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Abstract :

The main idea of this paper is to derive some subordination and superordination results defined by a linear operator for multivalent functions
in the open unit disk . Several sandwich-type results are also obtained.
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1- Introduction : |w(z)| < 1in U such that f(z) = g (W(z2)), z € U. If g is univalent
and g(0) = f(0), then f(U) c g(U).

If f € A(p) is given by (1.1) , then the linear operator

Let A(p) denote the class of functions f of the form:

f(@) =2+ 3% az®, pEN={1,23,.},z€ U 1.1
b (n, A) : A(p) = A(p) ([2]) is defined by
which are analytic multivalent in the open unit disk U A
) n+ —

={zeC: |z <1}. b (V)F(2) =28 455 00s (m) anz > —p, p EN={1,2,3,..}.

. - (12
For t\./vo funcflons f .and g are.analytlc |.n U, we say t.hat the It is easily verified from (1.2) that
functions f is subordinate to g in U, written f < g, if there
exists Schwars function w ,analytic in U with w(0) = 0 and Z[lo (N, )f (D)1= (p+ A) L (n+ LA)f(2) =2 Ip (n, A)f (2). (1.3)
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The main object of this idea is to find sufficient conditions for
certain normalized analytic functions f to satisfy :

tiIp @M)f @)+t Ip MA)f(2)
q1(2) <( (t+t,) 2P

) <ax(2)

Ip MN)f (z)

0:(2) <( Ay 2 g,(2),

where q4(z) and q,(z) are given univalent functions in U with
qx(0) = q2(0) = 1.

Several authors studied differential subordination and
superordination for different conditions (see [3,4,5,6,7,8,9]) .

2- Preliminaries : In order to prove our subordinations and
superordinations results, we need the following definitions and
lemmas.

Definition (2.1)[11] : Let Q the set of all functions q that are
analytic and injective on U/ E(q) where U=U U {z€ dU },and
E(q) ={ €€ AU: lim - € q(2) = oo} 2.1)

such that g '(¢) #0 for € € dU / E(q). Further , let the subclass

of Q for which g(0) = a be denoted by Q(a), and Q(0)= Qo,
Q(1) =Qu.

Lemma (2.1) [1]: Let qg(z) be convex univalent function in U
and let a € C, B € C/ {0} and suppose that

2q" (z) B «
Re{1 +—q,(z) }>max {0, - Re (B)}'

If p(z) isanalyticin U, and
ap(z) + Bzp'(z) < aq(z) + Pzq'(2),
then p(z) < q(z) and q is the best dominant .

Lemma (2.2)[10]: Let q be univalent function in U and let ¢
and 0 be analytic in the domain D containing q(U) with ¢(w)
#0, when w € q(U). Set Q(z) = zq' (z) ¢ (q(z)) and h(z) =
0(q(2)) + Q(z).Suppose that,

(i) Q is starlike univalentin U .

.. zh'(z)
(ii) Re {—Q(z) }>0forze U.

If p is analytic in U with p(0) = q(0), p(U) € D and
8 (p(2) +2p'(2) ® (p(2)) <6 (q(2)) +zp’ (z) P (q(2)),
then p < g and q is the best dominant .

Lemma (2.3) [12]: Let q(z) be convex univalent in the unit disk
U and let 6 and ¢ be analytic in a domain D containing q(U).
Suppose that

; 8'(a(@)
() Re{ 4)(q(z))} >0forzeU,
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(i) z9'(2) ¢ (q(2)) is starlike univalentin z € U.

If p€ H[q(0),1]NQ with p(U)<SD,and 6(p(z))+zp'(z)d(p(2)) is
univalent in U, and 6(q(z)) + zq'(z) ¢ (q(2)) < 6(p(2)) +
zp'(z) ¢ (p(2)), (2.2)

then g < p and q is the best subordinant .

Lemma (2.4) [12]: Let q(z) be convex univalentin U and q(0)
=1.LetBeC thatRe(B)>0.If p(z) € H[g(0), 1] n Q and
P(z) + Bzp'(z) is univalent in U, then q(z) +
Bzq'(z) < p(z) + Bzp'(z) , which implies that q(z) < p(z) and g(z)
is the best subordinant.

