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1. Introduction

In 2009 [14] the fuzzy topological structure of a fuzzy normed space was studied by Sadeqi
and Kia. In 2011 [2] Kider introduced a fuzzy normed space and also he proved such fuzzy
normed space has a completion see [3]. Again in 2012 [4] Kider introduced a new type of fuzzy
normed space. In 2015 [13] the properties of fuzzy continuous mapping which is defined on a
fuzzy normed spaces was studied by Nadaban.

In 2017 [5] Kider and Kadhum introduce the fuzzy norm for a fuzzy bounded operator on a
fuzzy normed space and proved its basic properties then other properties was proved by
Kadhum in 2017 [12]. In 2018 [1] Ali proved basic properties of complete fuzzy normed algebra.
Again in 2018 [6] Kider and Ali introduce the notion of fuzzy absolute value and study properties
of finite dimensional fuzzy normed space.
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The concept of general fuzzy normed space were presented by Kider and Gheeab in 2019 [7]
[8] and they proved basic properties of this space and the general fuzzy normed space GFB(V, U).
In 2019 [9] Kider and Kadhum introduce the notion fuzzy compact linear operator and proved
its basic properties. In 2020 Kider [10] introduce the notion fuzzy soft metric space after that he
investigated and proved some basic properties of this space again Kider in 2020 [11] introduced
new type of fuzzy metric space called algebra fuzzy metric space after that the basic properties of
this space are proved.

In this paper first we introduce the notion of algebra fuzzy absolute value space and we see
that there are more than one definition of fuzzy absolute value for a real number after that some
properties of this space is proved because it needed in the next section. The aim of introducing
algebra fuzzy absolute value is to introduce a new type of fuzzy normed space which is called
algebra fuzzy normed space at this point basic properties of this space is proved.

2. Algebra fuzzy absolute value with its basic properties:
In this section we shall introduced basic properties of algebra fuzzy absolute value space.
Definition 2.1:[11]

Assume that S be a nonempty set, a fuzzy set D in S is represented by D = {(S, Hg(S)): seS,
0 < pg(s) < 1} where pg(s): S— lis a membership function where 1=[0, 1].

Definition 2.2:[11]

Let @:1 x | =1 be a binary operation then @ is said to be continuous t-conorm (or simply t-
conorm) if it satisfies the following conditions

(P @a=q@p;

(DpO[OW=[pE@q O w,

(iii) @ is continuous function;

(IV)p@®0=0,(v)(p ®2)<(q@ w)wheneverp<gandz<w.Forallp,q,z,wel

Lemma 2.3:[11]

If @ is acontinuous t-conorm on [0, 1] then
MN1®1=1,(i)0@1=10=1(i)0@0=0,(ivip@p=pforallpe[0,1]

Remark 2.4:[11]

If @ is a continuous t-conrm then

()For any p, q € (0, 1) with p > q we have w € (0, 1) whenever p >q © w. In general for any
p, g € (0, 1) with p > g we can find wy, w,, ...wy, € (0,1) wheneverp>q@ w; @ w, © ...Q wy
where k € N.

(i) Forany p € (0, 1) there exists g € (0, 1) such that g ® q < p. In general forany p € (0, 1)
there exists wy, w,, ...,w, € (0,1) suchthatw; @ w, ® ... w, < pwherek € N.

Example 2.5:[11]

The algebra product p ® q=p + q-pq is a continuous t-conorm for all p, g € [0, 1].
Definition 2.6:

Let @ be a continuous t-conorm and a:R —1 be a fuzzy set then a is called algebra fuzzy
absolute value on R if

(D0<a(a) <1,

(2)a(a)=0 if and only if a=0;

(3a(ap) < a(a) . a(pB);

(Da(a + B) < a(a) © a(B);
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Forall a, B € R. Then (R, a, ®) is called algebra fuzzy absolute value space.
Definition 2.7:

Let (R, a, ®) be algebra fuzzy absolute value space then define a(a)= a(—a) for all « € R.
Example 2.8:

Let |.| be absolute value on Rand a ® p=a+ B — a B for all a, B € I. Define

|| .
al.l(“) Tl ifa+1

1l ifa=1
foralla € R. Then (R, q;|, © ) is algebra fuzzy absolute value space. Also q,| is called the
standard algebra fuzzy absolute value on R.
Proof:
We shall show that all conditions of Definition 2.6 are satisfied
(Dltisclear that 0< a| <1.

