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ABSTRACT 

Some relations using  in  new subclass of meromorphically ς -

valent functions TK(δ, γ, μ, λ) defined by integral operator 

involving ȴ -function.We get some thing properties, like, 

coefficient inequality ȴς
α,β

 , growth and distortion bounds, 

Partial sums, convex set, radii of starlikeness and radii  

convexity. 

MSC: 30C45, 30C50 

Introduction.      

𝑄(𝑧) =
1

𝑧𝜍
+ ∑ 𝑎𝑡−𝜍𝑧

𝑡−𝜍 

∞

𝑡=1

;  ( 𝑡 > 𝜍, 𝜍 ∈ ℕ = {1,2,…  })                            (1) 

be class of  functions  denote by TK, including analytic and  𝜍 - valent in the punctured unit disk ∆∗=
 {𝓏: 𝓏 ∈ ℂ and o < |𝑧| < 1} 

Also, denoted by 𝑇𝐾+ ⊆TK of the form   

 𝑄(𝑧) =
1

𝑧𝜍
− ∑ 𝑎𝑡−𝜍𝑧

𝑡−𝜍 

∞

𝑡=1

    ( 𝑎𝑡−𝜍 ≥ 𝑜, 𝜍 ∈ ℕ)                      (2) 

http://qu.edu.iq/journalsc/index.php/JOPS
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Definition (1): Saxena [12]  introduced the ȴ - function as follows: 

ȴ(z)=ȴ𝜍𝑖,𝑞𝑖:𝑟

𝑚,𝑡
[𝑧] = ȴ𝜍𝑖,𝑞𝑖:𝑟

𝑚,𝑡
[𝑧 |

(𝑎𝑗,𝛼𝑗)1,𝑡(𝑎𝑗,𝛼𝑗)𝑡+1,𝜍𝑖

(𝑏𝑗,𝛽𝑗)1,𝑚(𝑏𝑗,𝛽𝑗)𝑚+1,𝑞𝑖] 

=
1

2𝜋𝑖
∫ 𝜎(𝑠)𝑧𝑠

𝑐

𝑑𝑠,                                                     (3) 

 

where 

𝜎(𝑠) =
∏ Г(𝑏𝑗 − 𝛽𝑗𝑠)∏ Г(1 − 𝑎𝑗 + 𝛼𝑗𝑠)

𝑡
𝑗=1

𝑚
𝑗=1

∑ {∏ Г(1 − 𝑏𝑗 + 𝛽𝑗𝑖𝑠)∏ Г(𝑎𝑗𝑖 − 𝛼𝑗𝑖𝑠)
𝑝𝑗
𝑗=𝑡+1

𝑞𝑖
𝑗=𝑛+1 }𝑟

𝑖=1

 

𝜍𝑖(𝑖 = 1,2,3,… , 𝑟), 𝑞𝑖(𝑖 = 1,2,3,… , 𝑟),𝑚, 𝑡 are integers satisfying 𝑜 ≤ 𝑡 ≤ 𝜍𝑖, 𝑜 ≤ 𝑚 ≤

𝑞𝑖(𝑖 = 1,2,3,… , 𝑟), 𝑟 is finite 𝛼𝑖 , 𝛽𝑖 , 𝛼𝑖𝑗 , 𝛽𝑖𝑗 are real and positive and 𝑎𝑖 , 𝑏𝑖 , 𝑎𝑖𝑗 , 𝑏𝑖𝑗  are complex 

numbers such that 

𝛼𝑗(𝑏ℎ + 𝑣) ≠ 𝛽𝑗(𝑎ℎ − 1 − 𝑤). 

We define the integral operator ȴς

α,β
of   Q ∈ 𝑇𝐾+   𝑓𝑜𝑟 𝛼, 𝛽 > 0  

ȴ𝜍

𝛼,𝛽
𝑄(𝑧) =

𝑧𝛽−𝜍

Г(𝛼 − 𝛽)𝐼
𝜍𝑖
+1,𝑞𝑖

+1:𝑟

𝑚,𝑡+1 [𝑧]
∫ 𝜎𝜍−𝛼(𝑧 − 𝜎)𝛼−𝛽−1

𝑧

0

ȴ𝜍𝑖
+1,𝑞𝑖

+1:𝑟

𝑚,𝑡
[𝜎]ℎ(𝜎)𝑑𝜎, (4) 

where  

ȴ𝜍𝑖
+1,𝑞𝑖

+1:𝑟

𝑚,𝑡+1
[𝑧] = ȴ𝜍𝑖

+1,𝑞𝑖
+1:𝑟

𝑚,𝑡+1
[𝑧 |

(𝛼,1)(𝑎𝑗,𝛼𝑗) (𝑎𝑗𝑖,𝛼𝑗𝑖)

