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1. Introduction 

Zadeh [35] introduced the concepts,of fuzzy sets and fuzzy set operations. Maltoka [20] discussed 
bounded and convergent sequences of fuzzy numbers and studied their some properties. After on it, 
sequences of fuzzy numbers have been discussed by Dutta [7,8,9], Diamond and Kloeden [15],, Nanda 
[21], Esi [13] and many others. 

   A fuzzy real number	ܺ on  ܴ is a function  ܺ : ܴ → ܫ = [0,1]  associating each 	t ∈ ܴ, with its grade 
of membership ܺ(ݐ) .The class of all fuzzy real numbers is denoted by ܴ(ܫ). For 0 < ߙ ≤ 1,  the 
ߙ − level set ܺఈ = ݐ} ∈ ܴ ∶ (ݐ)ܺ ≥ and the 0-level set ܺ଴ ,{ߙ = ݐ} (ݐ)ܺ:ܴ∋ > 0},  is the clouser of 
strong 0-cut then it is compact. 

   Let ܦ  denote to the set of all closed bounded intervals ܤ = [ܾଵ,ܾଶ].Define the relation ݀  on			ܦ  
by			݀(ܤ,ܹ) = max	{	|ܾଵ ,|ଵݓ− |ܾଶ − ,ܦ)   }. Clearly	ଶ|ݓ ݀)	 is  a  complete metric space. ( look  
Diamond and Kloeden [14], Nanda[21]).  
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   The  studying  of  Orlicz ,sequence  spaces  have  been put  newly  by  various  authors  ( [10], [11], 
[12], [25], [33], [34]). 

   Battor and Neamah [24] introduced a double sequence as follows: a double sequence (ܺ,ܻ) =
(ܺ௥௦ , ௥ܻ௦) is a double infinite matrix of elements (ܺ௥௦ , ௥ܻ௦), where  ܺ = ܺ௥௦  is a double infinite matrix 
of  elements ܺ௥௦  and   ܻ = ௥ܻ௦  is infinite a double matrix of  elements  ௥ܻ௦, which means (	ܺ௥௦ , ௥ܻ௦)  is 
complex double sequences and they defined a  double Orlicz function on double sequence space in the 
following: 

ܯ  : [0,∞) × [0,∞) → [0,∞) × [0,∞)  such that ܯ(ܺ,ܻ) = ((ܻ)ଶܯ,(ܺ)ଵܯ)  and (ܺ,ܻ) =  (ܺ௥௦ , ௥ܻ௦)  
where ܯଵ : [0,∞) →	 :ଶܯ   ,(∞,	0] [0,∞) → 	0,∞), and ܯଵ, ܯଶ are two Orlicz functions which be 
continuous, non-decreasing, even, convex and satisfy the next conditions: 

 (ⅰ)	ܯଵ(0) = ଶ (0)ܯ , 0 =  ଶ(0)൯ = (0,0)ߊ,	ଵ(0)ߊ	൫ = (0,0)ܯ  ⇒   0

 (ⅱ)	ܯଵ(ܺ) > (ܻ)ଶܯ ,0 > ,	(ܺ)ଵߊ൫ = (ܻ,ܺ) ܯ  ⇒   0 ଶ(ܻ)൯ߊ	 > 	 (0,0),  for all ܺ, ܻ  > 0  

	(ⅲ)	ܯଵ(ܺ) → → (ܻ)ଶܯ ,∞ ∞,	 as  ܺ,	ܻ → → (ܻ,ܺ) ܯ  ⇒  ∞ (∞	,∞)	,as (ܺ,ܻ) → (∞,∞). 

Remark 1.1 [24]  If ܯ  is a double Orlicz function,  then  ܯଵ(ܺߣ) 	≤ (ܻߣ)ଶܯ 	,(ܺ)ଵܯ	ߣ		 ≤ ,(ܻ)ଶܯߣ
for	all		ܺ ≥ 0,ܻ ≥ 0		with		0 < ߣ < 1,		 therefore ,ܺߣ)ܯ		 (ܻߣ = ൫	ܯଵ(ܺߣ), ൯(ܻߣ)ଶܯ	 ≤
,(ܺ)ଵܯ൫	ߣ ଶ(ܻ)൯ܯ	 = (ܻ,ܺ) for all,(ܻ,ܺ)ܯߣ	 ≥ (0,0), thus	ܺߣ)ܯ, (ܻߣ ≤ (ܻ,ܺ) for all  ,(ܻ,ܺ)ܯߣ ≥
(0,0). 