3- Subordination Results :

Theorem (3.1) : Let g(z) be convex univalent function in U wth
g(0) =1n,6 € C\{0}. Suppose that

Z

q" (2) 1,
Re {1+ re > max{0, -Re(M)}.

e (3.1)

If fe A(p) is satisfies the subordination G(z) < q(z) +6nzq'(2),
(32)
where

t Ip MA)f @)+t Ip MA)f(2) \+
G@@=(= (tlHZ)Z o )8 X(1+

t; (p+A) I (n+1,1)f(2)— A1, (n,A)f (2)+ ty(p+A) I, (n+1,2)f(2)— A1, (nA)f(2)

n( t1Ip (A) f (2)+ tz Ip (n,2) f(2) ).
(33)
then
t Ip MNf @)+t Ip MDf(2) (&
( (ti+ty) zP )2 < 4@, (3.4)
and q(2) is the best dominant .
Proof : Define a function k(z) by
_ P MAf@+t, Ip (0A) f(2) \+
kz)=( (ty+1t;) zP )%, 35)
then the function k(z) is analytic in U and q(0) = 1, therefore,
differentiating ( 3.5) logarithmically with respect to z and using
the identity (1.3) in the resulting equation,
_ tIp@DF@+t Ip Nf (@)
G(2) = ( o ) x(1+
. (t1 P+ I, M+1L0f (@)= AT, (DF @+ t(p+2) I +1L)F(@)- A1, ()f(2) S

tyIp () f (2)+ t; Ip () (2)

Thus The subordination (3.2) is equivalent to

k(z) + 61 zK'(2) < q(2) + 61 z9'(2).



An application of Lemma (2.1) with B =8n anda =1, we
obtain (3.4).

1+Az

Taking q(2) -( ) (-1<B<A<1) inTheorem (3.1) , we
obtain the followmg coroIIary.

Corollary (3.1): Let n ,6 € C\{0} and (-1< B<A < 1).
Suppose that

1-Bz
¢ (b

) > max {0, - Re( )}

If f € A(p) is satisfy the following subordination condition :

1+Az (A-B)z
1+Bz (1+Bz)?’

G(2) <

where G(z) is given by (3.3) , then

(P @D @+t 1p (1) 12) )g 1+Az
(ti+ty) zP 1+Bz
and 2% is the best dominant.
1+Bz

Taking A = land B = -1 in Corollary(3.1), we get following
result.

Corollary (3.2) : Let n,6 € C \ {0} and suppose that

1+z

Re { (7)) > max {0, - Re( )}

If f € A(p) satisfy, the following subordination ,

1+z
G(z) <—+6n§(1 ey

where G(z) is given by (3.3) then

1
(LR D@ 1 (/@) )7 Lr
(ty+ty) zP 1-z

]

and g is the best dominant.

Theorem (3.2): Let qg(z) be convex univalent in unit disk U
with q(0) =1,6 >0, letn,8, s € C\{0},v,t, Y, T€ C, f € A(p),
and suppose that f and q satisfy the following conditions :

ZTV 2 a’'(z) _aq/(z)

Re{ -~ q(z) +—0g¥(z) +1+ Zow Caom }>0, (3.6)
and

I, mD)f (2)

L2 " * 0. 3.7

2q/(2)
If r(z2) <t+yq(2)+1yq2(z) +s——= o (3.8)
where
12) = (I (nl)f(Z)) (@ +ty (Ip(nl)f(Z)) +1
1 I (+10f(@)

+s3 () (200, (39)

then

( M Y < q(z), and q(z) is the best dominant.

Proof : Define analytic function k(z) by

I, (o, 7L)f I, MAf (@)

k(z) =( —F— ) ) (3.10)
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then the function k(z) is analyticin Uand g(0) = 1,

differentiating (3.10) logarithmically with respect to z, we
get

zk/(z)

1
T 5 PTML

I, (n+1,1)f(2)

i L (3.11)

By setting 6(w) =t+ yw + ty w2 and ¢(w)

easily observed that 6(w) is analytic in C, ¢(w) is analytic
in C\{0} and that p(w) # 0, we C\ {0}.