(𝑏𝑗,𝛽𝑗) (𝑏𝑗𝑖,𝛽𝑗𝑖)(𝛽,1) ], when  

Real(𝑏𝑗) < 𝑅𝑒𝑎𝑙(𝑎𝑗) < 1 + 𝑚𝑖𝑛
1≤𝑗≤𝑚

𝑅𝑒(
𝑏𝑗

𝛽𝑗
)), 

then ȴ𝜍

𝛼,𝛽
𝑄(𝑧) can be written by 

𝑄(𝑧) =
1

𝑧𝜍
+ ∑𝑎𝑡−𝜍𝑧

𝑡−𝜍 

∞

𝑡=1

. 

So 
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ȴ𝜍

𝛼,𝛽
𝑄(𝑧) =

1

𝑧𝜍
+ ∑   

∞

𝑡=1

[
 
 
 
 
 
ȴ𝜍𝑖

+1,𝑞𝑖
+1:𝑟

𝑚,𝑡+1
[𝑧 |

(𝛼−𝜍−𝑡,1) (𝑎𝑗,𝛼𝑗)(𝑎𝑗𝑖,𝛼𝑗𝑖)

(𝑏𝑗,𝛽𝑗)(𝑏𝑗𝑖,𝛽𝑗𝑖)(𝛽−𝜍−𝑘,1)
]

ȴ𝜍𝑖
+1,𝑞𝑖

+1;𝑟

𝑚,𝑡+1
[𝑧 |

(𝛼,1)(𝑎𝑗,𝛼𝑗)(𝑎𝑗𝑖,𝛼𝑗𝑖)

(𝑏𝑗,𝛽𝑗)(𝑏𝑗𝑖,𝛽𝑗𝑖)(𝛽,1) ]
]
 
 
 
 
 

𝑎𝑡−𝜍𝑧
𝑡−𝜍 

 

=
1

𝑧𝜍
+ ∑𝜓(𝑚, 𝑡, 𝛼, 𝛽) 𝑎𝑡−𝜍𝑧

𝑡−𝜍,                                     (5) 

∞

𝑡=1

 

where  

𝜓(𝑚, 𝑡, 𝛼, 𝛽) =

ȴ𝜍𝑖
+1,𝑞𝑖

+1:𝑟

𝑚,𝑡+1
[𝑧 |

(𝛼−𝜍−𝑡,1) (𝑎𝑗,𝛼𝑗)(𝑎𝑗𝑖,𝛼𝑗𝑖)

(𝑏𝑗,𝛽𝑗)(𝑏𝑗𝑖,𝛽𝑗𝑖)(𝛽−𝜍−𝑡,1) ]

ȴ𝜍𝑖
+1,𝑞𝑖

+1:𝑟

𝑚,𝑡+1
[𝑧 |

(𝛼,1)(𝑎𝑗,𝛼𝑗)(𝑎𝑗𝑖,𝛼𝑗𝑖)

(𝑏𝑗,𝛽𝑗)(𝑏𝑗𝑖,𝛽𝑗𝑖)(𝛽,1)
]

.                           (6) 

The I-function extension of Fox's  H- function 

Now,we study a subclass of a function (2) define below.   

Definition (2): Let 𝑄 ∈ 𝑇𝐾+ given by (2). Then 𝑄 be in the class TK (𝛿, 𝛾, 𝜇, 𝜆) if it satisfy the 

condition: 

||

(−𝜍−1)𝑧𝜆(ȴ𝜍

𝛼,𝛽
𝑄(𝑧))´

𝑧−𝜍 − (𝜆𝜍2 + 𝜆𝜍)

(−𝜍2 − 𝜍) +
𝑧2(ȴ𝜍

𝛼,𝛽
𝑄(𝑧))´´

𝑧−𝜍 − 𝜇𝛾(𝜍 + 𝜆)𝑧𝜍

|| < δ,                     (7) 

where z ∈ ∆∗; o≤ δ < 𝜍, o < 𝜆, 𝛾 <  1, o < 𝜇 < 𝜍 𝑎𝑛𝑑 𝜍 ∈ ℕ.  

Several authors studied geometric properties of this function subclass  for other classes, like, M. K. 

Aouf  [2],[3], W. G. Atshan [4],[5],[6]and[7] and another authors [1],[8],[9],[10] and [11]. 

