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1. Introduction 
 

let A  symbol to t the1class of analyticfunctions that 

from 

            𝑓 2l ( 2l 𝑧 2l ) 2l = 2l 𝑧 2l + ∑
2l 𝑎𝑛 2l
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𝑛 2l =2 𝑧 2l 𝑛   ,                    (1.1)                                                                                                        
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Srivastava and Gaboury [1] 2l a 2l s 2l follows :
 

   
. .

,. ,

.

.
.

, , .
( ) : ,

p q

s a
f

 


A A

ç
ø  

when characterized by 

                          

       
.. .

., ,

, ,

, ,

, ,
( ) ( ) ( )

.
ζ

p qp q

s as a
f z z f z

 



 




çç
ø                 (1.2)                   

Such that
   

., ,

, ,
ζ ( )

p q

s a
z



  ç
 is defined by 

   
., ,

, ,
( )ζ

s a

p q

z


  ç
 

 
i
 

≔
i i

i 𝜆
i
∏ (

i
𝜇𝑗

i

)(
i
1+𝑎

i

)
𝑠i

Γ(
i
𝑠.). Λ.[i i i

1+𝜄𝑎.,ç ,𝑠,𝜆]

−1
𝑞

i

𝑗=1

∏ (.𝜆𝑗𝜄)i
𝑝

i

𝑗.=1
i

                                                       

. [Φ𝜆1,…,.𝜆𝑝;.𝜇1.,…,,𝜇𝑞1

(1,…,1,,1,…,.1)1 (𝑧𝜄 , 𝑠. , 𝑎; ç , 𝜆,) −
𝑎−𝑠.

𝜆.Γ.(𝑠.)
Λ.(𝑎. , ç , 𝑠, , 𝜆)] 

 

 
 

1
1 ( , ,

.
.

. .....
.

, ) 11
1.3

( 1, , , ) !
2 1

1.
.
.1

.

p

j s nn a n s a zj
z

q a s a n n
n j n

j








      

     
    

 




ç

ç

Where 

1

2,0

0,2

1
( , , , ) : ( ) | ( ,1), 0, .a s n a s



  
    

   

ç H ç

  

(1.4)  

linking ( 1.2) and (1.3), we Obtain 
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for more details see[2]
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Some special cases of the above class can be found in [3],[4] 
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2.Coefficient.Inequalities 
 

Theorem 2.1. 2l A f 2l unction f A give 2l n by.(1.1) is 2l 2l i
2l

n the 

class 
   

. , ,

, ,
( , )

p q

s a
d



 


ç
 i

2l

f 2l 2l and 2l 2l on
2l

l
2l

y if  

 

 

.
. ., .

.. . .....
.

1
1 ( , , , ) 11

[1 ( 1)] ,
!

(2.1
(1 , , , )

2 1.
1

)

1

p

j sn aa n s aj nn d
q na s a n

n
j n

j









      
           




ç

ç





,( 1 , , ) ; \ ( 1 , , ); ;, 0

min{

. . 1. . .. . . . .

1, , , .,( ), ( )} 0; 0 when ( ) 0 and ; \ 0

 whe .n 0

U 1;j p j q zj j

a s s a

p q 



    

       





ç

ç

†

 

Proof: L 2l et 2l

.f 
   
, ,

, ,
( , )

p q

s a
d



 


ç
. 2l Then 2l 2l for

2l

 zU 
2l

w
2l

e 

have 

   

   

   

   

. .

. .

, ,

, ,

, ,

, ,

, ,
.

. ., ,

, ,

, ,

( )

(1 ) ( ) 1

( )

(1 ) ( ) 1 2.
.

p q

p

p q

p q

q

s a

s a

s a

s a

f z

f z
z

f z

f z d
z

 

 

 

 







 

 





 
    

 

 
     

 

ç

ç

ç

ç

ø

ø

ø

ø

 

 

 

 

 

 

1
1 ( , , , ) 11 1[1 ( 1)]

(1 , , , )
2 1

1
1

1
1 ( , , , ) 11

2 [

.
., .

