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Abstract:
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1. Introduction

Let � be � ����  Hilbert space � � � � �, and  

�� �
        
→� � is  ��� � ���������� Mapping. That is, 

if  ‖� � �‖  � ‖���� � ����‖  for each �� � �

�� Also any multivalued operator � �� called 

monotone if the following condition hold:

    � �� � �� � �� �  �� � � �   ��� �  �� ��� �� �

������  And it is called maximal monotone if for 

all ��� �� � � � �,〈� � �� � � � � �〉 � � and for 

all ��� �� � ������ then we get� � � ����. The 

monotone operators has an important role in 

different branches of mathematics� ����( [1]-

[5])� On other hand, The convergence of the iteration 

method studied by many researchers see ([6]-[16]). 

Define the following mapping as follows: 

���
� �� � ��������� this mapping is called 

resolvet mapping where � �� � be a sequence of 

positive real numbers. Also, the metric projection 

����� from � onto � is defined as follows:

For any � � � there exists a unique element 

����� � � satisfies the following�

 

‖� � �����‖ � ‖� � �‖� ��� ��� � � �.That is, for 

each  � � ��   ����� � � iff � � � and ‖� � �‖ �

����‖� � �‖� � � ���

Now,  the following definitions and lemmas are 

interesting to area of research:

Lemma(1.1) [16]

Let � �� � and � �� � a�� sequences 

o� nonnegative real number such that

���� � �� � �� , for each. � � �. If   ∑ ��
�
���

converge,then  ������  �� exists.

Definition(1.2) : [17]

Let �� �
        
→� � be a mapping then every � � �

is called ���������� ����� ����� of � if there exists 

〈��〉 is sequence in � such that �� � � and 

‖�� � �����‖
        
→� �. 

Lemma (1.3) : [18]

Let � be a nonempty convex closed subset of  real 

Hilbert space � and � is non-expansive multivalued 

mapping such that ������ � �.Then � is demi-

closed,  i.e., �� � �  ���   ������ ����� ������ �

��Then � � �����

Lemma(1.4) : [19]

If 〈��〉 be a sequence in � and ‖���� � �‖ �

‖�� � �‖ for all  � � �. Then 〈������〉 converges 

strongly to a point in �.

Now, we introduce the concept of ���������

mapping

Main Results

In this section, we define a new ����������

for sequence of expansion mapping. Also, we  study 

the convergence for these iterations.
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Definition(2.1) 

Any mapping � is called expansion 

mapping if for each sequence,〈��〉 in  �����

converges to zero then there exists a nonnegative 

real number � such that

� � �  ������ � � ��� � � 〈� � ��� � � ��〉���

� ���� � �� ���,for all � � � ��� �� � � �

The concept of expansion mapping is 

independent of ��� � ��������� 

mapping. As shown by the following examples:

Example  (2.2)  

If  �� ��� ��
         
→�� ��� �� be a mapping such that 

 ���� � ��Then the mapping � is not  non-expansive 

but  it is expansion,mapping. Since, for each 

sequence 〈��〉 in  [0,1] converges to zero then there 

exists � such that, 

� �
�

〈� � ��� � � ��〉���
��� � � ���  ��� ������� 

� � �  ������ � � ��� � � 〈� � ��� � � ��〉���

Example (2.3) 

Let  �� �
         
→�� �  �� � ������� such that ���� � �.

It is clear that the mapping � is not expansion

mapping  but it is ��� � ���������� 

Theorem (2.4):

Let ��� ��  � � � �      � �� are maximal 

monotone multivalued mapping � nonempty convex 

closed in � � 〈��〉 be a sequence of non-expansive   

mapping and  〈��〉 is bounded sequence of  

expansion mapping   on �� Let 〈��〉� 〈��〉 are 

sequences in (���] converges to 0, such that  

�� � �� � � and ∑ ���� 
�
��� � �. Define the iteration 

process〈��〉 as follows:

�� � ���� � �� � ��� � ����  �����

�  �� 

�

���

���� � ������ � �� � �������

If � ���.�����

�  /�
��� � �� ��������

��� � �

�� ��������
��� � � �.Then 〈��〉 has converges 

weakly to an asymptotic common fixed point of 

��  ��� ���� � � �� Moreover 〈������〉 converges 

strongly to a point in ��

Proof :