Theorem (1): Let 𝑄 ∈ 𝑇𝐾+ . Then 𝑄 is in the class TK (𝛿, 𝛾, 𝜇, 𝜆) iff  

∑𝜓(𝑚, 𝑡, 𝛼, 𝛽)(𝜆 + 𝛿)(𝑡 − 𝜍)(𝑡 − 𝜍 − 1)

∞

𝑡=1

  𝑎𝑡−𝜍𝑧
𝑡−𝜍 ≤ δ𝜇𝛾(𝜍 + 𝜆),     (8) 

where z ∈ ∆∗; o≤ δ < 𝜍, o < 𝜆, 𝛾 <  1, o < 𝜇 <  𝜍 𝑎𝑛𝑑 𝜍 ∈ ℕ.  

For the function the result is sharp  
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𝑄(𝑧) =
1

𝑧𝜍
+

δ𝜇𝛾(𝜍 + 𝜆)

𝜓(𝑚, 𝑡, 𝛼, 𝛽)(𝜆 + 𝛿)(𝑡 − 𝜍)(𝑡 − 𝜍 − 1)
 𝑧𝑡−𝜍.         (9) 

Proof: By |𝑧| = 1, and let the inequality (8) true .Then, we get 

|(−𝜍 − 1)𝑧𝜆 (ȴ𝜍

𝛼,𝛽
𝑄(𝑧)) ´ − (𝜆𝜍2 + 𝜆𝜍)𝑧𝜍| − δ |(−𝜍2 − 𝜍)𝑧𝜍 − 𝑧2 (ȴ𝜍

𝛼,𝛽
𝑄(𝑧)) ´´ − 𝜇𝛾(𝜍 + 𝜆)| 

= |∑𝜓(𝑚, 𝑡, 𝛼, 𝛽)𝜆(−𝜍 − 1)(𝑡 − 𝜍)  𝑎𝑡−𝜍 𝑧
𝑡−𝜍

∞

𝑡=1

|

− δ |−∑𝜓(𝑚, 𝑡, 𝛼, 𝛽)

∞

𝑡=1

(𝑡 − 𝜍)(𝑡 − 𝜍 − 1) 𝑎𝑡−𝜍𝑧
𝑡−𝜍 − 𝜇𝛾(𝜍 + 𝜆)| 

= ∑𝜓(𝑚, 𝑡, 𝛼, 𝛽)(𝜆 + 𝛿)(𝑡 − 𝜍 − 1)(𝑡 − 𝜍)𝑎𝑡−𝜍 𝑧𝑡−𝜍  

∞

𝑡=1

− 𝜇𝛾(𝜍 + 𝜆) ≤ 𝑜, 

by hypothesis. Thus by maximum modulus principle, the function  

Q(z) ∈ TK (δ, γ, μ, λ).      

 Conversely. Let the function  𝑄(𝑧) ∈ TK (𝛿, 𝛾, 𝜇, 𝜆). Then by condition (7), we have 

||

(−𝜍−1)𝑧𝜆(ȴ𝜍

𝛼,𝛽
𝑄(𝑧))´

𝑧−𝜍 − (𝜆𝜍2 + 𝜆𝜍)

𝑧2(ȴ𝜍

𝛼,𝛽
𝑄(𝑧))´´

𝑧−𝜍 − 𝜇𝛾(𝜍 + 𝜆)𝑧𝜍 + (−𝜍2 − 𝜍)

|| 

= |
∑ 𝜓(𝑚, 𝑡, 𝛼, 𝛽)𝜆(−𝜍 − 1)(𝑡 − 𝜍)  𝑎𝑡−𝜍𝑧

𝑡−𝜍∞
𝑡=1

∑ 𝜓(𝑚, 𝑡, 𝛼, 𝛽)(𝑡 − 𝜍)(𝑡 − 𝜍 − 1) 𝑎𝑡−𝜍𝑧𝑡−𝜍 − 𝜇𝛾(𝜍 + 𝜆)∞
𝑡=1

| < δ. 

