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ABSTRACT:

The Caputo definition of fractional derivative has been used for the time derivative for the two-dimensional time-fractional
diffusion equation. The stability condition obtained by reformulation the classical multilevel technique on the finite difference
scheme. A numerical example gives a good agreement with the theoretical result
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1. Introduction

In the last decades, there was huge attention to deal with
various problems employing fractional calculus. The
Fractional parabolic partial differential equation used with
many problems in physics, mechanics and dynamical systems
and many physical processes. These problems will be more
accurate and precise if it describes by fractional-order
derivative (Miller 1993, Podlubny 1999). The computational
of problems with fractional derivative are costs too much
comparing with the case of integer derivative due to memory
and hereditary properties of a fractional derivative but the
fractional order derivatives provide useful tools for the
description of memory and hereditary properties of different
substances (Herrmann 2011). the fundamental background of
fractional calculus can be found in (Herrmann 2011, Miller
1993, Podlubny 1999).

Consider the diffusion in stranded form

AT(xy,t) _ 9*T(xy.t) + 9T (x,y,t)
at  ox? ay?

)
with the initial and boundary conditions are given as follow:

T(x,y0)=9xy); (x,y) EQ
T, y,t)]gn=0;, 05t

Where Q={(xy) 0<x<10<y<1}. The time
fractional diffusion equation is obtained from the standard
diffusion equation by replacing the first order time derivative
with a fractional derivative of order a, where 0 < a < 1, SO
the fractional time diffusion equation can be written as

+ Q0 yt)

A*T(xy,t) _
atx

9T (x,y,t)
dx?

3 T(x,y.t)
ay?

+ (2
with the same initial and boundary conditions of equation (1).
Our main task is to obtain the stability conditions of the
explicit finite difference scheme of the fractional time
diffusion equation where the fractional order time derivative
is the Caputo fractional derivative of order a defined by
(Miller 1993, Podlubny 1999):

0°T(x,y,t) _ a 6T(xys)
TTERD - S (=) ds

+Q(xy,t)

®

The time derivative in the diffusion equation is of the first
order, so most of the famous schemes are uses the forward or
the backward finite difference formula and replaced with the
time derivative in the diffusion equation to get two-level time
scheme, then Von Neumann technique for stability can be
used because its technique is for two-level scheme. But with
the time-fractional order derivative, the scheme will be a
multilevel scheme because of the memory and hereditary
properties of fractional order derivative and the Von Neumann
technique can not be used to find the stability conditions.

I‘(l a)’0

In this article, we use a reformulation of the classical multi-
level technique and produce a simple and easy method to find
the stability conditions for the time-fractional diffusion
equation in two dimensions.

2. The Explicit Finite Difference Scheme

Fori=0,1,2,---,M, j=0,1,2,- N k =0,1,2,--,n define

= iAx, y; —]Ay, t, =kt and T ”, QU be the numerical
apprOX|mat|0ns to T(x;,yj,tx) and Q(x;y;,t,). The time
fractional derivative can be express by the following scheme
(for more details see (Zhuang 2007)):

A T(xYjtn+1) - -

T = W MR BT T (4)
where w} = F(Z ) and b¥ = (k+ 1)1 — k1% for k =
0,1,2,---,n. ltis easy to verify that by = 1, by, > by,,. The

equation (4) can be rearranged in the form

T (xpyjitn+1)
—até = ZW;[Ti7,11‘+1 Yk=1C Tn fert brOfTIO]] (®)
where cf = by — bg,,. Replacing the time derivative in

equation (2) using equation (5) at the grid point (x;,y;,t,) and
the space derivatives with the central difference approximation
at the same grid point (x;,y;,t,), then the explicit scheme have
the following difference equation

W; [Ti’,‘fi-‘-1 - Zk 1 Ck Tn ket b%TLO]] (Ax)2 6)% ln]

(A )2 6}2’Tln] + Ql] (6)
where Q['; = Q(idx, jAy,nAt), SFTS =T, ; — 2T + Tl
and SJZ,TL”] =T{_y — 2T} + T];4,. For simplicity Iet Ax =
Ay = h then
we [T = Sy T = bTY] = e ~[(s2+ 85)TE]

+Qi U]
or Ti":l]'+1 _Zk 1 C(XT‘n k+1 bngO] —
1
ra[(2 = @) (8% + 65)T35] + 7 Q1 ®
wherer, = ;—Z and this can be rewritten as
Tn+1 k , T‘l’l k+1 +brcllTLO]
1
+1. 02 = @) (8% + 65)T75] + 5 Qi 9)

3. The Multilevel Technique For Stability Condition

The diffusion equation (2) and in general any parabolic partial
differential equation has the first derivative in time and the
finite difference, in general, uses the first-order backward, or
forward, finite difference scheme which it two levels to deal
with stability by Von Neumann stability technique.