   If replaced the convexity of ܯ by ܯ(ܺ + ܻ) ≤ (ܺ)ܯ +  ) then it is said a modulus function ,(ܻ)ܯ
look [22] ). A double Orlicz function may be bounded or unbounded, e.g. ܯଵ(ܺ) = ܺ௣,ܯଶ(ܻ) = ܻ௣, 
0 < ݌ ≤ 1  are unbounded, so consequently ܯ(ܺ,ܻ) = (ܺ௣,ܻ௣) , 		(0,0) < ,݌) (݌ ≤ (1,1)  is 
unbounded and ܯଵ(ܺ) = ௑

௑ାଵ
(ܻ)ଶܯ, = ௒

௒ାଵ
  are bounded, so,  ܯ(ܺ,ܻ) = ቀ ௑

௑ାଵ
, ௒
௒ାଵ

ቁ is bounded.  

   A  fuzzy double sequence (ܺ,ܻ) = (ܺ௥௦ , ௥ܻ௦) is a double infinite matrix of elements (ܺ௥௦ , ௥ܻ௦) for all 
,ݎ ݏ ∈ ܰ, where  ܺ = ܺ௥௦  is a double infinite matrix of  elements ܺ௥௦  and  ܻ = ௥ܻ௦ is infinite a double 
matrix of  elements  ௥ܻ௦ ,where ܺ௥௦ , ௥ܻ௦ ∈ ܺ௥௦	which  means ( ,(ܫ)ܴ , ௥ܻ௦)  is a double sequences of 
fuzzy real numbers,  where  ܺ௥௦ , ௥ܻ௦ 	 ∈ ,ݎ		for each  ,(ܫ)ܴ	 ݏ ∈ ܰ.   

   The earliest works on double sequences of  real or complex terms is found in Bromwich [1]. Later on 
it further studied by Basarir and Solancan [2], ,Moricz [23], Tripathy and Dutta [31], Tripathy and 
Sarma [32] and many others. The notion of regular convergence for double sequences of real or 
complex terms was introduced by Hardy [18].  Fast [16] was first introduced  the concept of statistical 
convergence  and it also independently by Buck [3] and Schoenberg [28]. Further it was studied by 
Salat [27], Fridy [17], Cannor [4,5] and many others.  

The notion of ∆-statistically pre-Cauchy double sequence of fuzzy numbers was introduced by Dutta 
and Reddy [29] and they established a standard for arbitrary double sequence of fuzzy numbers to 
become ∆-statistically pre-Cauchy. 

We concept this work to introduced the following notions:       
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A double sequences of fuzzy numbers  (ܺ௞௟), (, ௞ܻ௟) are said to be ∆-statistically convergent to ܺ଴, ଴ܻ 
respectively if lim௥,௦	→ஶ	

ଵ
௥௦
ห൛(݌, ൫∆ܺ௣௤݀	:(ݍ ,ܺ൯ ≥ ,ߝ ݌ ≤ ݍ,ݎ ≤ ൟหݏ = 0 , and 

lim௥,௦	→ஶ	
ଵ
௥௦
ห൛(݌, ∆൫݀	:(ݍ ௣ܻ௤,ܻ൯ ≥ ,ߝ ݌ ≤ ,ݎ ݍ ≤ ൟหݏ = 0, respectively, 

therefore, (	ܺ௞௟ 	, 	 ௞ܻ௟)  is called 			∆ -statistically convergent to (ܺ଴, ଴ܻ)  if       
									lim௥,௦	→ஶ	

ଵ
௥௦
ቚቄ(	݌, ቀ݀൫∆ܺ௣௤	:(ݍ ,ܺ൯, ݀൫∆ ௣ܻ௤,ܻ൯ቁ ≥ ݌			,ߝ	 ≤ ,ݎ ݍ ≤ ቅቚݏ = 0,  

such that the vertical bars indicate to the number of elements in the set. 

