D)]:
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- d
dtx.l(t) = Ali(t) 0 + IElS(t) O I[xll(t)]l El(t) 0 I[ul:(t)-i
0 0 0 B, () [ (t)J 0 E,.(t) [ (t)J
|77 m®)]
(O o
e
xm(O)J L, |

is globally null-controllability in finite time.

Moreover, by the globally null-controllability of previous system [(A;(t) + B;(¢)), E;(¢)], for every xo € H
there exists a time T > 0, and admissible control u(t) € L2([0,T], U) such that:

Wi a25(T, 0)xo + f Wi 125 (T, )Eg(8)ui(s) ds = 0, Vi

(8)

e (@i+M;c))T

Multiplying both sides of equation (8) with and observing that

Wi a+5 (ts)= e(wi+Mici)|t_S|Wi,A+B (t,s)

We find

t
W; 44+5(T, 0)xo + fwi,g+§(T, S)E;(s)@;(s)ds =0,Vi € {1, ..., m}
Where ;(s) = e@itMicdsy, (),

This implies that the perturbed linear time-varying system [A (t) + B;(t), E; (t)] is globally null-controllability
in finite time. Let u; ,,(t) be an admissible control as stated by to the solution x;(t) foralli € {1, ..., m} of the
perturbed linear time- -varying nonlocal system [A (t) + B;(t), E; (t)] steers x, € H into zero in tlme T.

For every initial state x, € H there is an admissible control u; , (t) € L%([0,T], U) such that the solution x;(t)
of the system as maintained by the control u; ., (t) satisfies xl(O) = x0,x;(T) =0, foralli € {1, ..., m}.

}

Defined the admissible control @; ,,(t) € L%([0,T],U),t = 0 by

ui,xi(t): lf t E [0, T]

Ui, (8) = {0 ift>T

Therefore, we have
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Ji (ﬁi,xi (t)) =

T
= f [”ﬁi,xl-(t)Hz + (Qi(t)xi(t),xi(t))] dt < +oo
0

(172, O + (@i ©x:(0), x:(6))] dt

Therefore, the perturbed linear time-varying nonlocal system [Ai(t) + @i(t),IEi(t)] is Q;(t)-stabilizable. By
using remark 2 to the cost function (5), we can find an operator function P; € LO([0, ), H") which a

solution of the following PROE

[dPy(t)]
C Mmoo ] [Bo
+ : SN
dP,,.l(t) 0 - AN 0
dt
B, () 0
+| : —
0 @m(t)
|
0
w® - 07 |]
+| : ]: |
0 m(t )
Qn () loJ

or equivalently

I, olle, @l

Py (t)

P (t)]

Py (t)[PL(D) _
- A31_(15)

0

0 |[|Ei(®

fE',,: @l o

0
A (t)
Py (t)
0 }

F;‘n:(t) :
lp. )]
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[dPy(8)] PL(O)
d _ _ [F(D]
- o - o ] [Bo - o \| . |
+ S T £ B A : I I
. 0 e AN (t 0 @;n t )
dP,(t) ® © Pm(t)J
dt
Py (t) B B
Al(t) 0 ]Bl(t) 0
+ : S E S :
. 0 - A, 0 - B,@®
lp. ()]
[PL(®O] _ [P1(8)]
| - |/|E.®) - 0 [JEI(® - O | - |
- 2e<wi+MiCi>t| | P P | |
. 0 - E.0[ 0 -~ E.0]/| -
lp )] 12, (0)]
0
Q1) - 0 |[]|
+ 0 Qs()]=|.|, 9
. m(t .
o]
We consider a Lyapunov-like function
Wi a4t yi) = (Pi®)yi, yi) + llyill?
and construct a feedback control of the form
ui(t) = — 5 2O MDE (D[P(E) 1y (0, 10)

By taking the derivative of W; o1g(.) in t along the solution y;(t) of the system (6), and using the chosen
feedback control and the PROE (9), we have

