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ABSTRACT

Some relations using in new subclass of meromorphically ¢ -
valent functions TK(8, v, u, A) defined by integral operator
involving L -function. We get some thing properties, like,

coefficient inequality L?'B , growth and distortion bounds,

Partial sums, convex set, radii of starlikeness and radii
convexity.
MSC: 30C45, 30C50

Introduction.
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be class of functions denote by TK, including analytic and ¢ - valent in the punctured unit disk A*=

{z:2 €eCand o < |z| < 1}

Also, denoted by TK* CTK of the form
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Definition (1): Saxena [12] introduced the |, - function as follows:

B 1,m®jB dm+1.9¢

L(Z) ]"qur ] LZ:;irr [Z

(ajapie(@jaj)es 1,Cil

1
= —f o(s)z% ds,
2mi J,.

where

" F(b- - ,Bjs) [T5-1 F(l —a;+ ajs)
1[=1{ ?l=n+1 b + ﬁﬂs) j= t+1 (aﬁ - aiis)}
¢i(i=1,23,..,7),q( =1,23,..,r),m,t are integers satisfyingo <t < ¢i,0o <m <

qi(i = 1,2,3,...,7),r isfinite a;, B;, a;j, B;; are real and positive and a;, b;, a
numbers such that

o(s) =

ijr ijr

aj(bp +v) # pi(ap — 1 —w).

. . B
We define the integral operator L(: of QeTK* fora,f >0

a,pB ZB_C z m,t

lag Q(z) = e —ﬁ)lm ) [ ]J; 05 %(z — g)*F-1 ngq’q;—l:r[o-]h(o-)do-, 4)
+ +1

where

m,t+1 m,t+1 (aV)(ajaj) (ajpaj)
Lc{' Lgptelzl = l"cf' vaitir | 2| (b)) (vub)en | WHeN

min bj
Real(b;) < Real(a;) <1+ 15J.SmRe([j,—j)),
ap .
then Lc Q(z) can be written by
Q(z) = _c Z ar_cz"¢.
t=1

So

b;; are complex

(3)
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where

m,t+1
lo 1 41 Z

(a—¢-t,1) (ajv“j)(aji'“ji)]

sitaftr (b7:81) (b0t ) B-s-t:1)
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The I-function extension of Fox's H- function
Now,we study a subclass of a function (2) define below.
Definition (2): Let Q € TK™ given by (2). Then Q be in the class TK (6, y, u, A) if it satisfy the

condition:

ap
(—c-1zA(b. Q@)
<§ ) (A6? + A¢)
z < 8, (7)

3
w — ,u)/(g + A)Zc

(—¢2—¢) +
whereze A*;0<6<¢g0<Ay< LLo<u<g¢gandg¢ € N.

Several authors studied geometric properties of this function subclass for other classes, like, M. K.
Aouf [2],[3], W. G. Atshan [4],[5],[6]and[7] and another authors [1],[8],[9],[10] and [11].

Theorem (1): Let Q € TK* . Then Q is in the class TK (8, y, u, A) iff

D wmtafA+ -t -s—1) a2 <Suy(s+A), (®)
t=1

wherez€ A*;0<6<¢go0<Ay< lL,o<u< ¢andc¢ € N.

For the function the result is sharp
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1. Suy(s +4) Z
z¢ llj(m,t,a,ﬂ)(/1+6)(t—g)(t—g—1)

Proof: By |z| = 1, and let the inequality (8) true .Then, we get

Q(2) =

=5 (9)

(5= D2 (ki e@) - (g + 2928

— 82—z -2 (b @)~ s+ 2|

Z l/)(m' t, a, ,3)/1(—§‘ - 1)(t - g‘) at_c Zt_c
t=1

)

=) On @) (E = =g = 1) agztS — (s + )

= D pamtaBA+ 8 —s— Dt~ a2 —uy(s+D) <o,

t=1

by hypothesis. Thus by maximum modulus principle, the function

Q(z) € TK (8, v, 1, ).

