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Abstract:
The aim of this paper is to study the omega limit set with new concepts of the prolongation

limit random sets in random dynamical systems, where some properties are proved and
introduced such as the relation among the orbit closure, orbit and omega limit random set. Also
we prove that the first prolongation of a closed random set containing this set, the first
prolongation is closed and invariant. In addition, it is connected whenever it is compact
provided that the phase space of the random dynamical systems is locally compact. Then, we
study the prolongational limit random set and examined some essential properties of this set.
Finally, the relation among the first prolongation, the prolongational limit random set and the
positive trajectory of a random set is given and proved.
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1. Introduction.
Random dynamical systems arise in the modeling of
many phenomena in physics, biology, economics,
climatology, etc. , and the random effects often
reflect intrinsic properties of these phenomena rather
than just to compensate for the defects in
deterministic models. The history of study of
random dynamical systems goes back to Ulam and
von Neumann in 1945 [1] and it has flourished since
the 1980s due to the discovery that the solutions of
stochastic ordinary differential equations yield a
cocycle over a metric dynamical system which
models randomness, i.e. a random dynamical
system. Arnold and I.D. Chueshov (1998) [2]
presented the universal view of an order-preserving
random dynamical system, offered several examples
and studied the chattels of their random equilibria
and attractor. Son (2009)[3] studied the Lyapunov
exponents for random dynamical systems. Yingchao
(2010)[4] used the theory of random dynamical
systems and stochastic analysis to research the
existence of random attractors and also stochastic
bifurcation behavior for stochastic Duffing-van der
Pol equation with jumps under some assumptions.
Kadhim and A.H. Khalil(2016)[5] they define the
random dynamical system and random sets in
uniform space are and proved some necessary
properties of these two concepts. Also they study the
expansivity of uniform random operator.

The structure of this paper is as follows: In Section
2 we recall same basic definition and facts about
random dynamical. In Section 3 we study the
definition of trajectories in random dynamical
system. In Section 4 we recall some basic fact about
omega-limit random set in random dynamical
system. In Section 5 will be devoted to the concept
of prolongations and prolongational limit random
sets under a random dynamical system. We define
the first prolongations and prolongational limit
random sets of random dynamical system
(Definition 5.1,5.5) .If M(w) is invariant. We have
first prolongations and prolongational limit sets of
random  dynamical = system so  invariant
( Theorem5.3, 5.7 ). the first prolongation and the
prolongational limit random set are closed sets
(Theorem5.2 ,5.6) .If X is locally compact. We have
first prolongations and prolongational limit sets of
random dynamical system are connected
( Theorem5.4, 4.13).

2. Notation and basic definitions

In this Section we recall some basic definition and facts
about random dynamical system and notation .

2.1. Notations

(1) G =locally compact group.

(2) X=metric space with metric d.

3) (O, F, P) is a probability space.
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(4) X = the set of all measurable functions from Q to
X.

(5) S[A, 7]
(6)H(A, 1)

the set{y: d(y,A) < r}.
the set{y: d(y,A4) =r}.

2.2. Basic definitions

Definition 2.2.1 [6-7]:The metric dynamical system
(MDS) is the 5-tuple (G, Q, F,P,0) where (Q,F,P)isa
probability space and 6:GxQ-Q is (B(G)Q
F, F) —measurable, with

® (e, w) = Idyg ,

(i1) 6(g * h,w) = 6(g,0(h,w)) and

(iii) P(6,F) =P(F) ,VFEFVw E€G .
Definition2.2.2[6]: The MDS (G, Q,F, P, 0) is said

to be topological metric dynamical system (TMDS)