(2) a,(@)=0 if and only if %l[“l = 0 if and only if ||=0 if and only if a=0.
(3) a(ap) = 1L < [ [ L) = a(a) a(p)

1+|ap| 1+|al” = 1+|B]
(@ a(a+p) = 1 and a(a) © a(B) = a(a) +a(B) - a(@) a(B). Now
lal| 18] lal| 18] 4 _ lalll1+IB11+IBIM1+]al] llB]
= + —_ = —
a(@) © alB) = [t sl — e Lol = enneisn. — Getanioeia
_ lal+lalIBI+IB1+IBllel lal1B] _ lel+|allB|+1B] > la+Bl _ a(a +p)
[1+]all[1+]B1] [1+]lall[1+181]  [1+lall[1+|B]] — 1+la+p]
Hence (R, a;, @) is algebra fuzzy absolute value space.
Example 2.9:
Ifa@b=a+ b —ab for all a, b €l define a: R -1 by
1 .
a(r) = {m ifr#0
0 if r=0

forallr € R. Then (R, all, ®) is algebra fuzzy absolute value space. This space is called the
algebra fuzzy absolute value space induced by |.|.

Proof:

We shall show that all conditions of Definition 2.6 are satisfied.

(1)t is clear that all(r) €l.

(2) al!(r)=0 if and only if r=0 follows immediately from definition of all.

3)al(r)-al)==L=L=all(r.t)

Irl el Irel

N Hy=Lolt-t,1_ 1
@ a()©a (|r)| I||t|@|r| el el erd
r|+|t 1 1
e >~ g+
il el = ey - @ (EFD)

Hence (R, al!, ®) is algebra fuzzy absolute value space.

Definition 2.10:

Let (R, a, ®) be algebra fuzzy absolute value space and let {p, };=,be a sequence in R, we say
that {p,}n=, is fuzzy approaches to the limit p as n approaches to oo if for every s € (0,1) there
exists N € N such that a(p, —p) <s, for all n>N. If p,, is fuzzy approaches to the limit p we
write lim,_., p,=p or p, =porlim,_. a(p, — p)=0.

Definition 2.11.:
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Let (R, a, ®) be algebra fuzzy absolute value space and let {p, };=,be a sequence in R, we say
that {p,}a=, is fuzzy Cauchy sequence in R if for every s € (0,1) there exists N € N such that
a(pn, — Pm) <s, foralln,m >N.

Theorem 2.12:

Let (R, a, ®) be algebra fuzzy absolute value space if {p,}n=iS a sequence in R such that
lim,_. po=p and lim,_,., p,=q then p=q.

Proof:

Since p, —»p and p, —qso lim,_,., a[p, — p]=0 and lim,,_,., a[p,, — q]=0. Now

a[p—a] = a[p—pnt Pn —a] <a[p—pn] © alp, —d]

Taking limit to both sides as n approaches to co we obtain

a[p_q] < Iimn—>oo a[pn - p] @ Iimn—mo a[pn - Q] <0 @ 0=0

Hence a[p—q] =0 so p—qg= 0 that is p=q.

Theorem 2.13:

Let (R, a, ®) be algebra fuzzy absolute value space and if the sequence {p,}i=; in Ris fuzzy
approaches to the limit p then any subsequence of it is also fuzzy approaches to p.

Proof:

Since p, —pthenlim,_ a[p, — pl=0. Also (p,) is a Cauchy sequence then lim a[p, — py,] =0

when n - oo and m - oo, Now
a[pn, — P] = a[pn, = Pn +Pn — P| < alpy, —Pn] @ alp, — p]
Thus limy,_ a[py, — Pp] <0 ® 0=0. Hence (p,, ) fuzzy approaches to p

Definition 2.14:

Let (R, a, ®) be algebra fuzzy absolute value space. The sequence {g, }n=; in R is said to be fuzzy
bounded if there exists t € (0,1) such that a(g,) <tforallne N.

Theorem 2.15:

Let (R, a, ®) be algebra fuzzy absolute value space and if the sequence{q,}s=, in R is fuzzy
approaches to the limit g then it is fuzzy bounded.

Proof:

Suppose that {q, }n=; in R is fuzzy approaches to the limit g then for every s € (0, 1) there exists
N € N such that a(g,, —q) < sfor all n>N. This impliesa(g,) =a(q+ 9, —q) <a(q) @ a(g, —q) <
a(q) © s.Now putt=a(q) forsomete (0,1) thena(g,) <t®s.