S .
= —,itcanbe
w

Also, if we let.
o _ .29'(@)
®(2)=2q'@) ¢ (D) =s "
and

h(2) =0 (q(®) + Q@) =t + Yq(2) + Tvq2(2) + s ZZ(S)

we find Q(z) is starlike univalentin U, we have

q/(z) ar(@ q9'(2) \2
h'(@)=¥q'(2) +2tva(9)q'(2) + 57~ +sz= o= -5z ()
and

zhi(z) _ 2 1 qr(z) a2
Q@ LA+ @@ 142 @ “a@’
hence that
zh'(z) 2 qr(z) a/(z)
Re (/- (Z)) Re(< q(z)+ Yq2(z) +1+z @ Zq(z))

By using (3.11), we obtain

zK/(z) _

— (2@ A)f(z)
k(z)

Wk(2) + Tyk2(2) + s Ys (P +

Y (p(n%)f(Z) I, m+1,0)f(2)

)5)+t+(S ®+N L onrm — D

By using (3.8), we have

zks (z) 2q/(z)

2
Wk(z) + tyk2(2) + s ot

<yq(z) +tvq¥(z) +s

and by using Lemma (2.2), we deduce that subordination
(3.8) implies that k(z) < q(z) and the function q(z) is the

best dominant .
and
1+Az

1+BZ(-1SB<AS
Theorem (3.2), the condition (3.6) becomes.

Taking the function q(z) = 1), in

l]J1+AZ 2ty
s 1+Bz s

1+Az, 5 (A-B)z ) 2Bz
(1+Bz) +1 +(1+Bz)(1+Az) 1+Bz

Re (=

)>0,(3.12)

hence, we have the following Corollary.

Corollary (3.3): Let ((1<B<A<1),s,86 €C\{0},v,t,t
,P € C.Assume that (3.12) holds. If f € A(p) and

1+Az 1+Az o
1+Bz (1+Bz )

(A-B)z
(1+Bz)(1+Az)’

rg) <t+y

where r(z) is defined in (3.9) , then

I, (nA 1+A 1+A
(M 1+Az and +Az
zP 1+Bz

, is the best dominant.
1+Bz

1
)5 <

1+z

Taking the function q(z) = (— )P (0 <p<1),In Theorem (3.2)
, the condition (3.6) becomes



Y Lzyp 2Ty 1tzygp 227
Re {S ( P )P+ . (1—2) P+ — }>0,(sec\{0}), (3.13)
hence , we have the following Corollary.

Corollary (3.4): Let 0<p<1,s,6 € C\{0},y,t,T,y€eC.
Assume that (3.13) holds. If fe A(p) and

1+z 1+z 2pz

(@) <t+d ()P +ry ()% +s—,

where r(z) is defined in (3.9), then

1+z
1-z

1, (A . .
. (nzp)_f(Z) )P, and (g )P is the best dominant.

( )< (

4- Superordination Results :

Theorem (4.1): Let q(z) be convex univalentin U with
q(0) = 1,8e C\{0}, Re{n} >0, if f € A(p), such that

tIp MDf @)+t Ip MA)f(2)
(ty+ty) zP

0,

and

( t1 Ip M) f(@)+ t; Ip (nA) f(2) )E H[q(O),l] n Q

(ti+ty) zP

(4.1)

If the function G(z) defined by (3.3) is univalent and the
following superordination condition:

q(z) + 6nzq'(z) < G(2), (4.2)
holds , then
L Ip (A 5 Ip (M 1
0 < (AR 4y
and q(z) is the best subordinant .
Proof : Define a function k(z) by
k(Z) - ( t Ip MA)f @)+t Ip 0A) f(2) )% ) (44)

(ty+ty) zP
Differentiating (4.4) with respect to z logarithmically ,we get.

zk(z) _ 1 t1(z(Ip MA)f @)D+ tz(z(Ip (WA f(2)) -
kiz) & t1Ip (nA)f (2)+t; Ip A f (2)

pty Ip MA)f(2) + pty Ip WA f(2) )

ty Ip () f(2)+ t; Ip MA)f (2) (45)

A simple computation and using (1.3) from (4.5), we get

_ 4 IpMf @+t Ip (MA) f(2) &
G =( (ty+ty) zP )8 X

(1+n(
t (p+2) Ip (n+1,0)f(z)—-A Ip M) f(Z)+ t(p+2) Ip (n+1,)f(z)— A Ip (n,)f(z)

tyIp (n2) £ (2)+ tz Ip (n,2) £(2)

)

=k(z) + 61 zK' (2).
Now , by using Lemma (2.4), we get the desired result .