if Q is topological space and 6:G X Q — Q is

continuous.
Definition2.2.3 [6-8]:The mapping ¢: G X Q X X -
X is said to be measurable random dynamical
system on the measurable space (X, (X)) over
an MDS (G, Q, F, P, 8) with if it has the following
properties:
(1) ¢ is B(G)QFRB(X), f(X) — measurable.
(i) The mappings o¢(t,w) = ¢(g, w,):X->X
form a cocycle over 8(-), that is, Vg,h € G,w € Q
they satisfy
p(e,w) =idy Vo € Q, (2.2.1)
9(g *h,w) = ¢(g,0,w) ° p(h, w) (22.2)
The RDS (G, Q, X, 6, ¢) shall denote by (8, ¢).
If the function ¢@(,w,):TXX->X, (t,x)+
@(t, w,x), is continuous for every w € ( then the
measurable dynamical system is called continuous
or topological R
Definition 2.2.4 [9]: Let (6,¢9) be a measurable
RDSand C c Q X X a set.
(i) C is called forward invariant if for ¢ > 0
C(w) € p(t,w) 1CO(t,w))P —as.
equivalently
o(t,w)C(w) c C(O(t,w))P —as..
(i) C is called invariant if forall t € T
C(w) = p(t,w) 1CO(t, w))P —as.,
for two-sided time equivalent to
o(t,w)C(w) =C(O(t,w))P —a.
Definition 2.2.5 [9-10]: Let (Q,F) be a measurable
space and (X, d) be a metric space which is considered a
measurable space with Borel o — algebra B(X). The set-
valued function 4:Q - B(X),w — A(w) , is said to be
random set if for each x € X the function w +—
d(x, A(w))is measurable. If A(w)is closed (connected)
(compact) for all w € Q, it is called a random closed
(connected) (compact) set.
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Definition 2.2.6 [10]:
An RDS (8,¢) is said to be asymptotically
compact in the universe D, if there exists an
attracting random compact set {B,(w)}, i.e., foe any
D € D and for any w € 2 we have

lim, ., dy {0 (£, 0(~))D(O(~D)w/
By(w)} =0, (2.2.3)
where dy{A/B} = supye, dist(x, B).

3. Definitions and characterizations
In this section we study the trajectories in random
dynamical system. First we shall state the definition
of trajectories in random dynamical system and We
describe some measurable properties of the
trajectory of random dynamical system.
Definition 3.1: Let D:w+— D(w) be a
multifunction. We call the multifunction
w — ]/B((l)) = U‘rzt §0(T, e—rw)D(e—‘rw)

the tail (from the moment t) of the pull back
trajectories emanating from D. If D(w) = {v(w)} is
a single valued function, then w — ¥, (w) = y5(w)
is said to be the (pull back) trajectory ( or orbit)
emanating from wv. That is w — Y, (w) =
UT20 QO(T' 9_1.(1))1}(9_.[&))
Definition 3.2: Let v € X% and ¥, y,f and y, be
the mappings form X in to 2% defined as follows
(1) vp(w) = {o(t,0_w)v(0_,w):t € R}
Qv (@) = {o(t,6_,w)v(6_w):t € R*}
3) vy () ={o(t, 6_w)v(6_ w):t € R™}
For every v € X3, the sets y,, 1, and y, are
respectively called the trajectory, the forward semi-
trajectory and backward semi-trajectory.
Definition 3.3: Let x € X. and ¥, ¥4 and y, be the
mappings form X. in to 2% defined as follows
(1) ¥x(w) = {p(t, w)x:t € R}
) vy (@) = {p(t, w)x:t € R}
(3) ¥x () = {o(t,w)x:t €R7}
For every x € X, the sets y,, ¥4, and y; are respectively
called the trajectory, the forward semi-trajectory and
backward semi-trajectory.
Proposition 3.4: For and v € X.%, the sets v, v, , and
¥y, are invariant random sets.
Proof. Let v € X.&. To show that y, is an invariant. Let
X € y,(w) and t € R. Then there exists s € R such that
x=¢(s,0_,w)v(0_,w). Now
P{w: o(t, w)x € y,(6;w)} =
P{w: X € 90(_tl Gtw)yv(etw)}

= P{w: ¢(s,0_;0)v(0_sw) €
p(=t,0,w)y, (0, w)}

= P{w: v(0_,w) € ¢(—s,w) °
@(—t, etw)yv(etw)}

= P{w: v(0_s0) € p(—s,w) °
(p(_t! gtw)yv(gtw)}

= P{w: v(0_,0) € @(—s,0_,w") o
(=, ")y, (@)
where w' = 0,w.
= P{w: v(0_40) € p(=s — t, 0 )yy("))
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= P{0_.0": v(0_,0_.0") € p(=s — 0"y, (@)}
= P{w":v(6,0') € o(r, @)y, ()},
r=-—-s—t.

=P{w": (-7, 0,0")v(6,0") €y, (w)} =1
Thus for every x € y,(w) and t € R, we have

P{w: ¢(t,w)x € y,(6,w)} = 1.
This means that the set y,(w) is an invariant. In a
similar way we can show that y,f, and y, are invariant
random sets.

