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ABSTRACT:
s,a, . o -
In this paper, we introduce generality the linear operator G(l ) ) defined on the open unitdiscU = {Z € C: |Z| < 1}.By
p ) 4q G
using this linear operator @>®* , we introduce a subclass of analytic functions S(S;))( ) (6,d) Moreover, We obtain some
p J\Hq )¢

(#p){#aq)s

geometric characterization like coefficient estimates, dis tortion and growth theoremsclosure theorems and integral operators, rad

~s,a,4

ii of close —to — convexity, convexity and starlikeness forfunctions in the class \5(/1 )(ﬂ )Q(5, d).
p)\~q)
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1. Introduction

let A symbol to the class of analyticfunctions that
from

f(z) = Z+Z:o=2 a,z", (L1
whichare analytic and normalized in the open unit
disc U = {z € C:|z| < 1} in thecomplex plane.
For functionsf € A .Next we will provide generalized
the linear operator drawn upand introduced by

Srivastava and Gaboury [1]as follows :

Pt (1) A A,
(%} a)s
when characterized by

W)
(20){ea)e

Such that z;fj; ')f(yq)&(z) is defined by

_esa,l

f(z) = C(/lp),(pq),g(z) *f(z) (1.2)

16

ol

-1

A l'[j=1(uj)(1+a)s I(s).A| 1+ a,(,‘,s,/l]

l_[§'7=1(’1J' )

(11,1, 1) . __a”
'[q)/h,---./lp:ul.---,uq (z,s,a, ¢ ,/1> ORI ¢ ,s,/l)]

1 (1:2)

Iy

j=1 ! n’l(A(a+n,g,s,i)J(
q A(a+l¢,s,4
211 (1+;1J-)n_1L (atlos.d)

Where
1

A(a,gs,4)=Hg) [gl(n +a)|(s,1),

linking ( 1.2) and (1.3), we Obtain

a+1js "

a+n) n!

]

(13)

(1.4)
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s,a,A

9

(p ()
'—Z+Zx:1’1( )“1 A(a+n,¢s,A) [1+a)saz”
i (1+u) Al+a¢s,A) Jlatn) "nt

=1

(ljeD(j=1,-~,p‘);,uje: \0g(j=1,-q)zel;
p ¥ q+1 min{R(a ),R(s)}>0; 1 >0 when
R()>0 ands ell;a el \[J ;when ¢ =0)

(€.5)

n-1

for more details see[2]

Defintion 1.1 : Afunction f A be given by (1.1) is

saidto bein the class T 57

(40 ) (1)

(6,d) if the following

condition holds:
s,a,/l

f(2)
Re {1+~ (15)(’%’)'(”2‘1)‘9%[@(8;,2) ’ )Qf(z)]l >0. (16)
p J\“q )

'

Or, equivalently:

Sl f(2)
(5) (/lp)’(ﬂzq)v‘?

< 1,

+o] Sl f(z )] -
[ (% (1) @
s,a,4

9 f(2) ,
Ap ) 1),
(1—5)M+5 S f(2)|-1r2d
. 2p){uq )
wherez eU,6>0,d e0 —{0}.

Some special cases of the above class can be found in [3],[4]

Let T denote the subclass of A consisting of function of
the form

f(z)=z - Z:=2an ", a, =0 (1.8)
~s,a,4 .
Now we define the class J( I )‘Q(d,d) by:
c~s a,A Tsa). T .
SR (EA)=T N, @dn (L.9)

The class 5, J,d) isintroduced and studied by Al-
SN NCD Y

Hawary et al. [5], Darus and Faisal [6], and Amourah et a
1.[7,8,9].

In our present paper, we obtain some interesting geometric
properties in the class J( )( ) (0,d)

2.Coefficient Inequalities

Theorem 2.1. A function f € A given by (1.1) is in the

~s.,a,4

class J( 20 )t )‘Q(d,d) if and only if

p
I (1+ij)
0 / -1 S
DR Ve [A(“”"‘“S'M](mj & <,
q A(l+ags,A) J\atn/ n!
n=2 I (taj),
j=l

