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Abstract:
In this paper, we define a class of meromorphic p-valent functions and study some

properties as coefficient inequality, closure theorem , growth and distortion bounds , arithmetic

mean, radius of convexity, Convex linear combination and partial sums .
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1-Introduction: Let A, denote the class of
functions f of the form

f(Z) =zP+ 27010=p a, z", (an 2
(1.1)

which are analytic and p-valent in the punctured unit
disk U*={z€ (:0 < |z| < 1}. Jum-Kim Srivastara
[2] defined an integral operator I] f(z) for f € Aj,
as follows

1§ f2) = e Jo (og D7 P f(2)de , (n € N).

(1.2)
If f(z) is of the form (1.1), then
)7 a, z"(n 2 p,p

I"f(z) _Z_p+z(n+p+1
(1.3)

€ N)
In particular, when p=1 We have:
Iy f(2) = 271 + B ) ap z"(n 2 p,p € N).
Let f and g be analytic i 1n umt disk U, then g is said
to be subordinate of f , written as g < f or g(z)<
f (z), if there exists a schwartz function w which is
analytic in U with w (0)=0 and |w(z)| < 1(z € U)
such that g(z)= f (w(2)).
In particular, if the function f is univalent in U, we
have the following equivalence ([3],[4]).
9(2) < f(2)(z € U) & g(0) = f(0)and g(U)
< f).
Definition(1.1): A function f € A}, is said to be
in the class 4, (o, b, x,y) of functions of the form
(1.1), which satisfies the condition
o "

N {1 L2 @) }

b z(Ig f(2))’
1+ xz
<p

1+yz

where

-1<y<x<1p€eN,o<

0,b non zero complex number.
We can re-write the condition (1.4) as

0,n=p,p €EN),

(1.4)

z(Ig f(@)" +(1+p)Up £(2)' |
Y215 £ ()" +[y (1+p(1-b))+xbp] (15 £(2))'|

<1.(1.5)

2.Coefficient inequality:

In the following theorem, we give a sufficient and
necessary condition to be the function in the class
AL (0,b,x,y).
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Theorem (2.1): Let f € A, be given by (1.1).
Then f € Aj (o,b,x,y) ifand only if

> e+ pa -

n=p
bl (2 g +p+1) ay
< p?|b|(x — y). (2.1)
The results is sharp for the function f given by
I p?|bl(x-y)
fl2) =277+ ([n(n+p)(1—y)—npIbl(x—y)]) (n+p+

1%z", (n=p,neN). 2.2)
Proof: Assuming that the inequality (2.1) holds
true and |z| = 1. Then ,we have

|22 F@" + (1 + p)z(If £ ()|

— |yz2(g f(2)" + [y(1

+p(1 = b)) + xbplz(ly f(2))'|
=[S n(n+ P) o) anz" | = [PPIbIG - ¥) +
Zizp b +p) + nblpCe ~ ) an?" |
S XE,n+p) o) ay |z - p? bl (x —
y) —
Ym=plyn(m + p) + nlblp(x — ¥)1(
_Zn pn(n + p)(n+p+1

Troplyn(+p) +nlblp(x — YI—
by hypothesis.

Hence, by the Maximum Modulus Theorem, we
have f(z) € Ay(0,b,x,y).
Conversely, suppose that
Then from (1.5) ,we have

n+p+1

(o2 n
n+p+1) nlzl
) a, —p?|b|l(x —y) —

)Uan SO?

f(2) € A4(0,b,x,y).

2Z2(IJ f@" + (A +p)z(y f(2)
yz2(Ig f(2))" + [y(1 + p(1 — b)) + xbp]
z(Ig f(2))’

- 1
Znpn(n+ P) G ) 2"
[yn(n +p) +nlblp(x — y)]
21b|(x — y) + X 1
p?Ibl(x —y) + Xy Gy "

<1
Since Re(z) < |z| for all z(z€ U) ,we have
Re(

Sa= pn(n+p)(n+p+1) anz™

<
P2bI (= +E5splyn(n+p)+nlblp(x=1G——° anzn) -

1.

n+p+1
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We choose the value of z on the real and z - 17,
we get

Z [n(n+ p)(1 — y) — np|b| (_xy)](
n=p

<p’lbl(x—y),
which give (2.1).Sharpness of the result follows by

settin
i p?|b|(x-y)

— 7P
f2) =27+ ([n(n+p)(1—y)—np|b|(x—y)]
1)°z", (n = p,n € N).

g
n+p+1) O

Y(n+p+

Corollary (2.1) :Let f(2) € Ay (0, b,x,y) .Then
p?1b|(x~y)
[n(n+p)(1-y)—np|b|(x-y)](

1 )U 7(”’2 p:n €

a, <

N).

