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1. INTRODUCTION

If both t and [ are real harmonic in E, a continuous complex-valued function w = t + il defined in a simply
connected complex domain E is said to be harmonic in E. We may writt w = k + f in any simply connected
domain, where k and f are analyticin E. |k'(w)| > |f'(w)|,u € E is an essential and sufficient condition for w to
be locally univalent and sense preserving in E.
Sy denotes the class of harmonic univalent and sense-preserving functionsw = k + f inthe unitdisk U =
{u: |u| < 1} for whichw (0) = w,(0)1= 0.Then, forw =k + f € Sy, the analytic functions k and f can
be expressed as

[oe]

k(u)=u+2dmum, f(u)zZemum, (le;1 <1, uel) (D
m=2

m=1

Clunie and Sheil Small [8] studied the class S and its geometric subclasses in 1984 and came up with some
coefficient bounds. Since then, several papers on S and its subclasses have been written.

Salagean [17] introduced the differential operator EV. More details can be seen in [2], [4], [5], [6], [7] and [20].
Jahangiri et al. [13] defined the modified Salagean operator of w as for w = k + f given by (1).

Ew(u) = EVk(u) + (—1)YEVf(u) 2)
where

E’k(u) =u+ Z mPd,u™, E'f(u) = Z mYe,, u™. 3)

Let Sy (v, 7, T,y) denote the class of unlvalent harmonic functions of the form (1) that satisfy the condition for
fixed positive integers v,r,0 <t < landy =0

Ew(u) Ew(u)
Re {Erw(u)} > ‘y Erw(uw) T"

C)

where EYw(u) is defined by (2).
The subset Sy (v,7,7,y) is made up of harmonic functions. In Sy (v,7,7,y), w,, = k + f,, where k and £, are of the
form

oo

k(w) = u — Z dum, f,u) = (=1)v Z e u™; dy,, e >0, (5)
m= m=1
A number of well-known S; subclasses are included in the class Sy (v,7,7,y). S7(1,0,7,0) = F(1) is a class of
sense-preserving, harmonic univalent functions w that are starlike of order 7 in U, S7(2,1,7,0) is a class of sense-
preserving, harmonic univalent functions w that are convex of order z in U, and Sy (r + 1,7,7,0) = T(r,7) isa
class of Salagean type harmonic univalent functions. Avci and Zlotkiewicz [3] demonstrated that if the harmonic
function w of the form (1) has e; = 0,

D mlldml +lemD <1
m=2

thenw € TS(0) and if
> m (] + lemD) < 1,
m=2
then w € Tk(0). Silverman [18] demonstrated that if w = k + f has negative coefficients, the above coefficient

condition is also needed. Later, Silverman and Silvia [19] strengthened [1], [10], [14], [15] and [16] are results for
the case e; that isn't necessarily zero.
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Jahangiri [9], [11] and [12] demonstrated that for harmonic functions w of the form (4) with v = 1,w € F(7) ifand
only if
Z(m— a)|dmy| + Z(m+ Dlen| <1—a
_ m=2 m=1
and w € S7(2,1,7,0) if and only if
Z m(m — a)|d,,| + z m(m+a)le,| <1-—a.
m=2 m=1

The above results are applied in this note to the families S (v, 7, 1,¥) and Sy (v, 7,7,¥). For Sy (v,7,7,¥), we also
get extreme points, distortion bounds, convolution conditions, and convex combinations.

2. MAIN RESULTS
For harmonic functions in S (v, , 7, ¥), we introduce an adequate coefficient bound in our first theorem.

Theorem 2.1. Let w = k + f be so that k and f are given by (1). Furthermore, let

i (r—1)mr+(1—y)mvld |+(T—1)mr+(—1)”_r(1—y)m”
1+7-7) m A+7t-7v)

Ieml) <2, (6)

m=1

whered; =1, v eEN,r e Ny, v >rand 0 <t <1, = 0; then w is sense-preserving, harmonic univalentin U and
w € Sy(v,7,1,7).