4. Omega-limit set in random dynamical system

In this section, we state the definition of omega-limit set
in random dynamical system is due to [10-11].Thus, we
give some basic properties of omega-limit set in random
dynamical system.

Definition 4.1: The multifunctions
O (@) = {y € X.:

w —

there is a sequences {t,}in R and {x,}in M(6_, w ) with t, —

+o0 and ¢(ty,, 0_,, w)x, — y for all w}

w— Iy(w)={yeX.:

there is a sequence {t, } in R with {x, }in M(6_; o) t, —

—oo and @(ty,, 0_¢, (w))x,, — y for all w}
are said to be the omega (alpha) -limit set of the
trajectories emanating from x respectively.
If M = {x}, the we have
[ w—TI) x"+ (w) ={yeX
: there is a sequences {t_n} in R with t_n
— 4ooand p(t_n,0_(f —t)] n)w)x — y forall w}
w7 (W) = {y €
X.:there is a sequence {t, } in R with ¢,, —
—oo and @(ty, 0_¢, (w))x — y for all w} .
The following assertion gives another description of
omega-limit sets.
Theorem 4.2: Let [ (w) be the omega-limit set of
the trajectories emanating from M. Then
Ty (@) = Neso vp (@) =
nt>0 Urzt (p(T! Q_T(U)M(Q_T(/J)
Proof. Suppose that y € I},(w), the for any ¢t > 0
there exists {t,,} in R and {x,} in M(6_, ) such
that  @(t,, 6_;,w)x, — y. Hence X, €
Uese M(0_,w). Thus
(p(tn' g—tnw)xn € U‘L’Zt (p(T' e—rw)M(g—‘rw)

c Urzt 90(11 H_Ta))M(H_Ta)).

Therefore
Y E Ups (1, 0_rw)M(6_,w), forall t > 0.

ThUS y € nt>0 U‘rzt (p(T' g—rw)M(g—rw)-
To prove the converse inclusion, let
y S ntt>0 Urzt <P(T, B_T(A))M(Q_T(U)
then y € U;s; @ (7,0_,w)M(6_,w) for all t > 0.
In particular,

y E U‘L'En <)0(T’ Q—Tw)M(Q—Tw)
12, ...

for all n=
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Therefore there exists a sequence {y,} in
Usn ¢(1,0_;0)M(6_,w) such that y, — y . Thus

Yn € Uran @(7,0_0)M(6_cw) and d(y,yn) <
1/n, n = 1,2, .... It follows that there exists t,, = n
and x, € M(0_,) such that y, = ¢(tp, 6, w)x,.
That is @(tn, 6, w)x, — y. Consequently,
y € Iy(w).

Ty (@) = Neso Vi (@) =
nL'>O Urzt (p(T! 9_.[(1.))M(9_Tw).

Ty (@) = Neso Vi (@) =

Neso Urse (1, 0_,w)M(6_,w).Since  yj(w) is
closed an invariant, then so is [ (w) = Ngso V5 ().
Theorem 4.3: Let I3 (w) is a random closed set,
then the proof is devided in two parts:

1: Indirect Proof. By above theorem we have
Ty (@) = Neso v (@) =

r]t>0 Urzt QO(T, G—Tw)M(G—Tw)’

Since yj(w) is closed an invariant, then so is
Ty (@) = Neso v (@).

2: Direct proof. Let y € [} (w). Then there exists
{y,,} in be a sequence in [y (w) such that y, — y.
We wish to show that y € I (w). Indeed for each
positive integer k, there is a sequence {t¥} in R and
{x*¥1 in M(6_xw) with  t¥ — +o0  and
(tk,0 _tﬁ(w))x,’f — vy, . We assume without loss
of generality that d (yk, ) (t,’f, G—t’,fw) x,’f) <1/k
and tX > k for n > k. Consider now the sequence
{t,} in R with t, =t} and a sequence {x,} in
M(6_;,w) with