Definition 1.2  A double sequence of fuzzy number	(	ܺ௞௟ , ௞ܻ௟) is called		∆-statistically pre-Cauchy if  
for all  ߝ > 0 there exist  (ߝ)ݒ and		(ߝ)ݓ where,   

lim
௥,௦	→ஶ

	
1

ଶݏଶݎ
ቚቄ(	݌, ቀ݀൫∆ܺ௣௤	:(ݍ ,∆ܺ௩௪൯,݀൫∆ ௣ܻ௤ ,∆ ௩ܻ௪൯ቁ ≥ ݌			,ߝ	 ≤ ,ݎ ݍ ≤ ቅቚݏ = 0. 

In actually, ,the first order difference operator ∆ may be represented as an infinite triangular matrix as 
following, 

∆=

⎣
⎢
⎢
⎡
1 −1 0
0 1 −1
0 0 1

			
0 0 …
0 0 …
−1 0 …		… …			 …				

… …		 …				
… 	… …
… 	… …⎦

⎥
⎥
⎤
  

The fuzzy double sequence	(	ܺ௥௦ , ௥ܻ௦) may be expressed as an infinite matrix of fuzzy numbers as 
following, 

(	ܺ௥௦ , ௥ܻ௦) =

⎣
⎢
⎢
⎢
⎡ ଵܺଵ, ଵܻଵ		 ଵܺଶ, ଵܻଶ ଵܺଷ, ଵܻଷ
ܺଶଵ, ଶܻଵ		 ܺଶଶ, ଶܻଶ ܺଶଷ, ଶܻଷ
ܺଷଵ, ଷܻଵ		 ܺଷଶ, ଷܻଶ ܺଷଷ, ଷܻଷ

			
… ଵܺ௡ , ଵܻ௡ …
… ܺଶ௡ , ଶܻ௡ …
… ܺଷ௡ , ଷܻ௡ …					…	 											… 		…	

… 													…		 										…													
…									 	…	 …
…									 	… 		…⎦

⎥
⎥
⎥
⎤
  

  

Then, for any fuzzy double sequence by(ܺ,ܻ) = (ܺ௥௦ , ௥ܻ௦), we have  

∆(	ܺ௥௦ , ௥ܻ௦) = 										

⎣
⎢
⎢
⎡
1 −1 0
0 1 −1
0 0 1

			
0 0 …
0 0 …
−1 0 …		… …			 …				

… …		 …				
… 	… …
… 	… …⎦

⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎡ ଵܺଵ, ଵܻଵ		 ଵܺଶ, ଵܻଶ ଵܺଷ, ଵܻଷ
ܺଶଵ, ଶܻଵ		 ܺଶଶ, ଶܻଶ ܺଶଷ, ଶܻଷ
ܺଷଵ, ଷܻଵ		 ܺଷଶ, ଷܻଶ ܺଷଷ, ଷܻଷ

			
… ଵܺ௡ , ଵܻ௡ …
… ܺଶ௡ , ଶܻ௡ …
… ܺଷ௡ , ଷܻ௡ …					…	 											… 		…	

… 													…		 										…													
…									 	…	 …
…									 	… 		…⎦

⎥
⎥
⎥
⎤
  

 

  =	

⎣
⎢
⎢
⎢
⎡ ଵܺଵ − ܺଶଵ, ଵܻଵ − ଶܻଵ	 ଵܺଶ − ܺଶଶ, ଵܻଶ − ଶܻଶ 		
ܺଶଵ − ܺଷଵ , ଶܻଵ − ଷܻଵ		 ܺଶଶ − ܺଷଶ, ଶܻଶ − ଷܻଶ 	
ܺଷଵ − ܺସଵ , ଷܻଵ − ସܻଵ		 ܺଷଶ − ܺସଶ, ଷܻଶ − ସܻଶ 	

			
… ଵܺ௡ − ܺଶ௡ , ଵܻ௡− ଶܻ௡ …
… ܺଶ௡ − ܺଷ௡ , ଶܻ௡ − ଷܻ௡ …
… ܺଷ௡ − ܺସ௡ , ଷܻ௡− ସܻ௡ …					…	 																								 	

… 																								 																							
…													 						…					 														… 																			…
…												 							…				 											… 																							… ⎦

⎥
⎥
⎥
⎤
	. 



