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1. Introduction

The most important in functional analysis is the concept of normed space and its
completeness which is related to other concepts such as a metric space, inner product space,

and a quasi-normed space. The set of all measurable functions Lp [a,b], 0<p<w, [a,b] c R

is a good example on these concepts ([3,4,8]).

In the normed spaces, mathematicians have used Gdateaux derivatives to introduce a notion
of quasi- inner product space ([5,7]). This paper has used a quasi-normed space to give a
quasi-inner product space and quasi-Hilbert space. It is studied the relationship between a
notion of quasi-Hilbert space and others, with study some properties of it.

Section one of the paper includes definitions of a quasi-normed space, a quasi- Banach space
and others with some valuable results. The second section presents a quasi- inner product space
and quasi-Hilbert space with some essential properties.
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2. Quasi-Banach Spaces

Definition (2.1). Quasi-metric space (U,d,), where U is a nonempty set X with a quasi-
metric d,; which differs from a metric function by the inequality :

dy(u,v) <C (dq(u,w)+ dq(w,v)) forall uyvyw € U, where 1< C < 0.
A function d, be a metric if C=1,thus it is generalization of a metric. Every a metric

function is quasi-metric, but not the converse in generality [6].

Definition (2.2). A quasi-norm ||.|| on avector space Uover the field of real numbers R is
a function ||.[|: U—>[0, +o) with the properties:
(1) JvlI=0,vvel, Jlv]|=0 & v=0.

(2) Jlavli=lalllvl, VveU, Va eR.
(3) lv+w]<C (q||V||+ q||W||) Y v, w, € U, where a constant C> 1.

If C=1, then the quasi-norm is a norm function. A quasi-normed space is (U ol ||) or
simply U. Since every quasi-normed space U is a quasi- metric space by d, (v, w) = ([[V-w],
the concept of completeness is given. A quasi-Banach space is a complete quasi-normed space

([3,6]).

Remark (2.3). It is clear, every quasi-normed space is a quasi-metric space, conversely may be
not true, indeed,

1 Jup —vg |
2k 1+ lug —vg |

Take (U, d,), where d,(u,v) = Z

00
is a quasi-metric space, but it is not a quasi-
k=

normed space ( see[8]).

Remark (2.4 ). It is obvious, any inner product function satisfies Definition (2.2) and
generates a quasi - norm whichis ||V =(<v,v >)/2vvel.

Theorem (2.5) [1]. A quasi-normed space U is an inner product space iff equality:
2 2 2 2
VAW + lv=w(® =2 [[v["+ 2wl Vu,vel, (2.1)
is satisfied by the quasi-norm of U.

Definition (2.6) [4]. The vector space L, [a,D], 0<p<oo, [a, b] € R is a set of all measurable

b
functions f on [a, b] for which J.l f(x)]" dx< oo .
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b 1/p
Theorem (2.7 ) [3,4]. A spacel  [a,b], with the function | f| = U| f(x)|" dx] is a

quasi-Banach space when 0O<p<co , a Banach space when 1<p<o, and L, [a,b] is only a

Hilbert space.

3. Some Properties of Quasi-linner Product Spaces.

Definition( 3.1) [1]. Aquasi-normed space U is called a quasi-inner product space, if :
AvEwl = lv=w]* =8 ( IV v w) + JWl" Tw,v)), V v,welU, (3.1)
is satisfied, where t(v, w) and t(w, v) are Gateaux derivatives, A Gdteaux derivative of q|| v,

T(v,w) at veU inthedirection w € U is defined as:

VIl v +hw - v v +hw = v
lim + lim ,wherehe R.
h—>+0 h h—>-0 h

T(v,w) =

Similarly, (w, v) atw € U in the direction v is defined. If U is a quasi-Banach space then itis
called a quasi-Hilbert space.
Proposition (3.2). If Uis a quasi-normed space then V v,we U,
2
(Dt ww) =0, 7(0,w) =7(v,0) =0, and t(v,v) = V]
(2) If the right limit = the left limit then: t(v,w) = [IV|| limp_oh~? (q|| v+hw| — v )

Proof:
The proof is obvious from Definition (3.1).

Proposition (3.3). If U is an inner-product space then 7(v,w) =<v,w > and t(w,v)

=<w,v>
Y vywel.
Proof:
From Definition (3.1), V v,we U.
2 2

dVI Jv+hwl - fv] ||V+hW|| - |V|| \‘

T(v,w) = > lim +| lim
P2t lv+hw]f+ g v P20 lv+Hhw]f g [ v /

Using Remark (2.4), we get 7(v,w) =< v,w >. Similarly, t(w,v) = <w,v > .

Remark (3.4). Using the proof of Proposition (3.3) with the binomial theorem [2] in Definition

(3.1) to get the functional 7 (f,g) of the following:
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(1) V f.g € L[ab],wehavet (f,g) = ]l | [, (sngf(x))g(x) dx. where,

L fx) >0
sng f(x) =40, f(x) =0
-1, f(x) <0

(2) V f,ge L, [ab], we have 7 (f.g)=,l I [JIf() 3(sng f(x))g(x) dx.
Similarly, (g, f) is defined for (1) and (2).
Example (3.5). If f, g € L [01], such that f(x) =x V x €0, %] and g(x)=x Vx e
[5.1].
1

From Remark (3.4), 7 (f,g) =t(w,v) = 63—4 and the right hand of equation(3.1) = 5 , but the

left hand = 63—4 , thus L [0]] is not a quasi-inner product space. Also, it is not an inner product

5

space, since 1 =the right hand of equation (2.1 ) # the left hand = P

Theorem (3.6). A quasi-inner product space U is an inner-product space if and only if the
equality (2.1) is satisfied.