Proof. According to (2) and (4) we only need to show that

‘(1 + 20)E"w(u) + EPw(u) — (1 + 1)E"w(u) — yE'w(u) =0 %

E"™w(u)

1+ 2D[E"k(w) + CDTE"F@W)] + [EVk (W) + (-1DVE f(w)] —
A+ D[ETk@W) + (—D"ETf(w)] — ¥[E’k(w) + (-DEVf(w)]
E™w(u)

A+7—pPu+Ymm(@m + (A -y)ymV)d, u™
_ +(=D" Xpo(em” + (D71 = y)mP)e, u™

u+ Yo om'dy,u™+(=1)" Y- mie, u™

(1 +7=plul + Xp=a(tm” + (1 —y)m*)|dy, [[u™|
+ Xm=a(Tm” + (DA —y)mY) ey, |[u™]
lul + Xm=2 m7|dy [[u™| +(=1)" X5y m7 e, [[u™]

((1 +T—y)|ul+ Z (tm" + (1 —y)mY)|d,, ||[u™| + Z (tm" — (A —y)mY)|e, ||lu™| if v—ris odd\

m=2 m=1

k(1 +Tt—p)|ul+ Z (tm” + (1 —y)mY)|d,, ||u™]| + z (tm" + (1 —y)mY)|e, |[U™| if v—ris even}
m=2 m=1
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T+ (- ) I S G Dl €S DL _
=(1+r—y)|u|{1+z e R e
m=1

- mm” + (1 —y)m¥ - mm” + (1)1 —y)m?
>(1+T—}/){1+Z T |dm|+z e |em|}.

Since (6) makes this last expression non-negative, the proof is complete. The harmonic univalent functions

oo

(W) = +Z 1+t—vy m+z 1+7—vy — g
T G G L G e ©
m=

where v € N, € Ng, v > r and Yo —2|%m | + Xm=1l¥m | = 1, demonstrate the sharpness of the coefficient bound
given by (6). Sy (v, 1, t,y) contains functions of the form (8).

o (Tm” + A —-y)m® mm” + (1)1 —y)m® = =
> dn | + leml) =1+ ) x|+ D lym| = 2.
< 1+7t-7v) 1+7t-v) P )

m=1

The condition (6) is also required for functions w,, = k + f, where k and £, are of the form (5) shown in the
following theorem.

Theorem 2.2. Let w,, = k + £, be given by (5). Then w,, € S;(v,7,1,¥) if and only if

Z [m” + (1 —y)m")dpm + (tm” + (=D (1 —y)mey ] < 2(1 +7-7), )

m=1

whered; =1,0<7t<1,y=>0veEN, r € Nyp,v>r.

Proof. We just need to prove the only if part of the theorem since Sy (v, 7,1,y) © Sy(v,7,7,¥). In order to do this,
for functions w,, of the form (5), we are mindful of the situation

R {E”W(u)} | EVw(u)

E"w(u) Ew(u) T| or equivalent to

I+7—pu—Yn=@m" + 1 —y)m")dp,u™

+(=D)riye (tm" + (=171 —y)mY)e,, u™
( )oo Z;n 1(m ( vir—l(oo)/)r)rfm >0 (10)
U—Ym—omdyum+(—1) Ymeimlen,u

For all values of u in U, the necessary condition (10) must hold. We must have 0 < u = z < 1, when choosing the
values of u on the positive real axis

A+7—7y) = Zm2(tm” + (1 —y)m¥)dp, z™ 1
—(—D)" T o em” + (D)1 - y)mY)e,, 2™t -0 1
U— Y yM'dy zm —(=1)V T Yo mPe, zm1 - D