Choose p € (0, 1) witht ® s <p. Hence a(q,) <p foreachn € N. Thus {q, };=; is fuzzy bounded.
Theorem 2.16:

Let (R, a, ®) be algebra fuzzy absolute value space and let {p,}n=; and {d,}n=; be two
sequences in R if {p,}n= is fuzzy approaches to the limit p and {q,};= is fuzzy approaches to
the limit g then {(p, + 9,)}n=1 is fuzzy approaches to the limit (p + q).

Proof:

Since {pp}n=1 is fuzzy approaches to the limit p then for every r € (0, 1) there exists N; € N such
that a(p, —p) < r for all n> N;. Also Since {q, };=; is fuzzy approaches to the limit q then for
every p € (0, 1) there exists N, € N such that a(g,, —q) < p for all n> N,. Now choose N = min {
N;, N,}and for each n > N we have a[(p, + d,) —(p + 9)] <a(p, —p) @ a(q, —q) <r @ p.Putr
@ p=tforsomete (0,1)then
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a[(pn +dn) —(p+ q)] <tforall n=N.

Theorem 2.17:

Let (R, a, ®) be algebra fuzzy absolute value space and let {p,}s=; be a sequence in R and 0#c
€ R. If {a,}n=; is fuzzy approaches to the limit p then {cp,}a=, is fuzzy approaches the limit cp.
Proof:

Since {p, }n=1 approaches the limit a then for every r € (0, 1) there exists N € N such that

a(a, —a) <r for all n=N. Now

a(cpn — cp) = afc(p, —p)] = a(c) - a(pn —p) <a(c) r

Puta(c) = o where o € (0,1). Let a where 0 < a <1 such that a(c).r = a so

a(cp, — cp) < a. Hence {cp,}n=; Is fuzzy approaches to the limit cp.

Theorem 2.18:

Let (R, a, ®) be algebra fuzzy absolute value space and let {p,}r=; and {Q,, }ra=1 b€ two
sequences in R. If {p,}n=, fuzzy approaches the limit p and {g,,}m=; fuzzy approaches the

limit q then {(p,. d,)}n=1 fuzzy approaches the limit (p.q).

Proof:

Since {pp}n=1 is fuzzy approaches to the limit p then for every r € (0,1) there exists N; € N such
that a(p, —p) < r for all n>.N; Also Since {q,, };m=1 IS fuzzy approaches to the limit p then for
every s € (0,1) there exists N, € N such that a(g,, —q) < s for all m=.N, Choose N =min { N;, N,}
now

a[pnqn _pq) = a[pnqn —P0n* Py —Pg = a[pnqn _pqn] © a[pqn _pq]

<a[p, —p] - a(ds) @ a(p) . a[b, —b] < r.a(d,) @ a(p) . s
Puta(q,) =a and a(p) = 6 forsome 0 < a, § < 1. Now let t for somet € [0, 1] be chosen so that [r .
a (® §.s] <t Hencea[p,q, —pq) <tforall n>N.
Theorem 2.19:
Let (R, a, ®) be algebra fuzzy absolute value space. If {q,};=; is afuzzy Cauchy sequence in R
then {g, }n= is fuzzy bounded.
Proof:
Since {d, }n=; is a fuzzy Cauchy sequence in R then for every r € (0, 1) there exists N € N such
thata(g,, — q,) <r foralln,m>N. Then a(q,, — qy) <r for all m >N. Hence if m >N we have
a(0m) =a(dm — qv + dn) < a(dm — an) © a(ay) and so a(gm) < r @ a(gy). Now put t=max{
a(qy),a(g,),...,a(qn-1)} Then a(g,,) < r® t. Hence {q, }s=, is fuzzy bounded.
Definition 2.20;
The algebra fuzzy absolute value (R, a, ®) is called fuzzy complete if every fuzzy Cauchy
sequence in R fuzzy approaches to a pointin R.
The following is the main result in this section
Theorem 2.21.:
Let (R, a, ®) be algebra fuzzy absolute value space then every fuzzy Cauchy {p,}n=; Sequence
in R is fuzzy approaches to the limit p € R. That is (R, a, ®) is fuzzy complete.
Proof:
Let {pn}r=; be afuzzy Cauchy sequence in R then {p,}a=,has a monotonic subsequence {pn]. j

but {p,}x=1is fuzzy bounded [by Theorem 2.19] hence {py };;, is fuzzy bounded. Thus {a, };_,
fuzzy approaches the limit p € R. Then for every r € (0, 1) there exists N € N such that a(pn]. —p)