Since Real (z) ≤ |𝑧| for all z (z ∈ ∆∗), we get 

𝑅𝑒 {
∑ 𝜓(𝑚, 𝑡, 𝛼, 𝛽)𝜆(−𝜍 − 1)(𝑡 − 𝜍) 𝑎𝑡−𝜍𝑧

𝑡−𝜍 ∞
𝑘=1

∑ 𝜓(𝑚, 𝑡, 𝛼, 𝛽)(𝑡 − 𝜍)(𝑡 − 𝜍 − 1) 𝑎𝑡−𝜍𝑧
𝑡−𝜍 − 𝜇𝛾(𝜍 + 𝜆)∞

𝑡=1

} < δ.   (10) 

by choose z on the real axis so that 𝑧 (ȴ𝜍

𝛼,𝛽
𝑄(𝑧)) ´ is real. 

by clearing the denominator of  inequality (10) and let z → 1−, through real values  

now we can write (10) as, 

∑ 𝜓(𝑚, 𝑡, 𝛼, 𝛽)(𝜆 + 𝛿)(𝑡 − 𝜍)(𝑡 − 𝜍 − 1)

∞

𝑡=1

  𝑎𝑡−𝜍𝑧
𝑡−𝜍 ≤ δ𝜇𝛾(𝜍 + 𝜆). 

Sharpness of the result follows by setting 
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𝑄(𝑧) = 𝑧−𝜍 +
δ𝜇𝛾(𝜍 + 𝜆)

𝜓(𝑚, 𝑦, 𝛼, 𝛽)(𝜆 + 𝛿)(𝑡 − 𝜍)(𝑡 − 𝜍 − 1)
 𝑧𝑡−𝜍 , (𝑦 ≥ 𝜍).                (11) 

Corollary (1): Let 𝑄(𝑧) ∈ 𝑇𝐾 (𝛿, 𝛾, 𝜇, 𝜆).Then  

  

𝑎𝑡−𝜍 ≤
δ𝜇𝛾(𝜍 + 𝜆)

𝜓(𝑚, 𝑡, 𝛼, 𝛽)(𝜆 + 𝛿)(𝑡 − 𝜍)(𝑡 − 𝜍 − 1)
.                             (12) 

Theorem (2): If  𝑏𝑛 ≥ 𝑏1(𝑛 ≥ 1) and 𝑄 ∈ 𝑇𝐾(𝛿, 𝛾, 𝜇, 𝜆) then 

1

𝑟𝜍
−

δ𝜇𝛾(𝜍 + 𝜆)

(𝜆 + 𝛿)(1 − 𝜍)(−𝜍)
𝑟−𝜍  ≤ |ȴ𝜍

𝛼,𝛽
ℎ(𝑧)|

≤
1

𝑟𝜍
+

δ𝜇𝛾(𝜍 + 𝜆)

(𝜆 + 𝛿)(1 − 𝜍)(−𝜍)
𝑟−𝜍 , (|𝑧| = 𝑟 < 1).                            (13) 

The result is sharp: 

𝑄(𝑧) = 𝑧−𝜍 +
δ𝜇𝛾(𝜍 + 𝜆)

𝜓(𝑚, 𝑦, 𝛼, 𝛽)(𝜆 + 𝛿)(𝑡 − 𝜍)(𝑡 − 𝜍 − 1)
 𝑧𝑡−𝜍.           (14) 

Proof: Let 𝑄 ∈ 𝑇𝐾(𝛿, 𝛾, 𝜇, 𝜆),  then by Theorem (1), we get 

∑ 𝑎𝑡−𝜍

∞

𝑡=1

≤
δ𝜇𝛾(𝜍 + 𝜆)

𝜓(𝑚, 1, 𝛼, 𝛽)(𝜆 + 𝛿)(1 − 𝜍)(−𝜍)
.                    (15) 

then  

|ȴ𝜍

𝛼,𝛽
𝑄(𝑧)| ≤ |𝑧|−𝜍 + ∑𝜓(𝑚, 𝑡, 𝛼, 𝛽)

∞

𝑡=1

𝑎𝑡−𝜍|𝑧|
𝑡−𝜍 

≤ |𝑧|−𝜍 + 𝜓(𝑚,1, 𝛼, 𝛽)|𝑧|−𝜍 ∑𝑎𝑡−𝜍

∞

𝑡=1

 

= 𝑟−𝜍 + 𝜓(𝑚, 𝑡, 𝛼, 𝛽)𝑟−𝜍 ∑𝑎𝑡−𝜍

∞

𝑡=1

 

≤ 𝑟−𝜍 +
δ𝜇𝛾(𝜍 + 𝜆)

(𝜆 + 𝛿)(𝑡 − 𝜍)(−𝜍)
𝑟−𝜍.                             (16) 
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By the same way 

|ȴ𝜍

𝛼,𝛽
ℎ(𝑧)| ≥

1

|𝑧|𝜍
− ∑𝜓(𝑚, 𝑡, 𝛼, 𝛽)