Proof:

If U is a quasi-inner product space such that the equality (2.1) is satisfied, then by Theorem (2.5),
itis an inner product space.

If U is an inner-product space, using Remark (2.4) we get :
2
dVEwIP=<viwyvews= [IVIF+ 2<v, ws + WP ((lvew] ) =
2
(allvIZ+ Jiwli?) + 4<vws (VP + JIwl? )+ 4(< vw >)?, ¥ vwel.

Mso, [V-wl'= JIVIF - 2<v, w>+ Jw]'=

d
2
4 _ 2 2 2 2 2
dV=wlt = (VP + Jwl?) = 4 <vws( IVIE+ Jwl?)+ A< vw > )2
This implies that, q||V+W||4 - q||V—W||4 = 8(q||v||2 + q||W||2)< v,w >

Thus, from Proposition (3.3), an equation (3.1) is satisfied, and the proof is finished.

Example (3.7). Since the right hand of an equation (3.1) = the left hand =

8(J71f (x) 1*(sng £ () g(x) dx + ["1g(x) |*(sng g(x) )f (x) dx) withL, [a,b], thenitisa

quasi-inner product spaces, but an equation(2.1 ) fails, indeed,
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If we take L, [-11] such that f(x) =—x V x €[-1,0] and g(x) =x V x €[0,1], then it
is not an inner product space, since 1 = the right hand of equation(2.1 ) # the left hand = 1.

265.

Proposition (3.8 ). A quasi-inner product space U is an inner-product space if and only if
the following equivalence holds:

Jvrwl = dlv-wilezlvw)=0,Vv,wel (3.2)
Proof:
The proof of this proposition proceeds in a same way into version in a normed space [5].

Remark (3.9). (1)Since a space L, [a,b]is a quasi-Banach space, then it is a quasi-Hilbert
space if it is a quasi-inner product space for example a space L, [a,b] is a quasi-Hilbert space,
while L [a,b] isnot.

(2) Aspace L, [a,b] is one only which be a quasi-Hilbert space and Hilbert space together, as
shown in the following:

Theorem (3.10). L, [a,b], [a,b] € R, is a quasi-Hilbert space .
Proof:
Since a space L, [a,b]is Hilbert space from Theorem(2.6),then V f,ge L, [a,b],

<f,g>=1(f9) =f:|f(x) | (sngf(x))g(x)dx,and< g,f > =7(g,f)

=f;|g(x) | (sng g(x))f(x) dx, according to Proposition (3.3) and application the binomial
theorem in Definition (3.1). Thus, the right hand of equation (3.1) is

8(f;|f(x) 13(sng f(x)) g(x) dx f;lg(x) |3(sng g(x) )f(x) dx ) which is the same value of its left
hand. Therefore, L, [a,b] isa quasi-Hilbert space.

References

[1] J.K. Al-Delfi, Continuous Linear Operators On Infinite Quasi-Sobolev Spaces €% . Journal
of Physics: Conference Series (IOP Publishing), Sixth International Scientific Conference for Iraqi
Al Khwarizmi Society (FISCAS), Cairo, Egypt. 1897 (2021) 012044. doi:10.1088/1742-
6596/1897/1/012044. 1-6.

[2] P. R. Halmose, Polynomials. Springer-Verlag, Inc. New York,(1989).

[3] N. Kalton, Linear Operators on Lp for 0 < p <1. Transaction of The American Mathematical
Society, Missouri. Vol. 259, No. 2 ( 1980) . 319-355.

[4] E. Kreyszig, Introductory Functional Analysis with Applications. John Wiley and Sons, Inc
(1978).


https://iopscience.iop.org/issue/1742-6596/1897/1
https://iopscience.iop.org/issue/1742-6596/1897/1

174 Jawad Kadhim K. Al-Delfi ,Al-Qadisiyah Journal of Pure Science26, SPECIAL ISSUENUM.4 (2021) pp. 169-174

[5] P.M. Milicic, On The Quasi-Inner Product Spaces. Mat Bulletin. Skopje, Macedonia, 22
(XLVIIT) (1998). 19-30.

[6] G. Rano and T. Bag, Quasi-Metric Space and Fixed Point Theorems. International Journal of
Mathematics and Scientific Computing (ISSN: 2231-5330), VOL. 3, NO. 2 (2013). 27-31.

[7] R. A . Tapia, A characterization of inner product spaces. Proc. Amer. Math. Soc., 41(1973).
569-574.

[8] A. H. Siddiqji, Functional Analysis with Applications. Tata McGraw-Hill Publishing Company,
Ltd. New Delhij, India, (1986).



	A Quasi-Hilbert Space And Its Properties
	Recommended Citation

	tmp.1678986013.pdf.dYYq4