n+p+1

3. Growth and the Distortion Bounds:
In the following theorems, we obtain the growth and
the distortion theorems for the function in the class
Ay(o,b,x,y).
Theorem (3.1): If the function f(z)defined by
(1.1) is in the class A, (a, b, x,y), then for 0 < |z| =
r < 1, we have:

o ( IblGx = y)(2p + 1)°

2(1—y) — [blx — )

)T” < If (@l

_ o
<Py < bl(x =y)2p + 1) )r,,’
2(1—y) — |bl(x—y)
where equality holds true for the function
f(2)
b - 2p + 1)°
. < |b1(x —)(2p + 1) >Z,,_ 52)
2(1-y) - |bl(x—y)
Proof: Since f(2) € 4;(0,b,x,y) Then from
(2.1
2p*(1 —y) — p*Ibl(x = ¥)
Yn=pln(n+p)(1 —y) —
— L 2 —
pIbI G = NG an < P21bIGx =),
we conclude that

3.1)

1
(2p+1

)7 Xi=p anl <

|b|(x=y)(2p+1)?

Z?f:p |an| < 2(1-y)-|b|(x-y) (33)
Thusfor 0<|z| =7r<1,
@IS+ aglal”

n=p

<r7P4rP Z Ay, (34)

n=p
or
b X — 2 +‘1 g

)l < —< TEpEr e >rp ’

2(1—y) — |b|(x — y)

(3.5)

and
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FOIZ I =Y aldtzr? =Y a,
n=p n=p
or
[ IPIx=y)(2p +1)°
F@ 2P (2(1_y)_ |b|(x—y)]>rp

On using (3.4) and (3.5) inequality (3.1) follows.

Theorem (3.2): If f € 4}, (0,b.x,y) then
T_(p.H_) _ < plbl(x - J’)(ZP + 1)0- )T -1
2(1 —y) —p?|bl(x — y)

<If@']
plbl(x —y)(2p + 1)°

-(p+1) p-1

=T (zu =)~ pIblCx —y))r |

The result is sharp for the function f is given by

(1.3)

Proof: The proof is similar to that of Theorem

(3.1).

4. Extreme Points

In the next theorems, we obtain extreme points for

the class 45, (g, b, x,y).

Theorem (4.1): Let f,_,(2) = z Pand f,(2) =
- p2|b|(x=y)(n+p+1)°

2" ([n<n+p)(1—y)—np|b|<x—y)]) 7% @

for n > p. Then f(z) € A} (0, b, x,y) if and only if

it can be expressed in the form

F@ = ) infa@ where p,

n=p-1

> 0and Z up,=1. (4.2)

n=p-1
Proof: Let

f@= ) @ =27+
n=p-1

Z( pbl(x —y)(n+p + 1)u, )zn

[n(n+p)(A —y) —nplbl(x—y)]) "~

n=p

Then
[n(n+p)(A —y) —np|b|(x — y)]
1

i Gipr D’
= p?|b|(x —y)
p?Ibl(x —y)

[+ p)(1 =) = o lblGx = VG

= :E: Un=1—pp 1 <1
n=p

Using Theorem (2.1),we
Ay(o,b,x,y) .
Conversely, let (z) € 4;(0,b,x,y) .

easily get f(z) €
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From the Theorem (2.1), we have
p2Ibl(x = y)(n +p + 1)°

< for n
"7 [nn+p)(A —y) —nplb|(x - y)]
= Dp.
Setting
p _nn+p)A—y) —nplbl(x —y)
" p?b|(x — y) '
)0 >
(n+p+1) fornzp,
and p, 1 =1 —Z,un.
n=p
Then

f@) =2+ Xnpanz" =

_ o p21b|(x=y)(n+p+1)%uyn n_
270 2y ([n(n+p)(1—y)—nplbl(x—y)]) Z =
#p—lz_p + Z?f:p HUn fn(z) =Zg)=p—1 Un fn(z)
This completes the proof.
5. Radius of convexity
In the following theorem, we obtain the radius of
convexity for the function in the class
Ay (o,b,x,y).
Theorem (5.1): Let f the function f (z) defined
by (1.1) is in the class A;(a,b,x,y). Then f is
meromorphically p-valent convex of order A(0 <
A<p) in the disk |[z| <7, where n,=
r,(p,o,b,x,y) =
(P-D[(n+p)(1-y)-pIb|(x- y)](rpﬂ)” =

(n+2p-Dp|b|(x—y) i CRY

The result is sharp for the function f given by (3.4).