<r for all n>N. Since {p,},=, is a fuzzy Cauchy sequence in R then for every t € (0,1) there exists
M € N such that a(p,, — p,) < tforall
n, m >M. We may choose M=N. Now for each k=M then k=N, we have
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a(pn, — Pr) <t.Hence

a(Px —P) = a(Pk — Pny + Pn —P) < a(Pk — Pny) @ &Py, —P) St O r<e
For some ¢ €(0, 1). Thus {py}x=, is fuzzy approaches to the limit p € R.
3. Algebra fuzzy normed space and its basic properties
In this section we shall introduce the notion of algebra fuzzy normed space and proved its basic
properties.
Definition 3.1:
Let U be a vector space over R and let (® be a continuous t-conorm. Let (R, a, ®) be algebra
fuzzy absolute value space and n: U-I be a fuzzy set then n is called algebra fuzzy norm on U if
(1)0<n(u) <1;
(2)n(u) =0 if and only if u=0;
3)n(au) < a(a) n(u) for all 0+ a € R.
(4)n(u+v) <n(u) © n(v).
Forall u,veU. Then (U, n, ®) is called algebra fuzzy normed space.
Example 3.2:
Let U=C[p, b], t@s=t+s —tsforall t,s €l and (R, a, ®) is algebra fuzzy absolute space.
Define n(r) = maxepp py a[r(s)] for all r € U. Then (U, n, ®) is algebra fuzzy normed space
Proof:
We will show that all conditions of Definition 3.1 are satisfied
(Ditisclear that n(r) el forall r € U.
(2)n(r) = 0ifand only if maxsep, ) a[x(s)] = 0 if and only if a[r(s)] = O for all s € [p, b] if and
only if r(s) =0 for all s € [p, b] if and only if r=0.
(3)n(ar) = maxsep, p) alar(s)] < a(a) . maxsep, py aA[r(s)] = a(a) .n(r), for all 0+ a € R.
(An(r +2) = maxsep, py a[r(s) + 2(s)] < maxsep py a[r(s)] + maxsep, » 8[z(s)]

=n(r) +n(z)

Hence (U, n, ®) is algebra fuzzy normed space.
Theorem 3.3:
If (R, a, @) is algebra fuzzy absolute space and p@qg=p + g —pq for all p, q €l define n: R —1 by
n(r)=a(r) for allr € R.Then (R, n, ®) is algebra fuzzy normed space.
Proof:
We shall show that all conditions of Definition 3.1 are satisfied
(DItisclear thatn(r) el forallr € R.
(2) n(r)=0if and only if a(r)=0 if and only if r=0.
(3)n(cr) =a(cr) < a(c) . a(r) =a(c). n(r) for all 0+c € R.
@)n(t+r)=a(t+r) <a(t) ® a(r) =n(t) + n(r)
Hence (R, n, ®) is algebra fuzzy normed space
Example 3.4:
Let (U, ||.||) be a normed space and a @ B=a+ B — a.p for all a, B € |. Define

ny(u) = el for all u €U. Then (U, ny, @) is algebra fuzzy normed space with the algebra

T {full
fuzzy absolute value space (R, a;|, @) where a,(a) =

l2l_toralla € R Then ny is called the
1+|a|

standard algebra fuzzy norm on U.
Proof:
We will show that all conditions of Definition 3.1 are satisfied.
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(1)Itisclear that 0 < n)(u) <1.
(2) ny(W)=0 if and only if 1= g if and only if |[u|=0 if and only if u=0.

1+(lull
_ laull _ lellull lal| llull 5 —
(3) Tl”_”((ZU)— Ttllaul  1+lallul < [1+|a|]'[ 1+||u||] = a||(a) Tl”_”(U), forall 0= a € R.
(4) ny(u+v) = —1%;:',',” and ny (u) @ (V) = ny(U) + 7y (V) = g (U). 7y (V)
— — [l [l (il
(W) © (V) = = e L = o L]
— luiffa+vl 0+ v+l [lulllivl — llulirulllivil+Hivl il [lulllivl
[1+1lulll[1+vI] [1+ulI2+vI] [1+1lulll[1+vI] [1+1lulll[1+vI]
i +Hludlivl+ vl llutvll  _
= Lol = Terer - U TY)

Hence (U, ny, @®) is algebra fuzzy normed space.
Example 3.5:
Let (U, |I. I|) be a normed space. If s@t=s + t —st for all s, t €l define nlll : U -1 by nllli(p) =

1 .
{m ifp+0

0 if p=0
for all p € U. Then (U, n!l, ©) is algebra fuzzy normed space with

1 .
a(r) = {m ifr#0
0 if r=0

forallr € Rwhere (R, al!, ®) is algebra fuzzy absolute value space. This space is called the
algebra fuzzy normed space induced by]||. ||.