Leena A. Muslim Kadhim, Ali Hussein Battor, Al-Qadisiyah Journal of Pure  Science 25 , 2 (2020) PP. Math. 14–21                                                          17 
 

This way about construction on difference double sequences is useful according to discuss some 
properties on the spaces of such sequences. 

   Lindenstrauss and  Tzafriri [19]  took  the  idea  of  Orlicz  function and  defined  the sequence space  
  of  single sequences, later on  Battor and Neamah [24] used  that  idea  to construct a double	ெܮ
sequence space: 

ெܮ2 = ቊ(ܺ௥௦	, ௥ܻ௦) ∈ 2߱:	 ∑ ∑ ቈቆܯଵ ቀ
|௑ೝೞ|
ఘ
ቁቇ⋁ቆܯଶ ቀ

|௒ೝೞ|
ఘ
ቁቇ቉ஶ

௦ୀଵ
ஶ
௥ୀଵ < ∞, for some ρ > 0ቋ,	  

which is a Banach space under the norm: 

‖(ܺ௥௦	, ௥ܻ௦)‖ெ = inf ቊߩ > 0 ∶ ∑ ∑ ቈቆܯଵ ቀ
|௑ೝೞ|
ఘ
ቁቇ⋁ቆܯଶ ቀ

|௒ೝೞ|
ఘ
ቁቇ቉ ≤ 1ஶ

௦ୀଵ
ஶ
௥ୀଵ 	ቋ,	 

which is said a double Orlicz of a double sequence space such that  2߱ is a family of all			ℝଶ	or  ℂଶ  
double  sequence, that is,	(ܺ௥௦)	 and  ( ௥ܻ௦)	 are complex or	 real 	double sequence and conclusion that  
the double Orlicz  of a double sequence space  2ܮெ  be closely related to the space 2ܮ௣,		which is, a 
double Orlicz double sequence space with (ܻ,ܺ)	ܯ	 = ((ܻ)ଶܯ,(ܺ)ଵܯ) = (ܺ௣,ܻ௣),  for		(1,1) ≤
,݌) (݌ < (∞,∞)  such that  ܯଵ(ܺ) = ܺ௣, for	1 ≤ ݌ < ∞,	and  ܯଶ(ܻ) = ܻ௣,  for 1 ≤ ݌ < ∞.  

Connor, Fridy and Kline in [6] and Dutta and Reddy in [37]  showed the condition of bounded 
sequence to becomes statistically pre-Cauchy, so we can establish the follows criterion for arbitrary 
double sequence of fuzzy terms to be statistically pre-Cauchy for a double Orlicz  ࡹ =  .(૛ࡹ,૚ࡹ)

 2. Main results 
Theorem 2.1 Let (ܺ,ܻ) = ൫ܺ௣௤ , ௣ܻ௤൯ be a double sequence of fuzzy number and  ܯ =  be a (ଶܯ,ଵܯ)

bounded double Orlicz function, then (ܺ,ܻ) is ∆- statistically pre-Cauchy if and only if   

lim௥,௦	→ஶ	
ଵ

௥మ௦మ
∑ ∑ ቈቆܯଵ ቀ

ௗ൫∆௑೛೜,∆௑ೡೢ൯
ఘ

ቁቇ , ቆܯଶ ቀ
ௗ൫∆௒೛೜ ,∆௒ೡೢ൯

ఘ
ቁቇ቉ = 0,௤,௪ஸ௦௣,௩ஸ௥   

for some ߩ > 0. 