∞

𝑡=1

𝑎𝑡−𝜍|𝑧|
𝑡−𝜍 

 

≥
1

|𝑧|𝜍
− 𝜓(𝑚, 1, 𝛼, 𝛽)|𝑧|−𝜍 ∑𝑎𝑡−𝜍

∞

𝑡=1

 

= 𝑟−𝜍 − 𝜓(𝑚,1, 𝛼, 𝛽)𝑟−𝜍 ∑𝑎𝑡−𝜍

∞

𝑡=1

 

≤ 𝑟−𝜍 +
δ𝜇𝛾(𝜍 + 𝜆)

(𝜆 + 𝛿)(𝑡 − 𝜍)(−𝜍)
𝑟−𝜍                           (17) 

we get (13) by (16) and (17).∎ 

Theorem (3): Let  𝑏𝑛 ≥ 𝑏1(𝑛 ≥ 1) and 𝑄 ∈ 𝑇𝐾(𝛿, 𝛾, 𝜇, 𝜆),    

1

𝜍𝑟𝜍+1
−

δ𝜇𝛾(𝜍 + 𝜆)

(𝜆 + 𝛿)(𝑡 − 𝜍)
𝑟−𝜍−1  ≤ |ȴ𝜍

𝛼,𝛽
𝑄(𝑧)´|

≤
1

𝜍𝑟𝜍+1
+

δ𝜇𝛾(𝜍 + 𝜆)

(𝜆 + 𝛿)(𝑡 − 𝜍)
𝑟−𝜍−1  , (|𝑧| = 𝑟 < 1).                       (18) 

For the function the result is sharp 

𝑄(𝑧) = 𝑧−𝜍 +
δ𝜇𝛾(𝜍 + 𝜆)

𝜓(𝑚, 𝑡, 𝛼, 𝛽)(𝜆 + 𝛿)(𝑡 − 𝜍)(𝑡 − 𝜍 − 1)
 𝑧𝑡−𝜍.           (19) 

Proof:  By Theorem (1) and  let 𝑄 ∈ 𝑇𝐾(𝛿, 𝛾, 𝜇, 𝜆), get  

∑𝑎𝑡−𝜍

∞

𝑡=1

≤
δ𝜇𝛾(𝜍 + 𝜆)

𝜓(𝑚, 1, 𝛼, 𝛽)(𝜆 + 𝛿)(1 − 𝜍)(−𝜍)
.      (20) 

Hence  

|ȴ𝜍

𝛼,𝛽
𝑄(𝑧)´| ≤

1

|−𝜍𝑧|𝜍+1
+≤ ∑(𝑡 − 𝜍)𝑎𝑡−𝜍|𝑧|

𝑡−𝜍−1

∞

𝑡=1
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≤
1

|𝜍𝑧|𝜍+1
+ 𝜓(𝑚, 1, 𝛼, 𝛽)(−𝜍)|𝑧|−𝜍−1 ∑  𝑎𝑡−𝜍

∞

𝑡=1

 

=
1

𝜍𝑟𝜍+1
+ 𝜓(𝑚, 1, 𝛼, 𝛽)(−𝜍)𝑟−𝜍−1 ∑  𝑎𝑡−𝜍

∞

𝑡=1

 

 

≤
1

𝜍𝑟𝜍+1
+

δ𝜇𝛾(𝜍 + 𝜆)

(𝜆 + 𝛿)(𝑡 − 𝜍)
𝑟−𝜍−1  .                           (21) 

By the same way 

|ȴ𝜍

𝛼,𝛽
𝑄(𝑧)´| ≥

1

|−𝑧𝜍|𝜍+1
− ∑(𝑡 − 𝜍)𝑎𝑡−𝜍|𝑧|𝑡−𝜍−1

∞

𝑦=1

 

≥
1

|𝑧𝜍|𝜍+1
− 𝜓(𝑚,1, 𝛼, 𝛽)(−𝜍)|𝑧|−𝜍−1 ∑ 𝑎𝑡−

∞

𝑡=1

𝜍 

=
1

𝜍𝑟𝜍+1
− 𝜓(𝑚, 1, 𝛼, 𝛽)(−𝜍)𝑟−𝜍−1 ∑ 𝑎𝑡−

∞

𝑦=1

𝜍 

                    ≥
1

𝜍𝑟𝜍+1
−

δ𝜇𝛾(𝜍 + 𝜆)