Conversely. Let the function Q(z) € TK (6,y, u, A). Then by condition (7), we have

A L IO)

z—S
ZZ(L?'BQ(Z)>"
D
Yizpmt,a, A(—¢ — Dt —¢) ar_z"™* <§
Yz pmit,a, Yt — o)t —¢—1) a_czt =S —uy(¢+ 1) '

— (A¢* + A¢)

—uy(c+ Dz + (—¢%—¢)

Since Real (z) < |z| forall z (z € A™), we get

Re{ Y, t,a, A= — D(t —¢) ap_cz"¢
Y ymt,a, Bt —)(t—¢—1) ag_cz" ¢ —puy(¢+4)

} < 8. (10)

. B .
by choose z on the real axis so that z (L: Q(z)) “is real.

by clearing the denominator of inequality (10) and let z — 17, through real values

now we can write (10) as,

Z Ypm,t,a, A+t —g)(t—¢—1) a_z" < 8uy(¢+ D).
t=1

Sharpness of the result follows by setting
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o duy (¢ + 1) _
W= Sy et oc-oc-¢-n° 0= 0D
Corollary (1): Let Q(z) € TK (6,y,u,A).Then
duy (¢ + 4)

1/J(m ta,BYA+8)(t—)(t—¢—1)
Theorem (2): If b, = b;(n>1)and Q € TK(5,y,u,A) then

1 Suy (s +2) _ ap
Rl (T L LA
1 Suy (¢ +4)

Aroa-ocg =T (a3

The result is sharp:

duy (¢ + 1) =6
t/)(m ya,f)A+8)E—¢)(t—¢—1)

Q(z) =z~

Proof: Let Q € TK(6,y, u,4), then by Theorem (1), we get

(o]

Z“ Suy(c+4)
T Ym1,a, A+ 81 —¢)(—¢)

t=1

then

b o

<lz|~¢+ z Y(m,t,a,pB)a_|z|"¢
t=1

o

< 1215 +m L@ Bl Y ar g

t=1

[oe)

=rS+y(mta B)r-° Z A

t=1

_ Suy(c+ 1) _
SRR Yo T U

(12)

(14)

(15)

(16)
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By the same way

b | = Zw(mtaﬁ)at {2l

oo

> Ll Y a

t=1

oo

=rS—y(m1,ap)r* Z Ar_¢

t=1

duy (¢ + 4)

SR 7 RS TS T

r=¢ (17)

we get (13) by (16) and (17).m
Theorem (3): Let b, = b,;(n>1)and Q € TK(5,y,u, 1),

1 s+
grett (A4 8)(t—¢)

1 Suy (¢ + 1)
Terstt A+ 68)(E—¢)

rs 1 < |L:'ﬁQ(z)'|

r 5t (lz| =r < 1). (18)

For the function the result is sharp

duy(¢+ 1)

Q(z) =275+ Yp(m, t,a,FA+8)(t—¢)(t—¢—1)

ztS, (19)

Proof: By Theorem (1) and let Q € TK(6,y,u, 1), get

[ee)

Suy (s +4)
2. = Ttapaoa—ory @0

Hence

b owy| <

et Z(t — §)ay_lzl=5
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oo

1
< loezlert +(m,1,a,B)(=¢)|z|~7! Z Apg

t=1

e

+Pam La AT a

¢+1
§T t=1
1 Suy (s + 1) o1
Terstl T A+ 8)(t—¢) '
By the same way
a,B 1 = .
’ - _ _c_l
b 0@y | 2 o= ) ¢~ Dacsil
y=1
Z 1Zele 1 Y(im,1,a,B)(=¢) |z~ z ai_¢

t=1

[00]

1
= LB a

y=1

1 Suy(c+ A1)

= cré+l B A+8)(t—¢9) e (22)

we get (18), from (22) and (21)m
Theorem (4): The partial sums is

S,(z) and S,,(2) as follows S,(z) =z=¢ and let Q € TK* be given by (2) and

Spy(z)=z"5+ z a;-zt=¢  (w e N\{1}).

and suppose that

C Yt aBA+8) (-9t —¢—1)
Z Coog Bmg =1 Gems = Suy (s + )

t=1

(21)

(23)

). (24)
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we have
1
Re (SQ((ZZ))) >1-—,weN) (25)
and
sw(z) Cw
Re(Q(Z)>>1+cW (k € N). (26)

The bounds in (25) and (26),the good possible for t € N
Proof: By (24), that
Ct—ct1 > Ct—¢ > 1, (L EN)

then, we have

w—-1 [e'e) [o)
Z ai—c + ¢y Z ar_¢ < Z Cr—¢ Q¢ < 1. (27)
t=1 t=w y=1
By
_ h(z) 1 _ Cw Din=t at—czt_ﬁ-1
g1 (Z) = Cw (SW(Z) (1 a)) =1+ 1+ Z\tzvz—ll at—czt_g+1' (28)
then show that
g1(z) =1
<1, E A" 29
by applying (28)
-1 Cow D=t Qg
91(2) ‘_ o Y=t Gt goo ' (30)
gl(z) +1 2 — 223}:1 at—c — Cw Zt=W at—c
which yields (25), if we take
A
Q2)=2z"°- ) (31)
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So, (25) is the good possible for each k € N.