Proof : Suppose 

lim௥,௦	→ஶ	
ଵ

௥మ௦మ
∑ ∑ ቈቆܯଵ ቀ

ௗ൫∆௑೛೜,∆௑ೡೢ൯
ఘ

ቁቇ , ቆܯଶ ቀ
ௗ൫∆௒೛೜ ,∆௒ೡೢ൯

ఘ
ቁቇ቉ = 0,௤,௪ஸ௦௣,௩ஸ௥   

for some ߩ > 0. For each ߝ > ߩ  ,0 > 0  and ݉,݊ ∈ ܰ, we get 

ଵ
௥మ௦మ

∑ ∑ ቈቆܯଵ ቀ
ௗ൫∆௑೛೜ ,∆௑ೡೢ൯

ఘ
ቁቇ , ቆܯଶ ቀ

ௗ൫∆௒೛೜ ,∆௒ೡೢ൯
ఘ

ቁቇ቉௤,௪ஸ௦௣,௩ஸ௥  = 

ଵ
௥మ௦మ

		∑ 		∑ ቈቆܯଵ ቀ
ௗ൫∆௑೛೜,∆௑ೡೢ൯

ఘ
ቁቇ , ቆܯଶ ቀ

ௗ൫∆௒೛೜ ,∆௒ೡೢ൯
ఘ

ቁቇ቉௤,௪ஸ௦௣,௩ஸ௥,ௗ൫∆௑೛೜ ,∆௑ೡೢ൯ழఌ	
and	ௗ൫∆௒೛೜ ,∆௒ೡೢ൯ழఌ

  

+ ଵ
௥మ௦మ

∑ ∑ ቈቆܯଵ ቀ
ௗ൫∆௑೛೜ ,∆௑ೡೢ൯

ఘ
ቁቇ ,ቆܯଶ ቀ

ௗ൫∆௒೛೜,∆௒ೡೢ൯
ఘ

ቁቇ቉௤,௪ஸ௦௣,௩ஸ௥,ௗ൫∆௑೛೜,∆௑ೡೢ൯ஹఌ	
and	ௗ൫∆௒೛೜,∆௒ೡೢ൯ஹఌ
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≥ ଵ
௥మ௦మ

∑ ∑ ቈቆܯଵ ቀ
ௗ൫∆௑೛೜ ,∆௑ೡೢ൯

ఘ
ቁቇ , ቆܯଶ ቀ

ௗ൫∆௒೛೜ ,∆௒ೡೢ൯
ఘ

ቁቇ቉௤,௪ஸ௦௣,௩ஸ௥,ௗ൫∆௑೛೜ ,∆௑ೡೢ൯ஹఌ	
and	ௗ൫∆௒೛೜,∆௒ೡೢ൯ஹఌ

  

≥ (ߝ)ܯ ൤
1

ଶݏଶݎ
ቚቄ(	ݍ,݌):	ቀ݀൫∆ܺ௣௤,∆ܺ௩௪൯, ݀൫∆ ௣ܻ௤,∆ ௩ܻ௪൯ቁ ≥ ݌			,ߝ	 ≤ ݍ,ݎ ≤  ቅቚ൨ݏ

≥ 0,	where	ܯ =  (ଶܯ,ଵܯ)

Next,  suppose  that	(ܺ,ܻ) is  ∆- statistically,pre-Cauchy and that		ߝ  has been given.  

Let ߝ > 0  such that ܯଵ(ߜ) < ఌ
ଶ
  and		ܯଶ(ߜ) < ఌ

ଶ
  and consequently,	(ߜ)ܯ < ఌ

ଶ
 . 

Since ܯ is bounded, there exist an integer ܣ such that (ܺ)ଵܯ	 < ஺
ଶ

  and		ܯଶ(ܻ) < ஺
ଶ
  for all ܺ,ܻ ≥

0	and consequently,	ܯ(ܺ,ܻ) < ஺
ଶ
   for all ܺ,ܻ ≥ 0. Note that, for all ݊ ∈ ܰ.  