If condition (9) is not satisfied, the numerator in (11) is negative for z near enough to 1. As a result, for uy = z, in
(0, 1), the quotient in (11) is negative. The proof is complete since this contradicts the necessary condition for
w, € Sr(v,7,1,7).
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The extreme points of closed convex hulls of Sy (v, 7,7, ¥)denoted by clco Sy (v, 7, 7,y) are then determined
Theorem 2.3. Let w,, = k + £, be given by (5). Then w,, € S;(v,7,1,¥) if and only if
Wy () = (el () + Yo, ()
m=1

where
1+t—vy

m” + (1 —y)mV

ki(w)=u, kmu) = u— u™ (m=23,..),

and

1+7-—
4 um, (m=1.2..),

fon @) =t (~DV

Xm =0, =0,xy =1—Y0_>(xm + ¥m) = 0. In particular, the extreme points of S;(v,7,7,¥) are {k,,} and

{fo}

Proof. Suppose

o

Wy () = " (tmkm @) + infu, ()

oo (o] m=1 (00)
1+7—y m 1+7-y
= j— _1 v—1 Z —m.
Z(xm+ym)u z m + (1—yme ™ D ' + (D) (1= pme Y
m=1 m=2 m=1
Then
irmr+(1—y)m”< 1+t—y )
1+17—y Tmr+(1—y)m”xm
m=2 o
4 Z Tmr+(—1)"‘r(1—y)m"( 147—y )
) 1+7-vy rmr+(—1)”‘r(1—y)m”ym '
m=
=me+2ym =1-x <1
_ m=2 m=1
and sow,, € clcoSr(v,7,T,7).
. = 1+71-y 1+T-y
Conversely, if w, € clcoSr(v,r,1,y), then d,,, < Py R and e, < e ) Set
m” + (1 —y)m? mm” + (—1)P7"(1 —y)m?
X = d-v dm,(m=23,..),and y,,, = St ) em,(m=1.2,..).

1+7—vy 1+7t—vy

Then note that by Theorem2.2,0 < x,, <1,(m=2,3,..) and 0 < y,, < 1,(m = 1,2, ...). We define

x1=1—2xk— Yk

k=2 k=1
and note that, by Theorem 2.2, x; > 0. Consequently, we obtain

Wy (@) = ) (tmkm () + Y iy, (1)).
m=1
The distortion limits for functions in Sy (v, r,7,¥) are given by the following theorem, which yields a covering
result for this class.

Theorem 2.4. Letw,, € Sz (v,7,7,¥). Then for |u| = z < 1, we have
1 a— B (a—D+(CD™™1-B) 5

< — _
wy W< (1 +e)z + ((1 —B2m 4 (a—1) (A-=B)2m "4+ (a—1) by 7%,

21’1
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and

ey (] 2 (14 6)z — 21n< a—p (a—1)+ (=)™ "1 -p) b1> 2

1-=-p)2m "+ (a— 1) 1-=-p)2m "+ (a—1)

Proof. Only the right hand inequality is proven. The left-hand inequality's proof is identical and will be omitted. Let
w, € Sy(v,7,7,7). be the function. Taking w,, is absolute meaning, we get

lw, W)| = |u— dpu™+ (—1)V1 epu™| < z+ dpz™+ (—1)V71 ey z™
<(1+e)z+ Z (dpten)zm<(1+e)z+ Z (d,+ey) 22
m=2 m=2
T—y - 2T(1—y)2”+(r—1)]
=(1+e)z +3 e (dm+em) 22
[ -p2r T+ (- D] L -y
<|@+e)z+ (r—y)z" x
- A -n+ @ -]
i ( T— 1)m +@A-y)mY T—-1m" +(-1)""1 —-y)m" >
dpy + em
_— -Y T—Yy
1 T—y T-Dm"+(-D""(1-vy)
<@te)ztay ((1 N2+ -0 A-p2—T+@-D 1) :

The left hand inequality in Theorem 2.4 leads to the following covering result.

Corollary 2.5. Let w,, € Sy (v,7,7,7), then for |u| = z < 1, we have

. 27" +1-y)2"+(r—1—127")2"
{h' IR < -z +a-Dz
(T—1—(t=1)27)2" = ()" T(A—y)27V =1+ )2 +
a (1—y)2Y + (zr — 1)27

}c wy, (U).

Remark 2.6. If we take v = r + 1, y = 0, then the above covering result given in [3]. Furthermore, the results of
this paper, for y = 0 coincide with the results in [4].
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