X, = x;. Then t, — +o and we claim that

1) (df, 9—t§“’) x, — y.To see this observe that

d(go(tn' G—tnw)xn' y) = d(go(tn’ e—tnw)xn’ yn) +
d(Yny)
<1/n+d0,y).
Since 1/n and d(y,,y) tend to zero we conclude
that
d(go(tn, G_tnw)xn,y) —0
Consequently  ¢(t,,0_,, w)x, =y and yE€
[ (@). Thus T (w) = T (w), i.e., [ (w) is closed.
Theorem 4.4: Let X. be any metric space and
x € X.. Then
LY Ow) = o(t, 0)If (w) forevery t € R.
Proof. To prove
I,F (8,w).Then
there is a sequences {t,} in R with t, —
+ooand (¢, 0, 0,Ww)x — z
P, +t—t0_,0w)x >z
p(t,w) o(t, —t,0_,0,w)x — z

IF(0.w) = o(t, )T (w) Letz €
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Pty —t,0i_ ¢, Wx — @(t,w) ™'z
Then z € @(t, )T (w)
Then T (0,w) € @(t, w)T} (w)
@(t, )T (w). Then there
isy € Ty (w)suchthat z = @(t,w)y .Then
there is a sequences {t, } in R with ¢t,, —
+o00 and <p(tn, H_tn)x — y. By continuity ¢ (t, w) ,
@(t, )p(ty, 6_,,w)x — @(t,w)y . ot +
b O0_, W)X — z
go(tn +t, G_t_tnetw)x -z
z € T,f (8,w) .Then
o(t, )T (w) € I7 (0,w)
o(t, )Y ().
Theorem 4.5.1f
continuous, then
Vi (@) =y (w) U T ().

Proof. First, note that y4(w) € y(w) . By
Theorem (4.2), we have I (w) € v (w).
Therefore y);(w) D v (w) U T (w). To prove the
converse inclusion, let y € v (w). then there exists
a sequence {y,} in y};(w) such that y, — y. Now
Vp € Ursr @ (7,0_,w)M(6_,w), then there exists a
sequence {7,} with 7, >t for every n and {x,} in
M(6_,,w )such that y, = <p(rn,9_rnw)xn. We
have two cases:

Case I: The sequence {r,} has the property that
T, — 00, in which case y € [} (w).
Case II: There is a subsequence {7, } in R* such
that 7, — 7 € R* (as R" is closed). But then

Now letz e

.Thus we have
Thenl (6,w) =

(t' x) = (p(t' e—tw)x iS

7] (‘L’nk, O_Tnka)) x — @(1,0_0)x € yi;(w) (since
(t,x) — @(t,0_,w) (since (t,x) — @(t,0_,w)x is

continuous). Since (‘L’nk, 0 w) x — y , then from

~Tn
the uniqueness of the limit we have ¢(7,0_,w)x =
y € y4(w). From Case I and Case II, we have
y € vh(w) U T (w). Hence

Vi (@) < ¥ig (@) U T ().
Therefore y;(w) = yi (w) U T (w)
Corollary 4.6: For any x € X..7 () = 13 (@) U
I () and y; (@) =y (@) UI7 (@) .
Proof. By the definition we have y/(w)U
I} (w) € v/ (w).To show that ¥ (w) € ¥ (w) U
F+(w) let y € ¥ (w).Then there is a sequence {y,}
iny,f (w) such that y, »y . Sincey, in
¥4 (w) .Then Vn = go(rn,H_an)x for a 7, in
R* Either the sequence {t,} has the property that
T, = +o0,in which case y € I'f (w), or there is a
subsequence T, — t € RT(as R* is closed).But
then @(Tny, 06—, @)x = @(1,0_,w)x € ¥ (), and
@ (Tar _an)x -y we
haveg (1, 0_,w)x =y €y, (w).Thusy} (w) S
¥a () U T (). Thus v (@) = ¥ (0) U T (w).m

since also

,where
t, —t — +oo. Thus we have ¢(t,w) 'z € T} (w).
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5. Some Properties of the Limit Random Sets
in Random Dynamical Systems.

the concepts of prolongations and prolongational
limit sets are played an essential role. In the
deterministic ~ dynamical system the formal
definition of prolongation is due to Ura [12] and the
concept of prolongational limit set is due to Bhatia,
Szegd [13]. By following this line of investigation,
the present paper introduces the notions of
prolongations and prolongational limit random sets
of random dynamical systems. We simplify several
concepts and effects of reclusiveness and
depressiveness from Bhatia and Szego [2]. We
consider (8, ¢) random dynamical system then we
define the first prolongations and prolongational
limit random set of M .we prove some new
properties of the studying of prolongations and
prolongational limit random sets.