ଵ
௥మ௦మ

∑ ∑ ቈቆܯଵ ቀ
ௗ൫∆௑೛೜ ,∆௑ೡೢ൯

ఘ
ቁቇ , ቆܯଶ ቀ

ௗ൫∆௒೛೜ ,∆௒ೡೢ൯
ఘ

ቁቇ቉௤,௪ஸ௦௣,௩ஸ௥  = 

ଵ
௥మ௦మ

		∑ 		∑ ቈቆܯଵ ቀ
ௗ൫∆௑೛೜ ,∆௑ೡೢ൯

ఘ
ቁቇ ,ቆܯଶ ቀ

ௗ൫∆௒೛೜,∆௒ೡೢ൯
ఘ

ቁቇ቉௤,௪ஸ௦௣,௩ஸ௥,ௗ൫∆௑೛೜ ,∆௑ೡೢ൯ழఋ	
and	ௗ൫∆௒೛೜ ,∆௒ೡೢ൯ழఋ

  

+ ଵ
௥మ௦మ

∑ ∑ ቈቆܯଵ ቀ
ௗ൫∆௑೛೜,∆௑ೡೢ൯

ఘ
ቁቇ , ቆܯଶ ቀ

ௗ൫∆௒೛೜ ,∆௒ೡೢ൯
ఘ

ቁቇ቉௤,௪ஸ௦௣,௩ஸ௥,ௗ൫∆௑೛೜,∆௑ೡೢ൯ஹఋ	
and	ௗ൫∆௒೛೜,∆௒ೡೢ൯ஹఋ

 

≤ (ߜ)ܯ + ଵ
௥మ௦మ

∑ ∑ ቈቆܯଵ ቀ
ௗ൫∆௑೛೜ ,∆௑ೡೢ൯

ఘ
ቁቇ ,ቆܯଶ ቀ

ௗ൫∆௒೛೜,∆௒ೡೢ൯
ఘ

ቁቇ቉௤,௪ஸ௦௣,௩ஸ௥,ௗ൫∆௑೛೜ ,∆௑ೡೢ൯ஹఋ	
and	ௗ൫∆௒೛೜ ,∆௒ೡೢ൯ஹఋ

  

≤
ߝ
2 +

ܣ
2 ൤

1
ଶݏଶݎ

ቚቄ(	ݍ,݌):	ቀ݀൫∆ܺ௣௤,∆ܺ௩௪൯,݀൫∆ ௣ܻ௤ ,∆ ௩ܻ௪൯ቁ ≥ ݌			,ߜ	 ≤ ,ݎ ݍ ≤  ቅቚ൨ݏ

≤ ߝ + ܣ ቂ ଵ
௥మ௦మ

ቚቄ(	݌, ቀ݀൫∆ܺ௣௤	:(ݍ ,∆ܺ௩௪൯, ݀൫∆ ௣ܻ௤,∆ ௩ܻ௪൯ቁ ≥ ݌			,ߜ	 ≤ ݍ,ݎ ≤  ቅቚቃ  …(1)ݏ

Since,(ܺ,ܻ) is ∆- statistically pre-Cauchy, there is, ܰ such that the right hand side of equation (1) is 

less than  ߝ  for each ݊ ∈ ܰ. Hence, 

lim௥,௦	→ஶ	
ଵ

௥మ௦మ
∑ ∑ ቈቆܯଵ ቀ

ௗ൫∆௑೛೜,∆௑ೡೢ൯
ఘ

ቁቇ , ቆܯଶ ቀ
ௗ൫∆௒೛೜ ,∆௒ೡೢ൯

ఘ
ቁቇ቉ = 0	.௤,௪ஸ௦௣,௩ஸ௥ ∎  

Theorem 2.2  Let (ܺ,ܻ) = ൫ܺ௣௤ , ௣ܻ௤൯ be a double sequence of fuzzy number and let ܯ be a bounded 

double Orlicz function, then (ܺ,ܻ)  is  ∆- statistically convergent to (ܺ଴, ଴ܻ) if and only if    

lim௥,௦		
ଵ
௥௦
∑ ∑ ቈቆܯଵ ቀ

ௗ൫∆௑೛೜,௑బ൯
ఘ

ቁቇ , ቆܯଶ ቀ
ௗ൫∆௒೛೜ ,௒బ൯

ఘ
ቁቇ቉௦

௤ୀଵ
௥
௣ୀଵ = 0.  