.. .
.

.

.

.
.

1 ( 1)]
(1 , , , )

2 1
1

1

,
.. .

.
.
.

p

j sn a n s aj nn a znq a s a n
n j n

j

p

j sn a n s aj
d n anq a s a n

n j n
j

i


















                   





                  




ç

ç

ç

ç

 

 

 

 

.
.., .

1

1
1

( , , , ) 11 1[1 ( 1 )]
(1 , , , )

2 1
1

1

1
1

( , , , ) 11
[1 ( 1)]

(1 , , , )
2 1

1
1

.. .. .
.
.

.

.
..,

.

2

.. .
.
.

.

nz

p

j n s
a n s aj nn a zn d

q a s a n
n j n

j

p

j n
a n s aj

n
q a s a n

n j n
j




















                  





    

   
   
  





ç

ç

ç

ç

 

 

1

1
1

1 ( , , , ) 1
[1 ( 1)]

(1 , , ,

.

.

. . . . ... .
)2

1
1

1

0.
.

.

s
na zn

p

j n s
j a n s a

n a
q a s nn

j

d
a n

j n









  
 
 


      

           








ç

ç

This implies

 

 

 

. . .. .
. .. .

.

1
1

( , , , ) 11
[1 ( 1)]

(1 ,

.

, )
1

1

,
,2

1

p

j n s
a n s aj

n a
nq a s a nn

j n
j

d










     

           





ç

ç

 

Then2l.satisfiedContrariwise, let inequality (2.1) is  



18 
 

   

   

   

.

, ,

,

.
. .

.

.

,

,

,

.

.

,

,

.

, ,

, ,

, ,
, ,.

( )

(1 ) ( ) 1

1.
( )

(1 ) ( ) 1 2

s a

p q

p

p

q

q

s a

p s aq

s a

f z

f z
z

f z

f z d
z



 

 

 





 


 

 
   
   
   





 
   

  

 
    

 

ç

ç

ç

ç

ø

ø

ø

ø

 

.Theorem 2.12l2l2lof2lroof2lthe p2l2l2lCompletes2l.is
2l

h2lT 

Corollary 2.2. If 
.f i

2l

n
  
, ,

,
( , )

p q

s a d

 


ç
is given by (1.1), then 

 

 
: 1

:
.

.

| |
, 2.

1
1 ( , , , ) 11

[1 ( 1)]
( 1, , , )

1
1.j

d
a n

n p

j sn a n s aj
n

q a s a n
j n










 


      

    
    




ç

ç

 

 

 

3.Distortion and Growth Theorems 

.fwe give distortion  and growth bounds for the functions

ained in the is cont
   

.

.

, ,

, ,
( , )

p q

s a
d



 


ç
the class belonging to

following theorem. 

fined 
2l

which is de2l   
.

.

, ,

, ,
( , )

p q

s a
d



 


ç
1f Let 3.1.Theorem 

or2lf2lhave2l2l2lwe, | | 1z r en
2l

h2lby (1.8). T

 

 

 

 

 

| | 2
| ( ) |

1
1 ( , , , ) 11

[1 ]
( 1, , , )

1
1

1

| | 2

1
1

.

..: .
.

:

.. ( , , , ) 11
[1 ]

( 1, , , )
1

1

:

.

: 1

.

d
r r f z

p

j sn a n s aj

q a na s
j n

j

d
r r

p

j sn a n s aj

q a na s
j n

j

















 


      
        




 


      
        




ç

ç

ç

ç

and 

 

 

 

 

2| |
1 | ( ) |

1
1 ( , , , ) 11

[1 ]
( 1, , , )

1
1

1

..: .
.

2| |
1 .

1
1 ( , , , ) 11

[1 ]
( 1

:

..:

,

.

, )

1
1

. ,

:

1

d
r f z

p

j sn a n s aj

q a na s
j n

j

d
r

p

j sn a n s aj

q a na s
j n

j


















 


      
        




 


      
        




ç

ç

ç

ç

 

from Theorem 2.1 , 
  

, ,

,
( , )

p q

s a
d



 


ç
.f Since Proof:

we can write 

 

 

 
| |

. 3.1
2 1

1 ( , , , ) 11
[1 ( 1)]

( 1, , , )
1

....