(ijeD (L) s24j€0NIG( 4 0)zel; P T q+1;

min{R(a ),NR(s )}>0;4>0 when R(¢)>0 ands €J;al\0g

when (;=0)
Proof:Let f € 3 @(sa)/l( )Q(d,d) . Then for z€ U we
have
g f(2)
ap)
(1—5)L+5(65“ f(z)j
Z (%0} )<
0s,a,/l f (Z) .
p) 1)
(1—5)M+5( g (z)j “1+2d|=
z (2p M1 )s
P
- 11 l+ij B
Y [+ 8(n-1)] jgl( b [/:\(Tn&'sf)](mjsam n-1.-
- o (l+,ttj) (1+a¢s,4) Na+n
=1 n-1
p
1T (1+A4;
2d- ; [1+ 5(n-1)] j:l( ])n - [A(a +N.Gs, A)J(Hajsan P
n—2 19[ (1+,uj) A(l+a,s,4) \a+n
=1 n-1
p
. il (1+/1j)n—1 .
< ¥ e s(n-HPt [AA(a;“&Sf)J[Ha) an 2" 221
n=o 19[ (1+/1j) . (I+a,s,4) \a+n
j=
3
. 1T (+2; )ni .
+ ¥ [+ 8(n-1)] 1= [lt\(al+n‘c's‘j)}(mj an ‘anl‘
n=2 19[ (1+,uj) (A+a¢s,4) fa+n o
i1 n-1 (1.8)
p
I (1+,1j)n_ .
< O§2 [+ s(n-1] A2 ’t\(é"l:a”f:'j))](gj a —ld<o.
n= 1619, n
I (Leuj)
i !
This implies
p
I1 (1+ij) . S
© 1 —
S [+ s(n-nPt A@ +nes.2) [1&) a <|d
= q A(l+ags,A) J\a+n n
n=2 I (Hluj)n_l
j=1

Contrariwise, let inequality (2.1) is satisfied. Then
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I ,
(1—5)“")""‘”@Jré[g“M f(z)J 1
z 2p (g ) <1
ot (2) : '
(1)l +5[W'i f(z)] ~1+2d
z (%0 }{xa )

This Completes the proofof Theorem 2.1.

Corollary 2.2.1f f in S(S’;'f

( )9(5, d) is given by (1.1), then

d|

p
11 (4j+1)
[1+5(n—1)] Jq:1
H (‘uJ +1)[‘] -1

j=1

n-1 A(a+n,cs,1) (1+a)s
A(a+l¢s,A) \a+n

3.Distortion and Growth Theorems

we give distortion and growth bounds for the functions f

belonging to the class S(S ’)ﬂ(

a - . .
is contained in the
o Hg)s D)

following theorem.

~s,a,4

Theorem3.1.Let f € 3
(]'p )*(”q)

by (1.8). Then| z |=r <1, we havefor
[d]

Q(5, d) which is defined

24t

r —
11 (145)
[1+5] Jq:1

1 -
J.El( 1)

n _1(A(a+n,g:,s,l) [ﬁjs
LA (a+lg,s,A) fAa+n
n-1

d] 2

11 (1+5)
[+ q=1

Jlll(l-'—ﬂj )n_]_

n_l(A(a+n,g:,s,l) (1+a )S
A (a+lgs,A) \atn

and

1- 5 2d] r<f ()]

”_1(A(a+n,<;,s,;t) (m)s
LA (a+lgs,A) \atn

2d]|

11 (144)
(51 ;1

jl—il(l-'_'uj )n_]_

n_lfA(awLn,g,s,i) [Hajs
LA (a+lgs,A) \atn

~s,a,4

Proof: Since f € 3 6,d), from Theorem 2.1
(2g)o)s O D

Wwe can write

© d
Y ap< i

n=2 P
IT (4j+1
':1( ) )”_1[A(a+n,c;,s,/1) 1+a\®
T g Aa+lesA) la+n
I (wj+1)

j= n-1

Thus, for| z |=r <1, and making use of (3.1) we have

(e 0] 2 o0
[ f@)Llz|+ 2 an‘zn‘£r+r 2 ap
n=2 n=2
|dI

<r+ o
11 (144
[1+5)] Jq:1

IT (L+uj
j:l(WJ)

n-1

and

o0
> an

x 2
[ f(z)2 z|- 2 an‘zn‘zr—r
n=2

n=2
|d|

N1 (ACa+ngsi)) 1+a )
A(a+Lles,A) \ aun

(31)

Una@imgs) (M)S
A(a+l,¢s,4) La+n

As well from Theorem 2.1, it follows that

]9[ (1+i j )

-1 A@a+ncsd) (1+7a js
A(a+lgs,A) \a+n

n-1 o0

1 .
,El( )

o

0 .
Y [+ 5(n-1)1
n=2

'L

a+n

(1+4] )n 4
) [

A(l+a,g,s,4)