By the same way

sw(2) Cw (1+cw) Zw=¢ at—gzt_c-l-l
=(1 - =1- , 32
92(2) = (1 + ) ( h(z) 1+c¢, ) 1+ X2, ap_zt—sHl (32)
and use of (27), we obtain
-1 1+ P
92(2) ‘ < W_(1 Ci) Lk=w At ¢ _ <1, (33)
g2 (Z) +1 2—2 21::1 at—g - (1 - Cw) Zn=t at—c

which leads us to (26). The bound in (26) is sharp for each w € N, when function is given by (31). m

Theorem (5): Convex set is the class TK (8, y, u, A).

Proof: For all Q; and Q, € TK (8,y,u, 1), and forevery 5 (o <k < 1).

To prove (1 —KB)Q; + BQ, € TK (8,y, u, ).

Thus,

(1-B)Q, +BQ, =2z"°+ Z[(l —B)as_¢ + b, |z*5.

then,

D win e HQA+6)(E - It —5 = D[~ Ba ¢ + ]
t=1
= (1-B) ) POm 6, HA +6)(E -t — ¢~ Da,
t=1

+ ) (m, 6a, fA+ 8)(E = (e — ¢ — Dby
t=1

<A =B)éuy(¢+ 1) +Béuy(c + 1) = duy(c+1). m
Theorem (6): If the function Q(z) € TK(S, v, u, A), then function Q(z) is ¢ -valent meromorphic
starlike of order @(0 < ¢ < ¢) inthe disk |z|] < #,if
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|~

. { (C_ (P) l/)(mr t, a'ﬁ)(ﬂ' + 6)(t - C)(t —¢— 1)
r =inf, a

For the function Q(z) the result is sharp.

Proof: We need to show that

2Q'(2) +¢0Q(2)
Q(2)

Therefore

Z?ﬂ(t)at—gzn
1+ X2, a0z

< Yz (B)ac¢lz|"
ST-22 a7l

So, (34) satisfied if

Z?’:l(t)at—glzln
1-Y2acglzl™

—_ (p’
or satisfied if

N (t+¢—@)a,_
t+¢—9) S < 1,
c—@

t=1

Since Q(z)is in the class TK(6,y, u, 1), then

Cp(m, b, B+ 8)(E—¢)(E— ¢ — 1) .

=1 Suy (s +2) g < 1.
So, (35) true if
nte—9) 1z < Yym,t,a, YA+ 8)(t—¢)(t —¢—1)
P - Suy (¢ + A)

or equivalent

> C.
n+c—9) Sy (s + A) ’-“C} =g

<¢—¢ forlz| <.

(34)

(35)
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[N

,n =G,

|Z|<{ C-¢) pmtapA+8E-9t-¢-1 }5
S ((ntg-9) Suy (¢ +4) i

Setting |z | =7.1

Theorem (7): If Q(z) € TK(S, v, 1, A), then Q(z) is ¢ -valent meromorphic convex of order (0 < ¢ <
¢) in the disk |z| < r,where

(s = @pmt,a, A+ 8)(t =)t —¢— 1)}%+< e

r= i"f"{ C+s—)our(s + )

For the function Q(z) the result is sharp.

Proof: We need to prove

|(g+1)+Z§,(g) <¢—¢ for|z|<r. (36)
So,
zQ"(2) + (1+¢)Q'(2) Yyeit(t —¢)ae_c|z|*¢

< - —.
¢ = X1 (t — Qar—¢lz]=s

Q"(2)

(36) satisfied if

Lz t(t — Qap—glz]™*

S -,
=Yt —) alzls =7
orif
S (t+¢—0)a,
Z( 6= Pl es < g, 37)
L (6= 9)

Since (z) € TK(6,y,u, 1), , we have

W (m, b, B)(A+ 8)(E—¢)(E— ¢ — 1)
a_. <1
Suy(c+ 1) ¢

t=1
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Hence, (37) will be true if

(t+s—9) 2] < Yy(mt,a,B)(A+8)(t—o)(t—¢—1)
s(c—¢) B Suy(s + ) '

or equivalently a;_

7] < {c(c —p(m,y,a,f)A+8)(t—¢)(t—¢— 1)}% .
) (t+¢—@)duy(c+2) M=,

put |z|=r.l
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