Definition 5.1: Let M:w+— M(w) be
multifunction. The multifunction w — Dy (w),
where

Dfi(w) ={y EX.

: there is a sequences {t,} in R* and {x,}in M(6_, w)
with ,x, — x €

Np=1M(0_, @ )and @(t,, O_, w)x, — yforall w}, is

said to be to be first positive prolongation of M. If the

set R* replaced by R~ in above we get the notation of

first negative prolongation of M and shall denoted by

Dy (w).

If M = {x}, the we have

D} () = {y €X.:

there is a sequences {t,} in R* and {x,}in X with ,x, —z, = @(t, — t,0_; 4 ®)X,.

x and @ (t,, 0_;, w)x, — y for all w}
Theorem 5.2: Dji (w) is closed.
Proof. To show that D (w) is closed. Let y € Dj;(w),
then there exists sequence {y,} in Dj(w) such that
¥, — y. Since y, € Dij;(w) for every n. Then by
definition of Dj;(w) there exists sequences {t¥} € R*
and {xky € M(6_xw) such that xk—xe
Np=1M(6_kw) and o (tk, H_tzriw)x,'f — y,. We
assume by taking subsequences if necessarily that
th>k,d(xk,x) < 1/kand d(p (tﬁ, H_trlga)) xK,y) <
1/k for n = k. Now consider the sequences {x}}, {tn} .
Clearly x — x € Ny M(6_nw) and {t;} € R'.
Note that

d((p(trrll' g—t.;’llw)x;.l! }’) S d((p(trrll! g—t.;’llw)x;.l' }In) +
d(Yn,y)

<1/n+d(my).
Since {1/n} and d(y,,y) tend to zero, then

o(ty,0_mnw)x — y, then y € Dj(w). This means

D};(w) = Dj;(w) and so Dj; (w) is closed.

Theorem 4.3: If M is invariant, then so is Df; (w) .
Proof. We need to show that ¢(t, w)Df(w) =
Df (6w ).
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Let z € o (t,w)Df;(w), then there exists
such that

z= ¢t w)y.
To show that z € D;(6,w ).Since y € Dj;(w), there
exist sequences {t,} in R* and {x,} in M(6_, 6, )
with x, — x € Ny~ M(6_, w ) and
@ (tn, 0_;,w)x, — y. Since @(t, w) is continuous,
then
Pt w) o @(tn, 0, w)xn — (¢, @)y, then
Pt +1t,0 ¢, °0w)x, = @(t,w)y
for and y € Dj;(w) by Definition. According to Def.
z=¢(t,w)y €D} (0,w). then @(t,w)Df(w) C
Dj;(6,w). To prove the converse inclusion, let z €
D} (6.w). by Def. there exist sequences {t,,} in R* and
{y,.} in M(B_tnetw ) with
Yn =Y €Ny M(6_;, 0, ) and so
y€M(6_, 6w ) for all n. Since M is an invariant
Yo € M(0_; 6, ), then
Yn € 9(t,0_,w)M(O_, @ ), then there exists x, €
M(6_;,w ) such that Yn = @(t,0_¢,w)x,, then
Xn = @ (=t ete—tnw))/n- Now,
Yy €Ny 0(t,0_,0)M(6_, 0 ).
Theny € go(t, O_tnw)M(Q_tnw ) for all n.
Then there exists x € Ny M(6_,, @ ) such that
y=¢(t0_,w)x for al n. Since y, >y, ie.
Pt 00, )%y — @ (8,0, @)x
@ (tn, g—tngtw)yn - Z.
Pt @) oty —t,0 ¢ 40)xy — 2
= ¢(t,w) z, — z, with

y € Dy (w)

(5.1

From (2.2.3) we have that z, — By(w) as n — oo,
Since By(w)is compact, there exist {n,} and b € By(w)
such that z, — b as k — . Moreover by Def.
b € Dj;(w). From (5.1) we obtain that z = ¢(t, w)b.
Therefore Dj;(8,w) € ¢ (t,w)DF(w) for all t > 0 and
w € Q. Thus Dj; (w) is invariant.

We now discuss about the connectedness of the First
Prolongation .

Theorem 4.4: Let X. be locally compact. Then Dj;(w)
is connected whenever it is compact.