.

.:
.

.

. 1
1:

d
an p

n
j sn a n s aj

n
q a s a n

j n
j










 
 

      
    

    





ç

ç

Thus, 
2l

for | | 1z r  , and
2l

 making use of (3.1) we 2l have 

   

 

 

2
| ( ) | | |

2 2

| | 2

1
1 ( , ,

.

. .

.
.
.: ..

..

, ) 11
[1 )]

( 1, , , )
1

1

. .

:.: 1

nf z z a z r r an n
n n

d
r r

p

j sn a n s aj

q a s a n
j n

j










    
 

 


     

        





ç

ç

   

and 

 

 

2
| ( ) | | |

22

| | 2

1
1 ( , , , ) 11

[1 )]
( 1, , , )

1

. .. .
. .

.
1.: ..

.

:.:

.

1
1

nf z z a z r r an n
nn

d
r r

p

j sn a n s aj

q a s a n
j n

j









 
    



 


      

   
    






ç

ç

 

 
As well from Theorem 2.1, it follows that 

 

 

 

 

1
1 ( , , , ) 11

[1 )]
( 1, , , )

1
1

1

2 2

1
1 ( , , , ) 11

[1

.
..: ..

.

:.:
.

. .
.

.
., .. .. .

..
.

( 1)]
(1 , , , )

2 1
1

1

.

p

j sn a n s aj

q a s a n
j

n
j

n a
n

n

p

j sn a n s aj
n a

nq a s a n
n

j

d

n
j


















      

   
    


 

 



      
          








ç

ç

ç

ç

 

Hence

 

 

( ) 1 1

2 2

2| |
1 .

1

.. .. .
. .. . .. .

. .

.
..:

1 ( , , , ) 11 ..
.

:.:

[1 )]
( 1, , , )

1
1

1

nf z n a z r n a
n nn n

d
r

p

j sn a n s aj

q a s a n
j n

j









 
      

 




      

   
    






ç

ç

                                                                                     

and 



19 
 

 

 

. . . ... . . .. .. .. .
( ) 1 1

2 2

2| |
1 .

.. . .

.
..: .

1
1 ( , , , ) 11

[1 )]
( 1, , ,

.
.

.
)

1
1..1:

nf z n a z r n a
n n

n n

d
r

p

j sn a n s aj

q a s a n
j n

j









 
      

 




      

   
    






ç

ç

 

Then,  the 2l  p 2l roof 2l  of 2l Theorem 3.1.is complete 

 
4. Closure Theorems 

 

L 2l et t
2l

h
2l

e function 2l s𝑔𝑖 2l
( 2l 𝑧 2l ), 2l 𝑖 = 2l 1 2l , 2, … 2l , 𝐼 b 2l e 2l de 2l fined b 2l y  

 

𝑔𝑖(𝑧) = 𝑧 − ∑ 𝑎𝑛,𝑖𝑧𝑛∞
𝑛=2   , 𝑎𝑛,𝑖 ≥ 0         (4.1)                               

for z in U. 

Closure 2l  theorems 2l  f
2l

or 2l the 2l class  
  

, ,

,p q

s a

b



 
  are given by 

the following 

. 

Theorem 4.1.. 2l L 2l et 2l t 2l h 2l e functions 𝑔 2l 𝑖
( 2l 𝑧 2l ) 2l which is de

2l

fined 2l 2l

by (4.1 2l ) be i 2l n 2l t 2l he 2l c 2l lass 2l    
, ,

, ,
( , )

p q

s a
d



 


ç
 

 ( 1 , , ); \ ( 1, , ); 1, 2, ..., ; ;0

1; min{ ( ), ( )} 0; 0 when ( ) 0 a

. . ,. . . ..

1, , ,d, n  ;

j p j q i I zj j

p q a s s

 



     

       ç

U

†

\ when
.