& Wiaen, (6,30 = G P00, :(0) + 2(P(£) = y,(8), (D) + 2 (S y:(8), 71 (),
= ((—(&; + B;)P; — Py(A; + B;) + 22 @Mt pEEQ; )y, vi)
+2(P;[(A; + B} )y; + Eowi] i) + 2((&; + B})y; + Eyuy, 1),
= e 2@t PR T Pry;, yi) + 2P, vi) + 2((A; + By)yi vi) +2(Eus, vi) — (Qevi vi)
= —([Qi(t) — 2(&; + B;) (¢) — e 2@HMDE, (O E; (1) ]y; (1), y: (1))

= —([Q;(®) — 2(A; + B;)(®) — E;(OE; (O ]y:(®), y: ()
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By choosing Q;(t) from (7), we find [Q;(t) — 2(&; + B;)(¢) — E;(©)E;(t)] = 0, and hence:

d
awi,A+B.(t'yi) < O,Vt > 0,l (S {1, ...,M}, (11)
L

This inequality shows the property boundedness of the solution y;(t) for all i € {1,...,m} for the nonlocal
system (6).

Actually, by integrating the inequality (11) from zero to t, we obtain that:
Wia+5(t yi) = Wi 448(0,0) <0,
and hence
(Pi(®)y:i(®), y:(©)) = lly: ONI* < (Pi(0)y0,¥0) — llyoll*.
Since P;(t) = 0, forall t € R*,i € {1, ...,m},
ly: (Ol < (P (0)y0,¥0) — Iyoll?, vVt 2 0,i € {1,...,m},
We can find a number N > 0 such that:

ly: @I < Nliyoll, vVt = 0,i € {1,...,m}.

Therefore, by returning to the solution z;(t,z,) of the perturbed linear time-varying system(1), we finally
obtain that:

lzi(t, zo)|| < Ne~(@itMicd||z0|1,vt > 0,i € {1, ...,m}

Then, the perturbed linear time-varying nonlocal system(1) is completely stabilizable by the feedback
control(10) trasfromed in the state z;(t) as

w(t) = _%e_z(wi+MiCi)tEi(t)[Pi(t) — 1y () = K;(H)z; (1),

Where K;(t) = —%Ei(t) [P;(t) — I], which is bounded on R*.

Then, the globally null-controllability implies completely stabilizable. [ ]

Proposition 3.2

If the perturbed linear time-varying nonlocal system (1) is globally null-controllability (GNC) with condition H,
then it is completely stabilizable (CS,) in finite time.

Proof:

Suppose that perturbed linear time-varying system (1) completely stabilizable. By property of the
perturbed evolution operator we have:

ElMi > 0, Yi + Mici > 0: ”W:(t, S)” < Ml-e(yi+Mici)|t_S|,Vt,S > 0,l € {1, ,m}
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For chosen number w; + M;c; > Yz + M;c; > 0, there is an operatorK; € L(H, U), which is bounded on R*
such that the solutlon z; (t Zp) = K (t 0)zo, where U; 4. 5,4k, (t,0)zo is the evolution operator
generated by the operator [(A (t) + B; (t)§+ K; () E;(t)], satisfies

3N > 0 such that

llz;(t, zo) Il = ||U; a,, By+k, (6 0)Zo|| < Ne™@itMicdt|iz ||, ve > 0,i €

{L,...m} (12)

Furthermore, for every z, € H feedback control u;(t) = K;(t)z;(t), the solution z(t,z,) of the perturbed
linear time-varying system (1) is defined as

t

zi(t,29) = Wip,, g+ (t,0)zo + f Uja,,B;+k; (6 S)B; (s)u;(s) ds.
0

Therefore,

t
Wi, B, 0)z0 = Uja,, B4k, (t 0)zo — fWiAH]Bi(t' SE;(s) K;()U; a,, B,+K; ( 0)20,

Forallt € Rt,andi € {1, ...,m}.