L=
=
+
=

n-1(A(a+ngs,2) [1+a )S
A(a+l¢s,4) \a+n

and

Aa +n,<;,s,l)][1+a)s

n



o

, o0
‘f (z)‘zl— 2 nag|z

>
[any
|
-
™8
>
s}
v

1+A4j
( J) _ s
n ® j=1 -1 (Aa +ncs2) (1+aj
n=2 n=2 > [+ 5(n-1)] q AGacsd) o a,
2| n=2 I (bai)
1- b r. =1
IT (1+4;
N CLE P &l f 1),y
‘q A(a+l,¢s,4) \a+n ® Jj=l A(a +ngs,1) |(1+a 51l
I (l+,uj) Y [1+8(n-1)] Ha ol s an
. n -1 q A(l+ags,A) J\a+n l.
j=1 n=2 I (1+”j)n— i=1
Then, the proof of Theorem 3.1.is complete j=1
p
4. Closure Theorems Ul 11 (1+45) S
1 j=1 | A(a +ngs,A) |[1+a .
Lyl s s (22 e,
Let the functionsg; (z), i = 1,2,...,I be defined by | Rt i (1+”j)n 1[ Al+aes.A) J an
=1
9i(2) =z-37., Aniz" a4 =0 (4.1) 11
forzin U. <7 X (d|=|d |, which implies that E(z) € S(S a)i( )b(a,d).
i=1 '
Closure theorems for the class 3(5 2 ) are given by Theorem 4.2. The class S(z ’)(ﬂ )Q(&d) is closed under
p q)
the following convex linear combination, where
(ijeD(j:l,m,pl);yje[l\[la(jﬂ seaizel p g+l
Theorem 4.1. Let the functions g (z)which is defined min{R(a )R (s )}>0.4>0 when R(g)>0 and s <1 a<l\ g
13
by (4.1) be in the class S(Sa)’l( )Q(d,d) when ¢=0).
(ﬂj el (j=1,-,p); ujell \Og(j=1--0)i=12,..,1;z€U; Proof: Suppose that the functions g . (z)(i =1,2)de

wsal -
0t gL mingSi(a )9 (s )}>0;450 when R(c)>0 and's &1 fined by (4.1) are inthe class\s( 7 u )&(5,d), itis

suffices to prove that the function
K@) =¢g9:@ +(1-9)g.(2), (0<9p<1)
4.3)

ael\l Bwhen ¢ =0) . Thenthe function E(z) defined by

o0
E@=2- % gz, q,20 (42) o —ea
n=2 is also in the class \5(/1
P

A
\(u q)";(cS,d).

~ Since, for 0<p<l
is a member of the classg;(z) in \S(Sf )/1(ﬂ )Q(d, d) ,where ?
p )\~ q )

K@) =2+ ¥ {pan1+(-pan 2}z

1] =2
==Y apj (h=2 n=
9 = i ni ( ) we observe that
p
Proof: Since g;(z ) € S(S a) )&(5, d) it follows from °° S [+ 5(n-1)] j=1 [A(a +n,¢,S /1)]
AL
Theorem 2.1 that n=2 [(} (1+#j )n 1 (+acs.4)
0 . n-1 S
> Lot Ao oot |18 oy o] (1)’ .
q A(l+a,cs,A) |Lat+n pan 1 +(1-p)an 2
n=2 Nl (1+ﬂj )n o a+n
j=1

foreveryi = 1,2,...,1. Hence
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p
i 11 (1+/1j) 1y 2 5
. PoE! a +n,S, iHa
=¢p X [+6(n 1) q [A(1+a,c,s./1) ](amj an'l
n=2 I ()
j=1
. _1‘[(1+/1j)n 9 s
+1-9) X [L+5 (n-1)] Jq: : [A(Z:a”::;))][mj 2
n=2 H(lﬂlj) ]
i=
<gld|+L-p)|d|=|d]:

Hence K(z) € 3%%*

p(AIPAR

. This completes the proof of

Theorem 4.2

5. Integral Operators

In this part, we review integral transforms of functions in the

class S(s a4 (5 d)

Theorem 5.1. If the function T defined by ( 1.6) is in the

class §° “ (5 d) Where

(o)
(ﬂ.JED (j=1,"',p,) ,ﬂJGD\Dﬁ(J::I- r"ﬂ);ZGU; p T q+1’