Proof. Let Df;(w) be compact but disconnected. Then
there are two compact non- empty setsP and Q such
that PU Q = Dij(w) and PN Q =@ .Since P and Q
are compact d(P,Q) > 0.Thus there is r > 0 such
thatS[P,r] , S[Q, r]are compact and disjoint .Now x € P
or x € Q .Let x € P .Then there is a sequence {x,} in X
and a sequence {t,} in R¥such thatx, — x,and
@(tn, 0_¢,w)x, — y € Q We may assume x,, € S[P, 7]
and  @(tn, 0_,w)x, € S[Q,r] .Then the trajectory
segments  @(Sy, 0_s, w)x, ,0<s, <t, intersect
H(P,r),and therefor is a sequence {r,}, ,0<t, <t,
such that ¢ (7, 0;,w)x, € H(P,r) .Since H(P,r) is
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compact we may assume that ¢(7,,0, w)x, — z €
H(P,r).Then z€Dj(w),but z¢PU Q as z€
H(P,r) .Thus contradiction shows that Df;(w) is
connected.
Definition _ 5.5: Let M:w— M(w) be
multifunction. The multifunction w — J; (w), where
Jh(@) = {y € X.
: there is a sequences {t,} in R* and {x,}in M(6_, w)
with t, — +00,x, — M(w)and ¢(t,, 0_; w)x, —
yforall w} , is said to be to be first positive
prolongational limit set of M. If the set R* replaced by
R~ in above we get the notation of first negative
prolongational limit set of M and shall denoted by
Ju ().
If M = {x}, then the definition of J5;(w) becomes

JE (@) = {y €X.

: there is a sequences {t,,} in R* and {x, }in

X with t, — +o0,

X, — x and @(t,, 0_ w)x, — y for all w}.
The following result show that the prolongational limit
set is closed and invariant.

Theorem 5.6: J(w) is closed.
Proof. To show that Ji;(w) is closed. Let y € J(w),
then there exists sequence {y,} in Jj;(w) such that
¥y, — y. Since y, € JH(w) for every n. Then by
definition of J}(w) there exists sequences {t¥} € R*
and  {xf} € M(6_yw) such that xf — M(w),
tk — +o0 and go(t,’i,@_tzﬁw)xlf — y,. We assume by
taking subsequences if necessarily that t¥ >k ,
d(xk,x) < 1/k and d(gp (tﬁ'e—t’ﬁ“’) xK,y,) < 1/k for
n = k. Now consider the sequences {x1}, {t7} . Clearly
x" — M(w) and t¥ — +oo. Note that

d((p(t,’f, H_trrlzw)x,’},y) < d(go(t,’f, H—t,?w)xg’}’n) +
d(Yn,¥)

<1/n+d(my).

Since {1/n} and d(y,,y) tend to zero, then
o(tn,0_mnw)x — y, then y € Ji(w). This means
I (@) = Ji(w) and so J;(w) is closed.

Theorem 4.7: If M is invariant, then so is J;; (w) .
Proof. We need to show that (¢t w)/f(w) =

Ju(Bw).

Let z € @(t, w)]3; (w), then there exists y € J;;(w) such
that z = @(t, w)y.

To show that z € J5;(0,w ).Since y € J3;(w), there exist
sequences {t,} in R* and {x,} in M(6_, 6,w ) with
X, — M(w), t, — +o0 and O(tn, 0_¢, w)x, — .
Since ¢(t, w) is continuous, then

Pt w) o @(ty, 0, w)xn — @(t, @) y.
By the cocycle property, we have

p(t+ty, 0 ¢, ° Orw)x, = @(t,w)y
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for and y €JH(w) by definition. According to
definition. z = @(t,w) y € J§;(6,w). then Ji(w) c
Ji(8:w). To prove the converse inclusion, let z €
Jii(8,w) By definition there exist sequences {t,} in R*
and {x,} in M(6_,, 6,0 ) with x, — M(w), t, — +oo
and  @(t,,0_¢ 0,w)x, — z. By the cocycle property
we have
() © @ty = 1,0y, )%, — 2