More than two-time level schemes are rarely used but the time-
fractional finite difference scheme will be n- level scheme
(multi-level) due to memory and hereditary properties of the
fractional-order derivative. and so the time-fractional finite
difference scheme may be considered as multi-level schemes
and we will use the techniques of multi-levels to find the
stability conditions. for more details see (Adel Rashed 2016,
Mitchal 1980, Richtmyer 1967).

Assume we use a fractional-order derivative for the fractional
time in equation (2), then we get a multilevel scheme in time
because of the memory and hereditary properties of the
fractional-order derivative, then equation (2) can be written as

TP = A T+ Ay (TP 44+ 4, T°

where 4;, j = 0,1,---,n, are bounded linear operators. Enter a
new alternating dependent variables T~ by U™, T""2 by V™,
Tt by W™ and T° by S™, then we can write (10) by the
following system

Tn+1
Un+1 =Tn
Vn+1 =yn
fsn+1 =wn
Tn+1 An An_1 A1 Tn
U'“r1 I 0 0 U"
S'“r1 o 0 I S"
Define q_m+1 — [Tn+1 Un+1 Sn+1 T Ppn —

[T™ U™, ...,S™]T and the multllevel amplification matrix A as a

12

(10)

=A, T "+ A UM+ A, V™ + -

(12



block square matrix of order (n + 1):

An An—l Al AO
a=|l 7 7
0o O v 0

for simplicity suppose M = N, then every element of A is a
square matrix of order (M — 1) x (M — 1), with I, O denote
the identity and zero operators, and [A]” denote the transpose,
then equation (10) can be written as a system of [(M — 1) X
(M —1) X (n+ 1)] equations

Pl = A P (14)

Introduce a exemplary Fourier term @7, = ®F, e'Fih+ivmk,

where W', is a constant matrix, substitute this in (14) to get

vt =M P, (15)

where M will be the amplification matrix, we have Now a
two-level problem n and n + 1. The stability condition can be
evaluated from the eigenvalues of the amplification matrix M,
i.e. the maximum absolute eigenvalue must be less or equal to
one (Richtmyer 1967).

4. Stability Conditions

We will use the multilevel technique to find the stability
conditions of the explicit finite difference scheme.

Theorem 1: The fractional explicit scheme (9) is
conditionally stable and the stability condition is 7, <
1-27¢%
2r(2-a)’

Proof. The scheme (9) is a multilevel scheme and can be
rewritten as

TR = [ef + 1,12 — ) (82 + 82)] T}

+Xkep CETIT T DATY + Q (16)
then the multilevel amplification matrix A can be defined by
square block matrix of order (n + 1) and every element of A
isoforder(J— 1) x(J—1):

A=
[lef + T @ —a) (82 + 8D (eI (eI (Ol (DI
I 0 0 0 o |
lo I 0 0 o |
|s : : 0 : |
l0 0 0 I 0 |
7
for the amplification matrix Insert expression
Ti1,1j - gnemﬁihemyjk (18)

where m =+/—1, B,y are real spatial wave numbers and ¢ is
the amplification factor.

Tn+1 baTO _I_Zk 1 Can k+1

+1,T(2 — a)[(8% + 62)T, ]] +— Q (19)

This can be rewritten as

Tn+1 baTO

ntij

_I_Zk 1Can k+1

+1,0(2 — @) 85T}
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+1,T(2 — )85 T} + Q

Insert the expression in equation (18) to get:

n+1 mﬁLh myjk — paz0 mﬁlh myjk
§ =byé’e
+Zk 1 C(xfn —-k+1 mﬁlh myjk
+r,xl"(2 _ a)fnemyjk(emﬁ(Hl)h _ Zemﬁ’ih + emﬁ(i—l)h)

+r,xl"(2 _ a)fnemﬁih(emy(j+1)k _ zemyjk + emy(j—l)k)

(20)
Divided by e™fihemYik 1o get
§M = bEE0 + YRy g
+7,T(2 — a)§™(e™Ph — 2 + e~™hR)
+1,T(2 — )& (e™* — 2 + e~™k) @1)

By using the formula (™ — 2 4+ e™™f) = —4sin? g we can
get:

€n+1 ba'fo +Zk 1 C,?fn_lﬁ'l

+1, (2 — a)&" ( —4sin? Bh)

+1,T(2 = a)§" (—4sin? ) 22)
can be rewritten

gntl = gn [cl — 41, I(2—a) (sm = + sin? yk)]

+Xk=a CEEMITR+ 80D (23)

then the amplification matrix M can be defined by square
block matrix of order (n + 1) and every element of M is of
order (j — 1):

[(ef =4, T2 —a)m! (DI ()] (C Mo (b

|1 0 0 o |
M= |0 1 0 0 0 |

lo o o .1 o |
(24)
where 7 =sin?=" ﬁ +sin? and 0<np<2 From

Gerschgorin theorem for estimating the eigen values of any
matrix (Varga 2004), all rows of matrix M gives eigne values
lies in the union of unit discs centered at (0,0) in the complex
plan except those corresponding to the first block. For each
row of the first block one can see that the corresponding
eigenvalue satisfies