Proof :  consider that 

	lim௥,௦		
ଵ
௥௦
∑ ∑ ቈቆܯଵ ቀ

ௗ൫∆௑೛೜,௑బ൯
ఘ

ቁቇ , ቆܯଶ ቀ
ௗ൫∆௒೛೜ ,௒బ൯

ఘ
ቁቇ቉௦

௤ୀଵ
௥
௣ୀଵ = 0, 
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with a double Orlicz function ܯ = ,(ଶܯ,ଵܯ)  then (ܺ,ܻ)	 is ∆ - statistically convergent to (ܺ଴, ଴ܻ) 

see[22]. 

Conversely, suppose that (ܺ,ܻ)	 is ∆ - statistically convergent to (ܺ଴, ଴ܻ).  In the same manner to 

theorem (2.1) and using that		ܯ be a  double Orlicz function we can prove that 

lim௥,௦		
ଵ
௥௦
∑ ∑ ቈቆܯଵ ቀ

ௗ൫∆௑೛೜,௑బ൯
ఘ

ቁቇ , ቆܯଶ ቀ
ௗ൫∆௒೛೜ ,௒బ൯

ఘ
ቁቇ቉௦

௤ୀଵ
௥
௣ୀଵ = 0,   

 

Corollary 2.3 Let (ܺ,ܻ) = ൫ܺ௣௤ , ௣ܻ௤൯ be a double sequence of fuzzy number, then (ܺ,ܻ)  is  ∆- 

statistically pre-Cauchy,  if and only if    

lim௥,௦		
ଵ

௥మ௦మ
∑ 		௥
௣ୀଵ ∑ ቂቀ݀൫∆ܺ௣௤ ,∆ܺ௩௪൯,݀൫∆ ௣ܻ௤ ,∆ ௩ܻ௪൯ቁቃ௦

௤ୀଵ = 0.  
 

Proof :  Let  ܤଵ = 	 sup௣,௤ ݀൫∆ܺ௣௤, 0ത൯, ଶܤ	 = 	 sup௣,௤ ݀൫∆ ௣ܻ௤, 0ത൯ and define  

(ܻ,ܺ)ܯ = ቀ(ଵାଶ஻భ)௑
ଵା௑

, (ଵାଶ஻మ)௒
ଵା௒

ቁ.Then, 

ቈቆܯଵ ቀ
ௗ൫∆௑೛೜,∆௑ೡೢ൯

ఘ
ቁቇ ,ቆܯଶ ቀ

ௗ൫∆௒೛೜,∆௒ೡೢ൯
ఘ

ቁቇ቉ ≤ ቀ(1 + ଵ)݀൫∆ܺ௣௤ܤ2 ,∆ܺ௩௪൯, (1 + ∆ଶ)݀൫ܤ2 ௣ܻ௤ ,∆ ௩ܻ௪൯ቁ  

and	   

 ቈቆܯଵ ቀ
ௗ൫∆௑೛೜,∆௑ೡೢ൯

ఘ
ቁቇ , ቆܯଶ ቀ

ௗ൫∆௒೛೜ ,∆௒ೡೢ൯
ఘ

ቁቇ቉ = ቆ(1 + (ଵܤ2 ௗ൫∆௑೛೜,∆௑ೡೢ൯
ଵାௗ൫∆௑೛೜ ,∆௑ೡೢ൯

, (1 + (ଶܤ2 ௗ൫∆௒೛೜ ,∆௒ೡೢ൯
ଵାௗ൫∆௒೛೜ ,∆௒ೡೢ൯

ቇ 

  

≥ ቆ
(1 + ଵ)݀൫∆ܺ௣௤ܤ2 ,∆ܺ௩௪൯

1 + ݀൫∆ܺ௣௤ ,∆ܺ௩௪൯
,
(1 + ∆ଶ)݀൫ܤ2 ௣ܻ௤,∆ ௩ܻ௪൯

1 + ݀൫∆ ௣ܻ௤,∆ ௩ܻ௪൯
ቇ 

≥ ቆ
(1 + ଵ)݀൫∆ܺ௣௤,∆ܺ௩௪൯ܤ2

1 + (1 + (ଵܤ2 ,
(1 + ∆ଶ)݀൫ܤ2 ௣ܻ௤,∆ ௩ܻ௪൯

1 + (1 + (ଶܤ2 ቇ, 

= ቀ݀൫∆ܺ௣௤ ,∆ܺ௩௪൯,݀൫∆ ௣ܻ௤ ,∆ ௩ܻ௪൯ቁ.																																								 