(𝜆 + 𝛿)(𝑡 − 𝜍)
𝑟−𝜍−1                                           (22) 

we get (18), from (22) and (21)∎ 

Theorem (4): The partial sums is 

 𝑆1(z) and 𝑆𝑤(z)  as follows  𝑆1(z) =𝑧−𝜍  and let  𝑄 ∈ 𝑇𝐾+ be given by (2) and 

𝑆𝑤(𝑧) = 𝑧−𝜍 + ∑ 𝑎𝑡−𝜍𝑧
𝑡−𝜍

𝑤−1

𝑡=1

      (𝑤 ∈ ℕ\{1}).                                   (23) 

and suppose that 

∑  𝑐𝑡−𝜍   𝑎𝑡−𝜍

∞

𝑡=1

≤ 1,   (𝑐𝑘−𝜍 =
𝜓(𝑚, 𝑡, 𝛼, 𝛽)(𝜆 + 𝛿)(𝑡 − 𝜍)(𝑡 − 𝜍 − 1)

δ𝜇𝛾(𝜍 + 𝜆)
).    (24) 
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we have 

𝑅𝑒 (
𝑄(𝑧)

𝑠𝑤(𝑧)
) > 1 −

1

𝑐𝑤
, (𝑤 ∈ ℕ)                              (25) 

and  

𝑅𝑒(
𝑠𝑤(𝑧)

𝑄(𝑧)
) >

𝑐𝑤

1 + 𝑐𝑤
  (𝑘 ∈ ℕ).                            (26) 

The bounds in (25) and (26),the good possible for  𝑡 ∈ ℕ   

Proof: By (24), that 

𝑐𝑡−𝜍+1 > 𝑐𝑡−𝜍 > 1, (𝑡 ∈ ℕ) 

then, we have 

∑ 𝑎𝑡−𝜍 + 𝑐𝑤

𝑤−1

𝑡=1

∑ 𝑎𝑡−𝜍 ≤ ∑   𝑐𝑡−𝜍  𝑎𝑡−𝜍

∞

𝑦=1

∞

𝑡=𝑤

≤ 1.                               (27) 

By 

𝑔1(𝑧) = 𝑐𝑤 (
ℎ(𝑧)

𝑠𝑤(𝑧)
− (1 −

1

𝑐𝑤
)) = 1 +

𝑐𝑤 ∑   𝑎𝑡−𝜍𝑧
𝑡−𝜍+1∞

𝑛=𝑡

1 + ∑   𝑎𝑡−𝜍𝑧𝑡−𝜍+1𝑤−1
𝑡=1

,    (28) 

then show that 

|
𝑔1(𝑧) − 1

𝑔1(𝑧) + 1
| ≤ 1,   (𝑧 ∈ ∆∗)                                                        (29) 

by applying (28) 

|
𝑔1(𝑧) − 1

𝑔1(𝑧) + 1
| ≤

𝑐𝑤 ∑   𝑎𝑡−𝜍
∞
𝑛=𝑡

2 − 2 ∑ 𝑎𝑡−𝜍 − 𝑐𝑤 ∑   𝑎𝑡−𝜍
∞
𝑡=𝑤

𝑤−1
𝑦=1

,               (30) 

which  yields (25), if we take   

𝑄(𝑧) = 𝑧−𝜍 −
𝑧𝑤−𝜍

𝑐𝑤
 ,                                                                       (31) 
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So, (25) is the good possible for each 𝑘 ∈ ℕ. 

By the same way 

𝑔2(𝑧) = (1 + 𝑐𝑘)(
𝑠𝑤(𝑧)

ℎ(𝑧)
−

𝑐𝑤

1 + 𝑐𝑤
  ) = 1 −

(1 + 𝑐𝑤)∑   𝑎𝑡−𝜍𝑧
𝑡−𝜍+1∞

𝑤=𝑡

1 + ∑   𝑎𝑡−𝜍𝑧𝑡−𝜍+1∞
𝑡=1

, (32) 

 

and use of (27), we obtain   

|
𝑔2(𝑧) − 1

𝑔2(𝑧) + 1
| ≤

(1 + 𝑐𝑘)∑ 𝑎𝑡−𝜍
∞
𝑘=𝑤

2 − 2 ∑ 𝑎𝑡−𝜍 − (1 − 𝑐𝑤)∑ 𝑎𝑡−𝜍
∞
𝑛=𝑡

𝑤−1
𝑡=1

≤ 1 ,              (33) 

which leads us to (26). The bound in (26) is sharp for each 𝑤 ∈ ℕ, when function is given by (31). ∎ 

Theorem (5): Convex set is the class 𝑇𝐾 (𝛿, 𝛾, 𝜇, 𝜆). 