1+Az

Taking q(z) = e (-1<B<A<1),in Theorem (4.1), we
get the following Corollary.

Corollary (4.2): Let Re{n}>0,6 eC{0} and-1<B<A<1
, such that

1
(t1 Ip mA)f(2)+ t; Ip (LA (2) )g € H[q(o)’ 1] n Q )

(ty+ty) zP

If the function G(z) given by (3.3) is univalent in U and
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f € A(p) satisfies the following superordination condition :

o * 0N vz < GO
then
LAz 4lp MNf@+ 1o 0N () )2
1+Bz (ty+ty) zP
and the function ::gz is the best subordinant.

Theorem (4.2): Let g(z) be convex univalent in unit disk U,
let §, se C\{0},y,t, ¥, t€C q(z) #0 and fe A(p) .Suppose
that

Re {12 (21yq(2) + ¥) } q(2) >0,

and satisfies the next conditions

() L
(2ODED 5 € Hig(0), 110 Q (4.6)
and
Ip M) (z) + 0.
zP
If the function r(z) is given by (3.9) is univalent in U,
t+yg(2) + tvg¥(2) +s% < 1(2) 4.7
implies
a2 < (%)i , and q(z) is the best subordinant.

Proof : Let the function k(z) defined on U by (4.1).
then a computation show that

zk'(z) _ 1 Ip(m+1.0)f(z)
Tl = () (RTEETE 1),

k(z) Ip MDf (2) “8)

By setting 8(w) =t + Yw + tyw? and ¢(w) = i it can be
easily observed that 8(w) is analytic in C, ¢(w) is analytic in
C\ {0} and that p(w) = 0 w € C\{0} ).

Also ,we get Q(2) = z9'(2) d (9(2)) =s % , it observed that

Q(2) is starlike univalent in U, since q(z) is convex , it
follows that
201(q(2)) \ _ 9@ .
Re (%) =Re {12 (2tvq(2)) + ¥} a(@) > 0.
By making use of (4.8) the hypothesis (4.7) can be

equivalently written as

6(a(z) +2q'(2) ¢ (a(2))) =0 (k(z) +zK'(2) ¢ (k(z))), thus
, by applying Lemma (2.3) , the proof is complete.

5- Sandwich Results :

Combining Theorem (3.1) with Theorem (4.1), we obtain the
following sandwich theorem.

Theorem (5.1): Let q; and q; be convex univalentin U with
q1(0) =q, (0) = 1 and q, satisfies (3.1).Suppose that Re{n} >0
,m,6 € C\{0}. If f € A(p), such that

t Ip @AF @+t Ip @A) (2) =
(LRODIOr L POLIG Y ¢ Hg©),1]nQ,

and the function G(z) defined by (3.3) is univalent and satisfies



q1(2) +8n2q'1(2) <G(2) <q2(2) +329'(2), (5.2)
then

tIp MDf @)+t Ip M) (2)
(ty+ty) zP

62 < ( )% <),

where q,and q,are respectively , the best subordinant and
the best dominant of (5.1).

Combining Theorem (3.2) with Theorem (4.2), we obtain
the following sandwich theorem.

Theorem (5.2): Let g; be two convex univalent function in
U, such that qi(0) =1 and qi(0) # 0 (i=1,2).Suppose that q,
and q, satisfies (3.8) and (4.8), respectively. If f € A(p)
and suppose that f satisfies the next conditions :

(W)é € H[Q(),1]nQ,

and

Ip MM f(z) +0

zP !

and r(z) is univalentin U, then

t+ U Qu(2) +yq2(2)+s 22 < t +iqi(z) +tyai(z) +s 202,
q,(2) q1(2)
implies
Ip (A2
0@ < (O < g,

and q; and q, are the best subordinant and the best
dominant respectively and r(z) is given by (3.9).
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