Nl >y

Proof:A function f meromorphic p-valent convex
oforder A (0 <A < p)if
f"(@)
—Re{l + >A.
7@

We must show that

zf"(2)
o) +(1+p)|<p—}\, for lz] <1y

(5.2)
zf"' (2 zf" @+a+p)f' @) _
We have e —+(1+ p)l — e =

|Z6p n(ntp)anz™P| _ B8, n(n+p)aglz™*?
| -p+2%, nanz™1 | = p-3%, naglz|™tP

Thus ,(5.2) will be satisfied if

o nm+2p-21) n+p
By "R g |t < 1.
(5.3)
Since f € A, (o,b,x,y), we have
o 1
Z [n(n+p)(1 = y) = nplbl(x = NG5 77
p?|b|(x —y)

NS
=
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Hence,(5.3) will be true if

n(n+2p /1)| | < [n(n+p)(1 y)-np|b|(x— y)(wrngrl a]’
p(p-4) p2|b|(x-y)
or equivalently
|z|
—-MDMm+p)A—-y)—nplbl(x —y)
1
G077’ 1
<( ik 2 t . )P, n
(n+2p — Dp?|bl(x —y)
2p

which follows the result.

6. Convex linear combination:

Theorem (6.1): The class A} (0, b, x,y) is closed
under convex linear combinations.

Proof: Let f; and f, be the chance elements of
Ay (o,b,x,y). Then for each t (0 <t <1) plus
(an, b, =0) . we show that (1 —t)f; +tf, €
Ay (0,b,x,y). Thus we have
A-0Ofi+th=z7"+ X, [A-a, +
th,]z"

Hence

Yn=p[n(n + p)(l -y -
np|b|(x — y)1( )7[(1 —t) a, + thy].

n+p+1

=(1-9) 1+ -)

n=p
bl (2 Ny +p+1) a
°° n(n+p)(1—y)

"L —mplblx = e

< (1 - t)p IblCx — y) + tp? Ibl(x -y

= p?|b|(x — ).

This completes the proof.

7. The anthmetic mean:

Theorem (7.1): Let the functions fjsharp by
fi(@) =z P+ ¥ pan,, (A =20,n €N,k =
1,2,..0),

be in the class A (o,b,x,y) for each k =
(1,2,3,... 1), then the function h sharp by

h(z) =z7P + Z e z", (e, = 0,n €N)
n=p
also belong to the class Ay(o,b,x,y), where

1o
en=72n:pan'k, (n=p,p EN).
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proof: Asf, €A, (o,b,x,y) , it follows the
Theorem (2.1) that

Y= p[n(n +p)(1—y) —nplb|(x —
DGy anie < P?1BIG =),

foreachk =1,2,3,....

> e+ -y

[ Hence

n=p
1
—np|b|(x — y)](m)aen
= @ +p)1 - )
n=p
—np|b|(x

l
1
—)’)](m ( Z%k)

1

lz Z[n(n+p)(1 -)

=1 n=p
—nplbl(x
_y)](n+p+1) )
l
1
s7;p2|b|(x—y)
= p?|b| (x — ¥).

Then h € A3, (0, b, x,y;
8. Partial sums
Theorem(8.1):Let f € A, (0,b,x,y) be assumed
by(l.1)and g € A} (0, b, x,y) be assumed by

g(z)=2z"P+ Z b,z™.
n=p
We define the partial sums S, (z)and Si(z) as
follows :

S,(z) =z tand S,(z) =
z7P 4+

k2L a,z", (k € N|{1)). @8.1)
Also suppose that

Z?lo:p Cnan < 1,cp =
[n(n+p)(1-y)=1p |bI(x =) ()

n+p+1
p2|b| (x-y) ) (8.2)
Then, we havRe {f(z)} >1-= ,(zeU,ke
5k(2)
N), (8.3)
sk(z)
andRe {f()}> ,(z€ U,k € N).(84)

Each of the bounds in (8.3) and (8.4) is the best
possible for k € N.
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Proof: We can see from (8.2) that c,,, > ¢, >
l,n=pp+1p+2,p+3..

Therefore we have:
Z cha, < 1. (8.5)

X

By settlng
1
w0l (12
_ 14 A Zne (8.6)

1+ 3kzla,zn+t’
and applying (8. 5) we find that
gl(Z)-1| <
g1@+1l ™

k Snek An
2-2 Eﬁ;%, an—CrSo_p an’ (8.7)
which readily yields the assertion (8.3) if ,we take

k

z

fle)=2z"P - o (8.8)
k

Then

f(2) _

D e -1-— (z — 17), which shows

that the bound in (8. 3) 1s the best possible for k € N.
Similarly, if we put

_ Sk(z) ¢k _ 1 _
g2(2) = (14 ) |22 — 1] =1
(1+cg) Tmeg anz™t?
and make use of (8.9), we have

g:(2) —1
g(2) +1
1+c)Yok a
( )Zn—k n ) (810)

T 2-2¥Rspan+ (1) Xl
which leads us to the assertion (8.4). The bound
(8.5) is sharp for each k € N with the function given
by (6.7). The proof of the theorem is complete.
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