Thus,	lim௥,௦		
ଵ

௥మ௦మ
∑ 		௥
௣ୀଵ ∑ ቂቀ݀൫ܺ௣௤,ܺ௩௪൯,݀൫ ௣ܻ௤ , ௩ܻ௪൯ቁቃ௦

௤ୀଵ = 0, if and only if  

 lim௥,௦		
ଵ

௥మ௦మ
	∑ ∑ ቈቆܯଵ ቀ

ௗ൫∆௑೛೜,௑ೡೢ൯
ఘ

ቁቇ , ቆܯଶ ቀ
ௗ൫∆௒೛೜ ,௒ೡೢ൯

ఘ
ቁቇ቉௦

௤ୀଵ	
௥
௣ୀଵ = 	0, and direct application of 

theorem (2.1) the proof completes.  ∎ 

Corollary 2.4 Let (ܺ,ܻ) = ൫ܺ௣௤ , ௣ܻ௤൯ be a double sequence of fuzzy number, then (ܺ,ܻ)  is  ∆- 

statistically,convergent to (ܺ଴, ଴ܻ), if and only if 

lim௥,௦		
ଵ
௥௦
∑ ∑ ቂቀ݀൫∆ܺ௣௤ ,ܺ଴൯, ݀൫∆ ௣ܻ௤, ଴ܻ൯ቁቃ௦

௤ୀଵ
௥
௣ୀଵ = 0.  
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Proof:  Let ܤଵ = sup௣,௤ ݀൫∆ܺ௣௤ , 0ത൯ , ܤଶ = sup௣,௤ ݀൫∆ ௣ܻ௤, 0ത൯ and 

define	ܯ(ܺ,ܻ) = ቀ(ଵା஻భା௑బ)௑
ଵା௑

, (ଵା஻మା௒బ)௒
ଵା௒

ቁ.Then in the same manner of the proof of corollary (2.3) we 

can get the prove.  ∎ 

Conflict of Interest: The authors advertise that they have no conflict of interest. 

Acknowledgements: 

We the authors thank the referees to the careful reading of the paper and the comments. 
 
References: 
 
[1]  Bromwich, T.J.I. 1965. An introduction the theory of infinite series. Macmillan and Co. New   
       York. 
[2] Basarir, M., Solancan, O. 1999. On some double sequence spaces. J. Indian Acad. Math.21     
       (2) 193-200. 
[3]   Buck, R.C.  1953. Generalized Asymptote Density.Amer J. of Math. (75) 335-346. 
[4]   Connor, J.S.  1988, The Statistical and Strong P-Cesaro Convergence of Sequences Analysis.   
       (8) 47-63.  
[5]   Connor, J.S.  1989. On strong Matrix Summability  with Respect to a  Modulus and Statistical     
       convergence. Canad. Math. Bull. (32) 194-198.   
[6]   Connor, J.S., Fridy, J. & Kline, J. 1994,  Statistically  Pre-Cauchy  Sequences. Analysis.(14)  
        311-317. 
[7]   Dutta, H.  2010. On some Complete Metric Spaces of Strongly Summable Sequences of Fuzzy  
       Numbers. Rend. Semin. Mat. Univ. Politec. Torino. (68) In Press. 
[8]   Dutta, H.  2010. On Some New  Type of  Summable  and Statistically Convergence Difference   
        sequences of Fuzzy Numbers. J. Fuzzy Math. 18(4) In Press. 
[9]   Dutta, H.  2009. On some Isometric Spaces of  ܿ଴ி , ܿி and  ℓஶி . Acta Univ. Apulensis. (19)   
        107-112. 
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