Proof:

We will show that all conditions of definition 3.1 are satisfied.

(1)Itis clear that n!ll(p) €l.

(2) nll(p)=0 if and only if p=0 follows immediately from definition of n.

3)al!(r) - nlM(p) = 1T __1 _ nll(r. p)
4) nll-ll(p) ® nll-ll(q) -1 ®

[Tl lipll lirpll
el = llqll el Nl llpqll

1 1 1 1
_lall+lpll 1 — .

= — > = Tl” ||(p + q)
liplligll — llpgll = llp+aqll

Hence (U, n!ll, ®) is algebra fuzzy normed space.
Theorem 3.6:
If (Uy, nq, ®) and (U,, n,, @) are two algebra fuzzy normed spaces then (U, n, ®) is algebra fuzzy
normed space where U= U; % U, and n[(u,, u,)]=n,(u;) ® n,(u,) for all (u,, u,) € U.
Proof:
We will show that all conditions of Definition 3.1 is satisfied
(D)Since 0<n;(uy) <land 0<n,(uy) <1so0<nf[(u;,u,)] <1
(2) n[(u4, uy)]=0ifand only if n; (u;) ©® n,(u,)=0if and only if n;(u;)=0
and n,(u,)=0 if and only if u;=0 and u,=0 if and only if (u,, u,)=(0, 0).
(3) n[c(uyq, uz)] = n[(cuy, cu,)] = ny(cuy) @ ny(Cu,) <a(c). nq(ug) @ a(c). ny(uy) < a(c) [ng(ug)
© ny(uz)l=a(c). n[(uq, us)]
@n[(uy, uz) + (vq, v2)] = N[(ug+ vq) + (Uy + V)] =14 (ug +v1) © ny(u, + vy)
<1 (u;) @ ny(vy) @ ny(uy) © ny(vy)
<[n: (1) ® ny(uz)] ® [n1(v1) © ny(vy)]
=n[(uq, uz)] © n[(vy, v5)]
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Hence (U, n, ®) is algebra fuzzy normed space.

The proof of the next result is similar to the proof of Theorem 3.5 and hence

is omitted.

Corollary 3.7:

If (Uy, nq, ®), (Uy, ny, ®), ..., (Uy, ng, @) are algebra fuzzy normed spaces then (U, n, ©®) is
algebra fuzzy normed space where U= U; x U, % ... X U, and n[(uq, u,, ..., ux)]= ny(uy) ®
ny(uy) @, ..., @ ng(uy) forall (uq, uy, ..., ux) €U.

Definition 3.8:

Let (U, n, ®) be algebra fuzzy normed space and let (u;) be a sequence in U, we say that (u;) is
fuzzy converges to the limit u as k approaches to « if for every s € (0,1) there exists N € N such
that n(uy —u) <s, for all k>N. If (uy) is fuzzy approaches to the limit u we write lim;_,, Ux=u
or ug —uorlim,_, n(u, — u)=0.

Definition 3.9:

Suppose that (U, n, @) is algebra fuzzy normed space . Put fb(u, r)={v €U: n(u—v) < t} and fb[u,
rl={ve U:n(u—v) <t}. Then fb(u, r) and fb[u,r] is called open and closed fuzzy ball with the
center u €U and radius t, with t € (0, 1).

Definition 3.10:

Let (U, n, ®) be algebra fuzzy normed space and let (u;) be a sequence in U, we say that (u;) is
fuzzy Cauchy sequence in U if for every s € (0, 1) there exists N € N such that n(u, —u,,) <s,
for all k, m >N.

The proof of the next result is clear and hence is omitted.

Lemma3.11:

If (U, n, ®) is algebra fuzzy normed space then a[n(u)—n(v)] < n(u—v) for all u,v e U.

Lemma 3.12:

If (U, n, @) is algebra fuzzy normed space then the function u +— n(u) is a fuzzy continuous
function from (U, n, ®) - (R, n, ©).

Proof:

Let (u;) be a sequence in U with uy, —u so limy_,, n(ux — u)=0. Now

a[n(u,)—n(u)] < n(u, —u) taking limit to both sides as k— o we have lim,_,,, a[n(u;) — n(u)]
< limy_ 4 N(u, — u) =0. So n(u) = n(u).