Proof: For all 𝑄1 and 𝑄2 ∈ 𝑇𝐾 (𝛿, 𝛾, 𝜇, 𝜆), and for every ɮ (𝑜 ≤ ɮ ≤ 1).  

To prove (1 − ɮ)𝑄1 + ɮ𝑄2 ∈ 𝑇𝐾 (𝛿, 𝛾, 𝜇, 𝜆). 

Thus,  

(1 − ɮ)𝑄1 + ɮ𝑄2 = 𝑧−𝜍 + ∑[(1 − ɮ)𝑎𝑡−𝜍 + 𝑏ɮ𝑡−𝜍]𝑧
𝑡−𝜍

∞

𝑡=1

. 

then, 

∑𝜓(𝑚, 𝑡, 𝛼, 𝛽)(𝜆 + 𝛿)(𝑡 − 𝜍)(𝑡 − 𝜍 − 1)

∞

𝑡=1

[(1 − ɮ)𝑎𝑡−𝜍 + ɮ𝑏𝑡−𝜍] 

= (1 − ɮ)∑𝜓(𝑚, 𝑡, 𝛼, 𝛽)(𝜆 + 𝛿)(𝑡 − 𝜍)(𝑡 − 𝜍 − 1)𝑎𝑡−𝜍

∞

𝑡=1

 

+ɮ ∑𝜓(𝑚, 𝑡, 𝛼, 𝛽)(𝜆 + 𝛿)(𝑡 − 𝜍)(𝑡 − 𝜍 − 1)𝑏𝑡−𝜍

∞

𝑡=1

 

≤ (1 − ɮ)δ𝜇𝛾(𝜍 + 𝜆) + ɮδ𝜇𝛾(𝜍 + 𝜆) = δ𝜇𝛾(𝜍 + 𝜆). ∎ 

Theorem (6): If the function Q(z) ∈ TK(δ, γ, μ, λ), then function Q(z) is ς -valent meromorphic 

starlike of order φ(0 ≤ φ < ς) in the disk |z| < 𝓇,if 



Ahmed khalaf Radhi , Thamer Khalil Al-Khafaji, Al-Qadisiyah Journal of Pure  Science  25 , 3 (2020) pp. Math. 97–108 106 
 

 

𝓇 = 𝑖𝑛𝑓𝑛 {
(𝜍 − φ)

(𝑛 + 𝜍 − 𝜑)

𝜓(𝑚, 𝑡, 𝛼, 𝛽)(𝜆 + 𝛿)(𝑡 − 𝜍)(𝑡 − 𝜍 − 1)

δ𝜇𝛾(𝜍 + 𝜆)
𝑎𝑡−𝜍}

1

𝑛

, 𝑛 ≥ 𝜍. 

For the function 𝑄(𝑧) the result is sharp.  

Proof: We need to show that  

 

|
𝑧𝑄´(𝑧) + 𝜍𝑄(𝑧)

𝑄(𝑧)
| ≤ 𝜍 − 𝜑    for |𝑧| < 𝓇.                         (34) 

Therefore  

|
∑ (𝑡)𝑎𝑡−𝜍𝑧

𝑛∞
𝑡=1

1 + ∑ 𝑎𝑡−𝜍𝑧𝑛∞
𝑡=1

| ≤
∑ (𝑡)𝑎𝑡−𝜍|𝑧|

𝑛∞
𝑡=1

1 − ∑ 𝑎𝑡−𝜍|𝑧|𝑛
∞
𝑡=1

 

 So, (34) satisfied if  

∑ (𝑡)𝑎𝑡−𝜍|𝑧|
𝑛∞

𝑡=1

1 − ∑ 𝑎𝑡−𝜍|𝑧|𝑛
∞
𝑡=1

≤ 𝜍 − 𝜑,    

or satisfied if  

∑
(𝑡 + 𝜍 − 𝜑)𝑎𝑡−𝜍

𝜍 − 𝜑

∞

𝑡=1

|𝑧|𝑛 ≤ 1.                           (35) 

Since 𝑄(𝑧)𝑖𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑐𝑙𝑎𝑠𝑠 𝑇𝐾(𝛿, 𝛾, 𝜇, 𝜆), then 

∑
𝜓(𝑚, 𝑡, 𝛼, 𝛽)(𝜆 + 𝛿)(𝑡 − 𝜍)(𝑡 − 𝜍 − 1)

δ𝜇𝛾(𝜍 + 𝜆)
  𝑎𝑡−𝜍

∞

𝑡=1

≤ 1. 