= ¢(t,w) z, — z, with
Zy = @ty — 1,0, 1 0)Xy. (5.2)
From (2.2.3) we have that z, — By(w) as n — oo,
Since By (w)is compact, there exist {n;} and b € By(w)
such that z, — b as k — c. Moreover by Def.
b € Ji;(w). From (5.2) we obtain that z = @(t, w)b.
Therefore Ji;(0,w) € @(t, )/ (w) for all ¢ >0 and
w € Q. Thus J; (w) is invariant.
Theorem 5.8: D} (w) = yi;(w) U J} (w).
Proof. yi(@) UJ(w) € D (w). To prove the
converse inclusion. Let y € Dj;(w) by Def. there exist
sequences {t,} in R* and {x,} in M(6_, w ) with
X, — M(w) and @ (tn, 0_¢, w)x, — y. We may
assume that either t, —t €RY or t, — +o, if
necessarily by taking subsequences. In the first case
O(ty, O, 0)x, — @(t,0_w)x (since @(,w,):RX
X — X is continuous for every w € Q). By uniqueness
of the limit we have @(t,0_w)x =y € y;(w). In the
second case y € J;;(w) by Def. of Jj;(w). Thus y €
Y3t (@) Ui (). Hence Dy () = 3 (@) U Jji (@).
Corollary 5.9: D} (w) =y (w) U J{ (w).
Proof. By definitions y; (w) UJ; (w) € D (w). . To
prove the converse inclusion. Let vy € D¥ (w) by Def.
there exist a sequences {t,} in R* and a sequences {x,}
with x, — x such that O(tn, 0_¢, 0)x, —y. We
may assume that either t, — t € R* or ¢, — +oo, if
necessarily by taking subsequences. In the first case
O(tn, O, w)xy — @(t,0_w)x (since @(,w,):RX
X — X is continuous for every w € ). By uniqueness
of the limit we have ¢(t,0_,w)x =y € y,; (w). In the
second case y € JF(w) by Def. of Jf(w). Thus y €
¥ (w) U JF (w). Hence
Dy (@) =y, (w) VJ; (w).
TheoremS.10:Let

x,y € X with the property that

x = @(t, 0_,w)y,forevery t in R and
w € Q. Then y € J}(w) ifand only if
x € ], (w).

Proof. Suppose that y € Jf(w). Then there exist
sequences {t,} in R* and {x,} in X with x, — x,
tp, =+ and  @(t,, 0_;, w)x, — y. Set 7, = —t,
and y, = @(t,, 0_, ®)x,. Then {r,} is a sequence in
R~ with 7, — — and {y,} is a sequence in X and
In =Y.
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Finlay we need to show that ¢(t,,, 0
d(go(‘[n, 9_an)y"‘ x) =
d(@(tn, 01, w) © P(t, 0, W)Xy, x)

W)Y, — X.

—Tn

d((p(Tn' e—rnw) ° (p(tn! g—tnw)xn! <p(Tn! e—rnw)y)a

= d(go(tn' e—tnw)xn' y) —0

Then we have ¢(7y,,0_;, ®)y, — x .Thus x € J; (w).
Similarly we can prove the converse.

Theorem 5.11: /1 (0,w) = @(t,w)]i(w)
Proof. To prove Jf(B,w) = ¢t w)]i(w) Let
z € JF(0,w) . Then there is a sequence {t,} in R*
with t,, — +o0 and a sequence {x,} in X with x, — x
such that <p(tn, H_tneta))xn — 2z,
P(th —t+6,6_ 60)x, >z
@(t, @)@ (ty = t,0,_¢, )Xy — 2

Pty — 0, 0)x, — @(t,w) 'z ,where t, —t
— +00 .

Thus we have ¢(t,w) 1z € [} (w)
p(t, W)y (W),
, then J¥(6,w)
converse inclusion
Let z € @(t,w)/;} (w). Then there is
y € JH(w) with z = ¢(t,w)y and a sequence {t,} in
R* with t, — 4+ and a sequence {x,} in X with
X, — x such that go(tn, H_tnw)xn — y. By the
continuity of o(t, w),
Pt @) © 9(tn, 6, w)xn — @(t, )y
<p(t + t,, H_tnw)xn — z

. Then ZE

C ¢(t,w)]{(w) . To prove the

o(t+tn6_r 6,w)x, = z , where
t,+t — +o0 ,x, — x.

Thus z € J} (0, w),we have

o(t, )i (@) € JF (6,0)

Then J7 (6:w) = (t, w)]i (w).

Theorem 5.12: If X. is locally compact.Then
[h(w) # @ whenever Ji; (w) is non-empty and
compact.