Hence u — n(u) is a fuzzy continuous function from U - R.

Lemma 3.13:

If (U, n, ®) is algebra fuzzy normed space then n(u—v) = n(v—u) forall u,v € U.

Proof:

n(u—v) =n[(-1)(v—u)] < a(-1). n(v—u) =a(1). n(v—u)= n(v—u). Similarly n(v—u) < n(u—v)
from these two inequalities we conclude that n(u—v) = n(v—u) for all u,v € U.

Definition 3.14:[14]
Atriple (S, m, @) is said to be the algebra fuzzy metric space if S# @, @ isa
continuous t-conorm and m: SxS—[0, 1] satisfying the following conditions:

(A))0<m(s,r) <1, (A2) m(s,r)=0ifandonlyifs=r, (Az) m(s,r) = m(r,s);

(A4) m(s,t) <m(s,r) © m(r, t). Foralls, r,teSthenthetriple (S, m, @) is said to be the algebra
fuzzy metric space .

Theorem 3.15:
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If (U, n, ®) is algebra fuzzy normed space then (U, m,,, ®) is algebra fuzzy metric space where
my(u,v) =n(u—-v) forallu,v e U. (U, m,, ©®) is called the algebra fuzzy metric space induced
by n.

Proof:

We will show that all conditions of Definition 3.10 are satisfied.

(Ad)ltis clear that m,(u,v) € I.

(A2) m,(u,v)=0ifand only if n(u—v)=0 if and only if u=v=0 if and only if u=v.

(A3) m,,(u, v) = n(u—v) =n(v—u)=m,(v, u) by Lemma 3.10.

(A4) m,(u,v) =n(u—v)=n(u—z+z-v) <n(u-z) ©@ n(z-v) <m,(u,z) @ my,(z,v)

Hence (U, m,,, ®) is algebra fuzzy metric space.

Lemma 3.16:

The algebra fuzzy metric m,, induced by the algebra fuzzy norm n satisfies
(Om,(u+r,v+r)=m,(u,v), (2) m,(au, av) < a(a). m,(u, V)

Forallu,v,reUand a #0 € R.

Proof:

(Om,u+r,v+r)=n[(u+r)-(v+r)]=n(u—v)=m,(u,v)

(2) my(au, av)=n[au —av] = n[a(u—V)] < a(a). n(u—Vv)=a(a). m,(u, v)

Definitions 3.17:

If (U,n, @) is algebra fuzzy normed space and WCU is known as fuzzy open if fb(w, j) SW for
any arbitrary weW and for some j €(0, 1). Also DEU is known as fuzzy closed if D¢ is fuzzy
open. Moreover the fuzzy closure of D, D is defined to be the smallest fuzzy closed set contains
D.

Definition 3.18:

If (U, n, @) is algebra fuzzy normed space then DES is known as fuzzy dense in U if whenever D
=U.

Theorem 3.19:

If fb(s, j) is open fuzzy ball in algebra fuzzy normed space (U, n, ©) then it is a fuzzy open set.
Proof:

Let fb(v, j) be open fuzzy ball open whereveU and j € (0, 1) . Letuefb(v, J) son(v—u) <j, let
t=n(v—u) sot<j,thenthereisi€ (0, 1) suchthat t ®i<j by Remark 2.3 (ii). Now assume
the open fuzzy ball fb(u, i), we will show that fb(u, i) < fb(v, j). Let zefb(u, i) so n(u — z) <i.
Hence n(v—2z) <n(v—u) @ n(u—z)orn(v—2z) <t @ i<j.so ze fb(v, ) that is fb(u, i)  fb(v,
j).Therefore fb(v, j) is a fuzzy open set.

Definition 3.20:[1]

Let U is a nonempty set a collection T of subset of U is said to be a fuzzy topology on U if
(DU and ¢ belongsto T, (ii)IfA;, A,,...., A, E TthenniL, A; €T.

(ii)If {A;: jeJ}e T then Uj A ET.
Theorem 3.21:

Every algebra fuzzy normed space is a fuzzy topological space.

Proof:

If (U, n, @) is algebra fuzzy normed space then put T,,= {WcU: weW if and only if we have je
(0, 1) with fb(w, j) cW }. Now we will prove T, is a fuzzy topology on U.

(HClearly ¢ and U belong to T;, since ¢ and S are fuzzy open.