— 41,12 — )l + Y=y lci’| + |br| (25)

from [8] (the properties of ¢f) we have ¢ > 0, b > 0, and
n_, ¥ =21"%—1—p%, this lead to

A <|2=2%—47,T2—a)p|+217% -1

4] < et

(26)

if the right hand inequality is less than or equal to one then
|[4] < 1, then we have

|2-21"% —4r,T2—a)y| + 2179 —1<1 (27)
Or

|2—-21"% — 41, T2 —a)p| <2 —21"¢ (28)
then

—(2-2") < (2-2"" -4 T2 -a)n) <2-217%(29)



the right hand inequality is satisfied and we need to calculate
the condition on r, to make the left hand inequality satisfied,
this lead to

6. Numerical Example

Example: Consider the two dimensional time fractional
diffusion Equation (2) where Q(x,y,t)z(efa—e‘f+

—an<4-24¢ , - " ote
T2 = < 4=2 (30) 2n2)T(x,y,t) with initial  condition T(x,y,0) =
then the stability condition is sin(mx)sin(mry) and Dirichlet boundary condition

4g2a 1ga 1ga T(0,y,t) =T(1,y,t) =T(x,0,t) =T(x,1,t) = 0. The exact
e = gre-a) re-a - 2re-a) (31) solution is 7' (x, y, t) = e~ ‘sin(mx)sin(my).

And this is the stability condition.

5. Convergence

To prove the convergence of the finite difference scheme (9),
it is easy to prove the consistency and by theorem 1 we found
the stability conditions, then the Lax equivalence theorem will
guarantee the convergence of the scheme (9) (Richtmyer
1967).

In the calculation, we consider two estimators of error, the

Maximum Error, and the Average Error. We define the

Maximum Error as {max|T{; — T(x;,y;,t,);0 < i < M,0 <

j<N} and the Average Error  define as

{z?izl ST -T (v 0]
(N-1)(M-1)

two different values of a as shown in table 1.

}. In the calculations, we considered

a At Ax = Ay Average Error x 1073 Maximum Error x 1073
0.8 0.005 0.25 0.203427670508 2.048555466561
0.8 0.00075 0.125 0.127161039579 0.937551386860
0.8 0.0005 0.1 0.104228938934 0.705978327718
0.8 0.000075 0.05 0.058822452859 0.251585258180
0.6 0.0005 0.25 0.179065904487 1.783584536434
0.6 0.000005 0.125 0.128874412078 0.865696744094
0.6 0.00002 0.1 0.136206891713 0.695969744479
0.6 0.0000025 0.05 0.102045906207 0.343680626193
0.5 0.0002 0.25 0.162267719795 1.159274142619
0.5 0.00001 0.125 0.135508996908 0.813420658726
0.5 0.000005 0.1 0.113616405293 0.707983555430
0.5 0.0000034 | 0.05 0.100336833230 0.383275082559

Table 1: The Average Error and maximum error at t = 0.6 with various values of Ax

7 Conclusion

The explicit finite difference scheme is conditionally stable,
the solution can be obtained easily but restrict the time step
and this is mean more computational work. To find the
stability conditions we using the classical multilevel schemes
techniques with Gerschgorin’s discs theorems and this method
is Successful and the stability condition depends on the order
of fractional derivative a. we tested the stability conditions on
a numerical example and found a good agreement with the
theoretical results.

Acknowledgments: The authors would like to thank the
anonymous referees and Editor-in-Chief for reading this work.

References

[1] Adel Rashed Abd Ali Alsabbagh and Ismail Kaoud
Youssef. Numerical Treatment Based on Spectral
Methods for Diffusion Like Problems. PhD thesis,
Ain Shams University. Faculty of Science.

14

Department of mathematics, thesis(Ph.D), 2016.

[2] R. Herrmann. Fractional calculus: An introduction for
physicists. World Scientific, 2011.

[3] K.S. Miller and B. Ross.  An Introduction to the
Fractional Calculus and Fractional Differential
Equations. New York : Wiley-Interscience Publ.,
1993.

[4] A. R. Mitchal and D. F. Griffiths.
Method in Partial Differential Equations.
Wiley and Sons, 1980.

The Finite Difference
John

[5] I Podlubny. Fractional Differential Equations. Camb.
Academic Press, San Diego, CA, 1999.

[6] Robert D. Richtmyer and K. W. Morton.
Methods for Initial Value Problems.
publishers, second edition, 1967.

Difference
Interscience



[7] Richard S. Varga. Gersgorin and His Circles, volume 36
of Springer Series in Computational Mathematics.
Springer-Verlag Berlin Heidelberg, first edition,
2004.

[8] P. Zhuang and F. Liu. Finite difference approximation for
two-dimensional time fractional diffusion equation.
Journal  of Algorithms &  Computational
Technology, 1(1):1-16, 2007.

15



	ON THE STABILITY CONDITIONSOF 2D TIME FRACTIONAL DIFFUSION EQUATION
	Recommended Citation

	ABSTRACT:
	1. Introduction
	3. The Multilevel Technique For Stability Condition