Since the above relation holds for every z, € H, the following estimate holds for every z; € H*, we have

||wl=f,Ai+]Bi < ||U;Ai+]Bi+]Ki + f”[U;iAi+]Bi+]Ki(s' O)K;(S)IE?(S)W;AH_[B{
0
By using condition (12), we obtain that:

t

[Wia,, 8, (@t Miedt |74 || + NK f e (wrttict | s, (65| ds
0
1
t 2
< Ne—(a)i+MIici)t”ZO” + NK fe_(wi+MiCi)t
0
* * 2
[ I @Wia 5 el ds | 13)
0

1
Where K = sup{KK;(s):s € [0,00)}. Setting p;(t) = (f(fe‘(‘*’i+MiCi)t)2, we obtain that:
1

1 1 e_z(wi"'MiCi)t)Z, (14)

2(w; + Myc)  2(w; + Mc;)

@ = (
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We prove the globally null-controllable of the perturbed linear time-varyingl system(1), by contradiction.
Suppose that the system(1) is not globally null-controllable in any finite time t > 0. Then, by using remark 2,
for every t > 0, and for some chosen number b; > 0,k € (0,1), satisfying

2
(1 - K)y/2(w; + Mic;)
b; < , 15
: o (15)
there is zy € H", such that:
t
* * * * * 2
f“Bi(S)Wi,AHBi(t' $)zg||ds < by ||Wi,Ai+Bl-(tl 0)zof| (16)
0

This means that, the inequality (16) shows that z; % 0, we may assume that the inequality (16) satisfying for
all zy:||zgll = 1; otherwise we can take z; = —= for all i € [1,m]={1,...,m} . Therefore, by using

inequality(13), (16), we obtain that: ]

Wi a,,m,(¢, 0025

< Ne_(wi"'Mici)t

+ VENK (t)”W;AHlBai(t, 0z, (17)

On other hand, we observe that:

1=zl = [|[Wia, 5, 0)W; 4, 5, 0)z;

< [|W g, 5,6 Ol Wi g, 5,(t 025

)

Which, due to (12), and ||W7 4, , (£, 0)z;

# 0, we have:

”WLAH[Bi(t' 0)z;|

? . AL, .e\Yi et
Wiy, (6, O] < Myevisiticot (18)

Thus, by using (17) and (18), we obtain that:

N e~ (@i+M;c;)t
1<— — + VENKp;(t) < NMe (@itMicd=(ritMicdlt 4 \feNK p, (t)
”wi,AkH]B%i(t: 0)z,

Hence

1-— \/ENK,Lli(t) < NMie_[(wi+MiCi)_(Vi+MiCi)]t’Vt >0

This means that, the above relation does not depend on z;, we can let t go to infinity and observation from
(14) that;

w; (t) - 1/ , the right hand-side goes to zero because of (w; + M;c;) > (y; + M;c;), we
obtain thiat/ v 2(w; + M;c;)

1
1—+VKNK ————-=<0.

V2(w; + M)
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Then, by using (15) it follows the condition

1
kK<1—+VKNK——=<0

1/ 2((,()l + Mici)

Which is contradiction. This means that the perturbed linear time-varying nonlocal system(1) is globally null-
controllability in finite time.

Theorem 3.1

The perturbed linear time-varying system (1) is completely stabilizable (CS,) iff it is globally null-controllability
(GNC) in finite time. Conversely, assume the condition H, the perturbed linear time-varying nonlocal system
(1) is globally null-controllability (GNC) if it is completely stabilizable (CS,) in finite time.

Proof:

The proof is direct way on proposition 3.1, and proposition 3.2.
[

4. CONCLUSIONS

In this paper, we have established the equivalence of globally null controllability and complete stabilizability
for perturbed linear time-varying control systems in real Hilbert space. The result obtained by extends existing
results in the literature to infinite-dimensional and time-varying perturbed control systems.
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