 
0

. 0)a


 ç .T 2l hen 2l the function E(z) de 2l fined 2l by  

2

( ) , 0
n

n
E z z q z qn n




       (4.2) 

  

 

is a member of the class𝑔𝑖(𝑧) in 
   

., ,

, ,
( , )

p q

s a
d



 


ç
,where

.
.
.

1
( 2),

1

I
q a nn in I

i

 



 

Proof: Since 𝑔𝑖(𝑧, )
   

., ,

, ,
( , )

p q

s a
d



 


ç
 it follows from  

Theorem 2.1 that 

 

 

1
1 ( , , , ) 11

[1 ( 1)] ,
(1 , ,

.
., .. .. .

.
.
. .

..

2

.

, )
1

1
1

p

j sn a n s aj
n an iq a s a n

n j n
j

d










                 





ç

ç

for every 𝑖 =: 1,2, … , 𝐼. Hence 

 

 

 

 

.

.

. .

.

2

2

.
., .. .. .

.

1
1 ( , , , ) 11

[1 ( 1)]
(1 , , , )

1
1

1

1
1

(

.

..
.

.
.

. ..
. ..,

. ... .
.

. .

.. .

, , , ) 11
[ 1 ( 1 )]

(1 , , , )
1

1
1.

n

n

p

j sn a n s aj
n q

nq a s a n
j n

j

p

j n
a n s aj

ni
q a s

j n
j





















      
          





    

   
   






ç

ç

ç

ç

 

 

.

.
.
.

.
., ... . .. . .

. .
. . .

..

1
,

1

1
11 ( , , , ) 11

[1 ( 1)]
(1 , , , )

2 1
1

1

,

.

1

s I
a n i

a n I
i

p

j snI a n s aj
n

qI a s a n
i n j

an

j

i

n









 
 

 


 
 

                     

 
 

 
 

 

 
 
 



ç

ç

1
| | | |,

1

.

.

I
d d

I i
 


which implies that E(z)
  

, ,

,
( , )

p q

s a

b
d



 
 . 

Theorem 4.2. The class 
  

, ,

,
( , )

p q

s a
d



 


ç
 is 2l closed 2l .under 

convex 2l l
2l

i
2l

near combination, where





,( 1 , , ) ; \ ( 1 , , ); ;, 0

min{ ( ), ( )

. . 1. . .. . . . .

1, , , ., } 0; 0 when ( ) 0 and ; \ 0

when 0 .

U

.

1;j p j q zj j

a s s a

p q 



    

       





ç

ç

†

 

Proof: 2l Suppose t 2l h
2l

at 2l 2l t 2l h
2l

e fun
2l

c
2l

t
2l

ions 2l 𝑔 2l 𝑖
( 2l 𝑧 2l )( 2l 𝑖 2l = 2l 1 2l , 2l 2 2l ) 2l de

2l

2l

fined 2l by ( 2l 4
2l

.
2l

1 2l ) are 2l  i 2l n t 2l h
2l

e 2l cl
2l

ass
  

, ,

,
( , )

p q

s a
d



 


ç
, 2l i

2l

t i
2l

s 2l 2l

suffices 2l to 2l  prove t 2l h 2l at 2l the. 2l function 2l  

𝐾 2l (𝑧) = 2l 𝜑𝑔1 2l
(𝑧) + 2l ( 2l 1 − 2l 𝜑 2l ) 2l 𝑔2 2l

(𝑧) 2l  ,    ( 2l 0 ≤ 2l 𝜑 2l ≤ 2l 1 2l ) 

(4.3) 

i
2l

s al
2l

so i
2l

n 2l the 2l 2l c 2l lass 
  
, ,

,
( , )

p q

s a
d



 


ç
.  

S
2l

i
2l

n
2l

c 2l e, f
2l

or 0 1   

 ( ) (1 ) ,,1 ,2
2

n
K z z a a zn n

n
 


   


 

we 2l observe 2l 2l t 2l hat 

.

 

 

 

. .

. 2

1
1

( , ,
. . ..