So, (35) true if  

(𝑛 + 𝜍 − 𝜑)

𝜍 − 𝜑
|𝑧|𝑛 ≤

𝜓(𝑚, 𝑡, 𝛼, 𝛽)(𝜆 + 𝛿)(𝑡 − 𝜍)(𝑡 − 𝜍 − 1)

δ𝜇𝛾(𝜍 + 𝜆)
 

or equivalent 
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|𝑧| ≤ {
(𝜍 − φ)

(𝑛 + 𝜍 − 𝜑)

𝜓(𝑚, 𝑡, 𝛼, 𝛽)(𝜆 + 𝛿)(𝑡 − 𝜍)(𝑡 − 𝜍 − 1)

δ𝜇𝛾(𝜍 + 𝜆)
  𝑎𝑡−𝜍}

1

𝑛

, 𝑛 ≥ 𝜍, 

  Setting │z│= 𝓇.∎ 

Theorem (7): If Q(z) ∈ TK(δ, γ, μ, λ), then Q(z) is ς -valent meromorphic convex of order φ(0 ≤ φ <

ς) in the disk |z| < 𝔯,where 

𝔯 = 𝑖𝑛𝑓𝑛 {
𝜍(𝜍 − 𝜑)𝜓(𝑚, 𝑡, 𝛼, 𝛽)(𝜆 + 𝛿)(𝑡 − 𝜍)(𝑡 − 𝜍 − 1)

(𝑡 + 𝜍 − 𝜑)δ𝜇𝛾(𝜍 + 𝜆)
}

1

𝑛+𝜍

, 𝑛 ≥ 𝜍. 

For the function 𝑄(𝑧) the result is sharp.  

Proof: We need to prove 

|(𝜍 + 1) +
𝑧𝑄´´(𝑧)

𝑄´(𝑧)
| ≤ 𝜍 − 𝜑    for |𝑧| < 𝔯.                (36) 

So, 

|
𝑧𝑄´´(𝑧) + (1 + 𝜍)𝑄´(𝑧)

𝑄´(𝑧)
| ≤

∑ 𝑡(𝑡 − 𝜍)𝑎𝑡−𝜍|𝑧|
𝑡−𝜍∞

𝑦=1

𝜍 − ∑ (𝑡 − 𝜍)𝑎𝑡−𝜍|𝑧|𝑡−𝜍∞
𝑡=1

. 

    

 (36)  satisfied if  

∑ 𝑡(𝑡 − 𝜍)𝑎𝑡−𝜍|𝑧|
𝑡−𝜍∞

𝑡=1

𝜍 − ∑ (𝑡 − 𝜍) 𝑎𝑡−𝜍|𝑧|𝑡−𝜍∞
𝑡=1

≤ 𝜍 − 𝜑,    

or if  

∑
(𝑡 + 𝜍 − 𝜑)𝑎𝑡−𝜍

𝜍(𝜍 − 𝜑)

∞

𝑡=1

|𝑧|𝑡−𝜍 ≤ 1.                            (37) 

Since (𝑧) ∈ 𝑇𝐾(𝛿, 𝛾, 𝜇, 𝜆), , we have  

∑
𝜓(𝑚, 𝑡, 𝛼, 𝛽)(𝜆 + 𝛿)(𝑡 − 𝜍)(𝑡 − 𝜍 − 1)

δ𝜇𝛾(𝜍 + 𝜆)
  𝑎𝑡−𝜍 ≤ 1.

∞

𝑡=1
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Hence, (37) will be true if  

(𝑡 + 𝜍 − 𝜑)

𝜍(𝜍 − 𝜑)
|𝑧|𝑡−𝜍 ≤

𝜓(𝑚, 𝑡, 𝛼, 𝛽)(𝜆 + 𝛿)(𝑡 − 𝜍)(𝑡 − 𝜍 − 1)

δ𝜇𝛾(𝜍 + 𝜆)
, 

or equivalently  𝑎𝑡−𝜍 

|𝑧| ≤ {
𝜍(𝜍 − 𝜑)𝜓(𝑚, 𝑦, 𝛼, 𝛽)(𝜆 + 𝛿)(𝑡 − 𝜍)(𝑡 − 𝜍 − 1)

(𝑡 + 𝜍 − 𝜑)δ𝜇𝛾(𝜍 + 𝜆)
}

1

𝑛

, 𝑛 ≥ 𝜍, 

 put │z│= 𝔯.∎ 
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