(iLet W;, W,,..., W, € T, and putV = n{L; W;.We shall show that Ve T,,. LetveV then
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veW, for each 1 <i < n. Hence there exists 0 < r; < 1 such that fb(v, r;) c W, since W, is fuzzy
openforeachi=1,2,...n.Putr=min{r;:1<i<n}thusr<r;forall1<i<n.Sofb(v,r)cW,
forall 1 <i<n.Thereforefb(v,r) c ni.; W; =V, thusV e T,.

(iii) Suppose that {W;: j €J}€ T,, and put W = U; ¢; W; . We shall show that We T,,. Let weW

then weu; ¢; W, so we W, for some j €J since W; € T,, there exists 0<r < 1 such that

fo(w, r) € W, Thus fb(w,r) c¢ W; c Uj ¢ W; =W that is We T,,. Hence (U, T,,) is a fuzzy
topological space. T, is known as the fuzzy topology induced by n.

Definition 3.22:

An algebra fuzzy normed space (U, n, ®) is known as fuzzy complete if (s) is fuzzy Cauchy
sequence in U then s, =»s e U.

Theorem 3.23:

In algebra fuzzy normed space (U, n, ®) if u;, —=u € U then (u,) is fuzzy Cauchy.

Proof:

Suppose that (u;) in U and u; —u € U then for any r €(0, 1) we can find N with

n(u, —u) <r,forall k=N . Using Remark 2.3 we can find t €(0, 1) withr @ r <t. Now
N(ur — upy) <Ny, —u) ©@ n(u—u,y,) )<r @ r<tforeachm, k> N. Hence (u;) is fuzzy
Cauchy sequence.

Theorem 3.24:

In algebra fuzzy normed space (U, n, ®) if (u;) € Uwith u, - uand (d,) € Uwith
n(u; — d,) - 0ask— oo. Thend, - u.

Proof:

Since u; = uso n(u, — u) » 0 as k— co. Now

n(d; —u) <n(dy —u,) ® n(u, —u) - 0as k— o. Hence d;, — u.

Theorem 3.25:

In algebra fuzzy normed space (U, n, ®) when DcU then deD if and only if there is (di) € D
with di— d.
Proof:

Suppose that d € D, if deD then choose the sequence of that type is (d, d....,d....) .

Ifd ¢ D, itis alimit point of D. Hence we construct the sequence (dy) € D by

n(dy —d) < kl foreachn=1,2,3,.....
The fuzzy ball fb(d, kl) contains di € D and diy— d because limy_,,,n(dy — d) =0.

Conversely if (dy) in D and dy— d then d €D or every fuzzy ball of a contain points dy.# d,
so that d is a point of accumulation of D, hence d € D by the definition of the closure.
Theorem 3.26:

In algebra fuzzy normed space (U, n, ®) when DcU then D=U if and only if for any u €U there
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is deD such that n(u — d) <r for some re(0, 1).
Proof:

Suppose that D is fuzzy dense in U and u €U so u € D and by Theorem 2.25 there is a sequence
(d,) €D such that d,— u that is for any re(0, 1) we can find N with n(d,, —u) <r for all n > N.
Take d =dy, son(u —d) <r.

Conversely to prove D is fuzzy dense in U we have to show that D = D . Let ueU then there is

dy €D such that n(dy —u) < % Now take O <r < 1 such that %< r for each k > N for Ne N,

Hence we have a sequence (dy) €D such that n(d; —u) < % < rforall k> N that is d,— u so u € D.

Theorem 3.27:

Let D be a dense subset of algebra fuzzy normed space (U, n, ®). If every fuzzy Cauchy sequence
of points of D converges in U then U is fuzzy complete.

Proof:

Suppose that (uy) is a fuzzy Cauchy sequence in U, since D is fuzzy dense then for every u, €U
there is dy €D such that n(uy — dy) <sfor some 0 <s <1 by Theorem 3.26. Now by Remark

23 wecanfindte€(0, 1) with s © s <t.But (uy) is fuzzy Cauchy so (dy) is fuzzy Cauchy thus
di— u€eU by our assumption. Now n(uy — u) < n(ux — di) @ n(dy —u) <s @ s <t Hence ux— u.
Theorem 3.28:

If (Uy, nq, ®) and (U,, n,, @) are two algebra fuzzy normed spaces then(U, n, ®) is

fuzzy complete algebra fuzzy normed space if and only if (U;,n,, ®) and (U,, n,, ®) are

fuzzy complete where U= U, % U, and n[(uq, u,)]=n;(u;) ©® n,(u,) for all (u,, u,) € U.