6.Radii of Close-to-Convexity, Starlikeness and
Convexity

Afunction T & A is said to beclose-to-convex of
order 77 if itsatisfies

Re{f'(2)} >n, (6.1)

forsome 7(0<7 <1) andforall z € U Alsoa
function f € A issaidto be starlike of order 77 ifit

satisfies
zf’(z)}
—t >7, 6.2
fRe{ f(z) n (62)
for some (0 <n <1)andforallz € U. Further,a
function T € A issaidto be convex of order n, if and

onlyif z f'(z) isstarlikeof order 77, thatis If
2f (2)

Re{l + o } > 7, (6.3)
forevery?7 (0 <n < 1)andforall zinU.

~5,a4

Theorem 6.1.The functionf belong to be the cIassJ( ] (6,d)

p)‘(“q,@

is close-to-convex of order 77 in |zl<hy (u.6.d.7), where

1
R(a 0450 when R(g)>0 and's e1;a€l\0 1%(1+/1-) "
min when ands ell;a
{R(a ).R(s)}>0;2> (¢)> éliael\lp =1 04 ( pasngsn) Y1ea
(I=m)[L+o(n-1)] —
when Q=O). g (1+/1') A(a+les,A) \a+n
defined by ) _ 4 Vha
c+1 -1 1(#»51d177):|nf n[d]
F(z) === ' f()ae, (e>-1) 1) n
alsobelongstothe class SS‘M (0,d).
(p (140 ) ¢
Proof: from (5.1), it follows that
o0 It ici
F(2)=2- % Qnz", where an(gjan. Proof: It is sufficient to show that
n=2 ' X n-1
Therefore, ‘f (Z)—1‘< X na |z| "<1l-p (6.4)
p ) n=2 I
o _Hl(lJ”lJ )n -1 A( 2)(1a and
1 = a +n,g,s, (Laj
n22[+5(n ! r?(l | [A(1+a,§,s,ﬂ) amn) n I%(le)
= THj) © P n-1 S
e N Firtest) (e IO
b n=2 H(l+,uj)n_1 A
© f_11(1+11 )” 1 (Afa +n,gs4) |(1+a ) (el =1
= 3 [ (001 S (—j ( ja Observe that (6.4) istrueif
n=2 q ) A(l+ags,A) Jla+n c+n
B H1(1+'UJ )n -1 n | 7 |n -
= —— <
I-n
o Jl%l(HlJ) 1 (Aa +ngs2) |(1+a\® 11 (1+,1 )
< 1 )2 63, A) e <ld|, : s
= %2[+5(n ) q [A(l+a,<;,s,ﬂ) J(aw] a <l [1+6(n-1)] j=1 N1 AGa+ngs.A) [hja)
n= nl (1“‘1') _ A(a+l¢s,A) \a+n
1
=1 I (1+”J) 4
since f(z)e€ SS 2% (5,d) . Hence by Theorem 2.1 = (6.5)
(oe)s™* g - di

~S,a,4

FOE I, D)

Solving ( 6.5) for |z |,we get

20



=

p
11 (1+4j)
(1 )[1+8 (n-1)] ’q:l

L
jﬂzl( )

N1 A(a+ngsA) (1;& js
A(a+lgs,4) \a+n

n-1

nd|

| z|I<

~s,a,4

Theorem 6.2. If f belong to be the class ‘S(/l o )g(é‘, d)
p )\~ q)

then f (z) is starlike of order 77 in | Z |[<where

1
p —
11 (1) s n-1
(1o L6 (- A@+ngs, ) [1;3 j
d Afatlgs,A) \a+n
H(1+yj) .
h,(u,6,d,7) =inf j=l n-
H,0,0, =
; n (n=m)d|
Proof: We must show that Z;I((Z)) I .
z

|z|<ho (2,6,b,77) since

.H n-1 s
[1+6 (n —1)] i=1 [A(a+n,g,s,/l)j(1+aj
Hq A(a+lgs,A) \a+n

f(z)is starlike of order 17

~s,a,4

Corollary 5.3. If f belong to be the class 3 (5,d).
(AP)(”Q)’Q

Then f isconvex of order 77in |zl< hg(u,0,d , 77), where

p

11 (+2)
(s (0
1 teu)

=t

N-1( Aatngs,A) {lﬁf
A(a+l¢s,4) \a+n

n-1

n(n-n)id|

ha (11,6,d,m)=inf
n

(n>2).

=S
[N

iR
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