Proof. If possible let [ (w ) = @ .Then we claim that
yi(w) is closed and disjoint withJ;(w).Thaty;;(w) is
closed follows from y,}(w) = y(w) U T (w)=y (w)
as Iji(w) =0 That I} (w ) N Ji(w) = @ follows from
the fact that if T (w ) N J#(w) # @,then by invariance
of JH(w), Tih(w) € Ji(w).Since Ji(w) is compact ,we
will have Ty (w) # @ and compact(remember that any
sequence{y,}in a compact set Q has a convergent
subsequence ). This again contradicts the assumption
I (w)=0 .Thusy;; (w) is closed and Tj(w ) N JiH(w) =
@ .Since J;(w) is non-empty and compact we have
diyh (), Jh(@)) =0 .thusthereisa r >0 such
that S[J(w),r] is compact and disjoint with
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yih(w) .Now choose any of y € J#(w) . There
is a sequence {x,} in M(6_;,w) and a sequence
{t,} in R* such that x, >x€NM(O_, w)
ty > +o0  and, ¢(t,, 0, w)x, — ¥ .We may assume
that x ¢ y(w) , <p(tn,9_tna))xn € S[Jy(w),r] for
all n  .Then the trajectory segments (p(sn,e_sna))xn
with 0< s, < 't, , intersect H(J;;(w),r) and therefor
there is a sequence  {r,} , 0< 1, < t,,such that
@(tn, 0_r, w)x, € HJF (), 7) Since H( (w),7) is
compacte we may assume that ¢(7,,0_, @)x, — z €
H(J{(w),r) By taking subsequences we may assume
that either 7, > t € R ort, >+ . Ift, >t,
then by the continuity axiom go(rn, H_an)xn -
p(t,w)x =2z e, z€yh(w) which contradicts
yh(@)n S[JH(w),r] =0 I 1,54 ,then
z € J}(w) ,but this contradicts z € H(J{ (w),r) as
Ji(@) 0 H{ (@),7) =8
Theorem 5.13. Let X. be locally compact. Then
Ji(w) is non —empty
And compact if and only if Dj;(w) is compact.
Proof. Let J;(w) be non—empty and compact .Then
[ (w) is non empty and compact .But then y,}(w) is
compact(y, (w) is closed with X be locally
compact).Hence Djy(w) = v (@) U Ji(w)

= yp(w) U JH(w)is compact Now Dg(w) is
compact . Since  Ji;(w) € Dj;(w) .Then Jj;(w) s
compact.
Theorem 5.14: If X is locally compact. Then J;;(w) is
connected.
Proof: Let J;;(w) be compact . If J;(w) =@ there is
nothing to prove. So let Jii(w) # @ If Ji(w) is
disconnected ,then there are non-empty compact sets
P, Q such that J;(w) =PUQ and = PN Q = @ .Since
If(w) is non- empty and compact ,hence
connected ,we have Tj(w) c P or Ii(w) cQ .Let
(w)c P Sinceyfi(w)UP = yi(w) UP
asTy(w) c P and y,(w) is compact. Then
Yo (w) U P is compact. Now let Q N (Y (w) UP) # @
@nytHu@nP)+0 then QNny; # 0.But Q
must be invariant .Thus will show that TI;j(w) c
Q.,aconradiction .Then y;;(w)UP is compact and
disjoint from Q ,DjW)=v5 UJi(w) = (yi;(w) U
P)u Q since yj(w)UP and Q are disjoint compact
sets we have Dj(w) is disconnected. Thus is a
contradiction . Then Ji;(w) is connected.

and

6. Conclusion

This paper has been studied the concept of Prolongation
Limit Random Sets in Random Dynamical Systems. we
prove that the First Prolongation of a closed random set
containing this set, the First Prolongation is closed and
invariant, also it is connected whenever it is compact
provided that the phase space of the RDS is locally
compact. Then we study the Prolongational Limit Set for
RDS and proved some essential properties of this set.
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Where we prove that the Prolongational Limit Set for
RDS is closed and invariant. Also the relation among the
the First Prolongation, the Prolongational Limit Set and
the positive trajectory of a random set is given and
proved. Also if the phase space of RDS is locally
compact then the following statements are true : if the
Prolongational Limit Set for RDS is nonempty and
compact, then the omega-limit set is non-empty; the
Prolongational Limit Set for RDS is nonempty and
compact if and only if the the First Prolongation is
compact. Finally the Prolongational Limit Set for RDS is
connected.
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