Proof:

Let (U;, ny, ®) and (U,, n,, @) are two fuzzy complete algebra fuzzy normed spaces. Let (uy)
be fuzzy Cauchy sequence in U then (u;) =( uqk, uyx) Where (uq;) € U; and (u,y) € U,. Hence
n(u; — u,,) fuzzy converges to zero as k— oo and m— oo this implies that [n, (uy;, — U1m) ©
n,(Uyr — Uym)] fuzzy converges to zero as k— co and m— oo,

Hence n, (uyx — uyy) fuzzy converges to zero in (Uy, n4, ®) as k= o and m— oo and

n,(Uyx — Uyy) fuzzy converges to zero in (U,, n,, @) as k— oo and m— oo, Therefore (uy;) is
fuzzy Cauchy sequence in (U, ny, ®) and (u,y) is fuzzy Cauchy sequence in (U,, n,, ®) but (U;,
ny, ®) and (U,, n,, @) are fuzzy complete so there isu, € U; and u, € U, such that (u,;) fuzzy
converges to u, € U;and (u,;) fuzzy converges to u, € U,. Put u=(u,, u,) then u €U and (uy,)
fuzzy converges to u €U since n(uy, —U)= N[, Usi) (U, U2)]= [ — U+ (U —uy)] =

nqy[ (U — u1)] © ny[(uzr — uy)]. By taking limit to both sides as k— oo we have n(u,; —u) —0.
Conversely assume that (U, n, ®) is fuzzy complete we will prove that (U;,n;, ®) and (U,, n,, ©®)

are fuzzy complete. Let (u,) is fuzzy Cauchy sequence in (U;, ny, ®) and (u,y) is fuzzy Cauchy
sequence in (U,, n,, ®).Then ny (u,, — uy4,,) fuzzy converges to zero in (U, nq, @) as k— oo

and m— oo and n,(u,, — u,,) fuzzy converges to zero in (U,, n,, ®) as k—= co and m— oo, Put
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(ug) = (uqg, uyr) Where (uy) € U; and (uyy) € U,. Since

N(ug — Upy) =[n1 (U1 — Uim) © Ny (U, — uspm)] fuzzy converges to zero as k— co and m— oo,
Hence (uy) is fuzzy Cauchy sequence in U but U is fuzzy complete so there is u=(u,, u,) €U such
that n(u,, —u) fuzzy converges to zero but n(u; —u)=n[(uyx, Uzx) —(uq, u)]= [(U1 — uy)+

(Uzr — uz)1=na[(Uar — u1)] © nz[(Uzr — uz)] s0 ny[(uyx — uy)] fuzzy converges to zero in

(U1, nq, ®) as k— oo and n,[(u,;, — u,)] fuzzy converges to zero in (U,, n,, ®) as k— c. Hence
(uqx) fuzzy converges to u, € U; as k— oo and (u,;) fuzzy converges to u, € U, as k— oo. It
follows that (U;,n,, ®) and (U,,n,, ®) are fuzzy complete.

In similar way we can prove the next result

Corollary 3.29:

If (U, nq, @), (Uy, ny, @), ..., (U, ni, @) are algebra fuzzy normed spaces then (U, n, ®) is
fuzzy complete algebra fuzzy normed space if and only if (U, ny, ®), (U, ny, ®©), ..., (Ug, g, ®)
are fuzzy complete where U=U; x U, x ... x U, and n[(uy, uy, ..., u)]=n,(uy) @ ny(u,) @, ..., ©
ny (uy) for all (uq, u,, ..., ux) €U.

The proof of the next result is similar to Theorem 3.28 and hence is deleted.

Theorem 3.30:

If (U, n, ®) is algebra fuzzy normed spaces then (U2, n,, @) is fuzzy complete algebra fuzzy
normed space if and only if (U, n, ®) is fuzzy complete where U?=U x U and n,[(uy, u;)]=n(u,)
® n(u,) for all (u,, u,) € UZ.

In similar way we can prove the next result

Corollary 3.31:

If (U, n, @) is algebra fuzzy normed spaces then (U*, n, , ®) is fuzzy complete algebra fuzzy
normed space if and only if (U, n, ®) are fuzzy complete where U* =U x U x ... x U [k-times]
where k € N and ni[(uq, uy, ..., ug)]=n(w,) @ n(u,) @, ..., @n(uy)
For all (uy, uy, ... u) € U¥.
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