. .
.

.

.. .

.
.

, )1
[1 ( 1)]

(1 ,

.

, , )
1

1

. . . .

1

1
(1 ),1 .,2

n

p

j n
a n sj

n
q a s

j n
j

s
a

a an n
a n









 




   

   
   






 
  

 

ç

ç

 



20 
 

 

 

 

 

1
1

( , , , ) 11
[1 ( 1)]

,1(1 , , , )
2

.
. .., . .. .. .

.

. .
.. .

.

.
., .

. .
.
. .

1
1

1

1
1 ( , , , ) 11

(1 ) [1 ( 1)]
(

.

1 , , , )
1

1
1..

2

p

j n s
a n s aj

n a
nq a s a n

n
j

n
j

p

j n a n s aj
n

q a s
n

j
n

j




 







 





     

           




     
    
    




ç

ç

ç

ç ,2

.
.

(1 ) .

s

a
na n

d d d 

 
 

 

   

Hence K(z)
   

, ,

, ,p q

s a 

 


ç
. T 2l h

2l

i
2l

s 2l  completes the 2l p 2l roof 2l 2l 2l of 2l  

Theorem 4.2 
 

 

5. Integral Operators 
 
In this part, we review integral transforms of functions.in the 

class
   

. , ,

, ,
( , )

p q

s a
d



 


ç
 

 

Theorem 5.1. If the function f  defined by ( 1.6) is in the 

class 
   

. , ,

, ,
( , )

p q

s a
d



 


ç
 Where 





( 1 , , ) ; \ ( 1 , , ); ; 1;, 0

min{ ( ), ( )} 0; 0 when ( ) 0 and ; \

. . 1. . .. . . . . ,

1, , , ., 0

when 0 ..

Uj p j q z p qj j

a s s a

 



     

       



ç

ç

†

 

defined 
2l

by 

𝐹( 2l 𝑧 2l ) =
𝑐 2l + 2l 1

𝑧 2l 𝑐
∫ 2l 𝑡 2l 𝑐− 2l 1𝑓 2l ( 2l 𝑡 2l ) 2l 𝑑𝑡 2l  ,    ( 2l𝑐 >

2l
− 1 2l )       (5.1)2l 𝑧

2l 0
               

a 2l l
2l

so be
2l

l
2l

o
2l

n
2l

g 2l s 2l to 2l 2l the 2l c 2l lass 
   

. , ,

, ,
( , )

p q

s a
d



 


ç
. 2l  

Proof 2l : 2l 2l from (5.1), 2l it 2l 2l follow 2l s 2l 2l t 2l h
2l

at 

( ) ,
.. . .

2

..
nF z z Q zn

n


  



 w 2l here 
1

.
c

Q an n
c n

 
 

 
 

Therefore, 

 

 

 

 

2
.

1
1

( , , , ) 11
[1 ( 1)]

(1 , , , )

.
1.
. .. ., .

. . .. .
.

1
..

.

.
.

., . .. .
..

. .
.

1
1

1

1
1 ( , , , ) 11

[1 ( 1)]
(1 , , , )

.
.

1

1.

2
1

n

p

j
n s

a n s aj
n Q

nq a s a n
j

n
j

p

j n a n s aj
n

q a s a n
n

j n
j




















     

          





     
   
     




ç

ç

ç

ç

 

 

1
1 ( , , , ) 11

[1 ( 1)]
(1 , , , )

2 1
1

1

1.

., ... . .. .
.

.

,
.

.
.
.

s

a
n

p

j sn a n s aj
n a

nq a s a n

c

c n

d

n
j n

j









 
 
 

      
   

 
 


       




 


ç

ç

since  
   

. , ,

, ,.
( ) ( , )

p q

s a
f z d



 


ç
.  Hence by Theorem 2.1, 

 F(z)
   

. , ,

, ,
( , )

p q

s a
d



 


ç
 

 

6. 2l Radii
2l

 of Close-to-Convexity,. Starlikeness and 

Convexity 
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Solving ( 6.5) for |𝑧.|,we get 
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