Let � � � ���.�����

�  /�
��� � �� ��������

��� � �

�� ��������
��� �

‖ �� � � ‖� � �

����� � �� � �� � ����

�� ����  �����

�   �� 

�

���

���� � �+
�

�

                    � ��‖�� � �‖�

� �� � ��� � ����  

�

���

‖�� � �‖�

                    � ��‖�� � �‖ � �� � ���‖�� � �‖�

                    � ‖�� � �‖�

Now, for any sequence 〈��〉 in  [0,1] converges to 

zero then there exists  a nonnegative real number �

such that 

‖���� � �‖� � ‖���� � �� � ������� � �‖�

 � ��‖���� � �‖�

� ��

� ���‖���� � �‖�                            

‖���� � �‖� � ��‖���� � �‖�

� �� � ���‖�� � �‖�    

‖���� � �‖� � ���� � ���‖�� � �‖�

� ��������� � ������� � ��

� ���� � ����

� ��� 〈�� � ��� � � ��〉�  

� �� � ���‖�� � �‖�  

‖���� � �‖�     � ����� � ���‖�� � �‖��  

� �� � ���‖�� � �‖�
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� ��‖�� � �‖�  � �� � ���‖�� � �‖�      

� ‖�� � �‖�

By lemma (1.1), we get ������‖�� � �‖  exists and 

hence  〈��〉 is also bounded. So by lemma (1.4) we 

get  〈�� ���〉 converges strongly to the point in ��

‖�� � ����‖ � ‖�����������������

� �� � ������������� � �����

� �� � ������������� � ����‖

� ����‖������������

� �� � ����������� � ����‖

� ����‖�������� � ����‖

Since 〈��〉   ��� 〈��〉 are also bounded and 

〈��〉� 〈��〉 are sequences in ����- converges to zero. 

As �
          
→�� � we get,   ‖�� � ����‖

          
→�� � .

Now, since 〈��〉 is bounded then there exists 

subsequence 〈��� 〉 of  �� such that ��� � � and 

‖�� � ����‖
          
→�� �. Then we get � is an asymptotic 

common fixed of ��� ��� ����   � � ��Then the 

iteration,〈��〉 has converges weakly to an 

asymptotic common fixed point of  

�� � ��� ����  � � � �  �

Now, we consider property  � for any  

sequence as follows: 

Let  〈��〉 be a sequence, of mapping we say 

that 〈��〉 has property � if 〈��〉 satisfies the 

condition:

‖�� � �‖� � ‖��‖ �,for each � � �� ��������
��� �.

In the following theorem we study the 

convergence for the  iteration process

�� � ��
� ���́�� � �� � ��́� � ����  �����

�   �� 

�

���

�

� �� � ��
� �����

����

� ��́������� � ������ � ��������-

� ��
� ����                                    �����

where 〈��́〉 ��� 〈��
� 〉  are sequences in ����- such 

that 〈��́〉� 〈��
� 〉 ��������� �� zero, ��́ � ��

� . Such 

that ��́ � ��
� � � � �� � �� � �� � �� ∑ ����  

�
��� �

Theorem (2.5) :

Let ��� ��  � � � �      � �� are maximal 

monotone multivalued mapping and � �  � convex 

closed in �, 〈��〉 is bounded,sequences of  

���������  �������� on � ��� 〈��〉� 〈��〉 are  

sequences of non-expansive mapping on  �� If   the 

iteration process defined  as (2.1) and  

����.�����

� /* � �� ��������
��� � � �� ��������

��� � �

�� ��������
��� � � �.Then   〈��〉 has converges 

weakly to an asymptotic common fixed point of  

�� � ��� ���� � � �� Moreover 〈�� ����〉 converges 

strongly to a point in ��

Proof :

Let

� � ����.�����

� /* � �⋂ �������

�

���

+ � �⋂ �������

�

���

+

� �⋂ �������

�

���

+

  ‖�� � �‖�

  �
�

���
� �

��́��� � �� � �� � ��́�

�� ����  �����

�   �� 

�

���

� �+
� �

�� � ��
� �����   � �

�

�

�

� ��
� �

��́��� � �� � �� � ��́�

�� ����  �����

�   �� 

�

���

� �+
�

�

� �� � ��
� �‖������ � �‖�
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‖�� � �‖�   � ��
� �

��́‖�� � �‖� � �� � ��́�

� ����  

�

���

������

�   �� � ��
� �

� �� � ��
� �‖�� � �‖�

� ��
� ���́‖�� � �‖�

� �� � ��́�‖�� � �‖�-

� �� � ��
� �‖�� � �‖�

‖�� � �‖�  � ��
� ‖�� � �‖� � �� � ��

� �‖�� � �‖�

                     � ‖�� � �‖�

Hence,        ‖�� � �‖� � ‖�� � �‖�

Now, by (2.1) then we have 

‖���� � �‖� � ��́‖������ � ������ � ��������

� �‖� � ��
� ‖���� � �‖�

‖���� � �‖� � ��́��‖���� � �‖�

� ��́��‖���� � �‖�

� ��́��‖������ � �‖�

� ��́����‖���� � ����‖�

� ��́����‖���� � ������‖�

� ��́����‖������ � ����‖�

� ��
� ‖���� � �‖�       

� ��́��‖���� � �‖� � ��́��‖���� � �‖�

� ��́��‖������ � �‖�

� ��́����‖���� � ����‖

� ��́����‖���� � ������‖�

���́����‖������ � ����‖�

� ��́����‖���� � ����‖

� ��́����‖���� � ������‖�

� ��́����‖������ � ����‖�

� ��
� ‖���� � �‖�

For any sequence 〈��〉 in [0,1] converges to zero 

there exists  a nonn������� r���  n����� � such 

that

‖���� � �‖�

� ��́����� � ���‖�� � �‖�

� ��‖� � ���‖� ‖�� � ��������

� ���� � �� � �����‖

� ��〈� � ���� �� � ����〉����-

� ��́��‖�� � �‖�

� ��́��‖�� � �‖�

                           ���
� ‖�� � �‖�

Now, 

‖���� � �‖� � ��́��

‖�� � �‖� � ��́��‖�� � �‖� � ��́��‖�� � �‖�

� ��
� ‖�� � �‖�

‖���� � �‖� � ��́‖�� � �‖� � �� � ���� ‖�� � �‖�

� ‖�� � �‖�

By lemma (1.1),

we get ������‖�� � �‖  exists. Hence, 〈��〉 is 

bounded sequence, so that   〈��〉  ��� 〈��〉 are also 

bounded sequences. 

So, by lemma (1.4) we deduce 〈������〉 converges 

strongly to the point in ��

‖�� � ����‖ � �����́ �������������

� ������������

� ����������������-

� ����
� ������������������

� ���������

� �����������������

� �������������

� ���������������������

� ��������� � ���� ��������-

� �����
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‖�� � ����‖ � ����́ ‖������������

� ������������

� ���������������� � ����‖

� ����
� ‖�����������������

� ���������

� �����������������

� �������������

� ���������������������

� ��������� � ���� ��������

� ����‖

Since  ��́ � ��
�

           
→�� � and 〈��〉� 〈��〉��� 〈��〉 are 

bounded then we get

‖�� � ����‖
          
→�� � �� �

          
→�� �

Now, since 〈��〉 is bounded sequence then there 

exists subsequence 〈���〉 of  〈��〉 such that ��� � �

and since  ‖�� � ����‖
          
→�� � ,then we get,

� is asymptotic common fixed point of 

���     ��� ���  � � �.

Then the iterations〈��〉 has converges weakly to an 

asymptotic common fixed point of  ��� ��� ���  � �

��  �

In the following theorem we give a new 

iteration process  and we study the convergence for 

this iteration to an asymptotic common fixed point.

Theorem (2.6) :

If 〈��〉 be a sequence of non-expansive 

mapping on � and 〈��〉 be a bounded sequence of 

���������  �������� on �. Define the iteration 

   〈��〉 as follows: 

           �� � ��́���� � �� � ��́�������

���� � �� � ����  �����

�   �� 

�

���

� �� � �������                 �����

where 〈��́〉� 〈��
� 〉� 〈��〉� 〈��〉 are sequences in 

����- such that〈��〉� 〈��〉 converges to 0 such 

that �  �� .� ���.�����

� /�
��� / � �� ��������

��� � �

�� ��������
��� �

� �� Then the iteration process 〈��〉 has converges 

weakly to an asymptotic common fixed  point 

of  ��   � ��� ���  � � �� Moreover 〈�� ����〉

converges, strongly to a point in 

��                                                                                                                                 

Proof :

Let � � ��������� � �� ��������
��� � �

�� ��������
��� �

Since    �� � ��́���� � �� � ��́����
� ������ �

�� � ��
� ���������� then we have, 

‖�� � �‖� � �́‖���� � �‖�

� �� � ��́��‖���� � �‖�-

‖�� � �‖� � ��́‖�� � �‖�

� �� � ��́��‖���� � �‖�-

� ��́‖�� � �‖�

� �� � ��́�‖���� � �‖�

For any sequence 〈��〉 in  [0,1] converges to zero 

there exists  a nonnegative r���  n����� � such 

that

‖�� � �‖� � ��́‖�� � �‖�

� �� � ��́���� � ���‖�� � �‖�

� ��‖�� � ������� � ����

� �� � �����‖

� ��〈�� � ����� � � ���〉��-

‖�� � �‖� � �́‖�� � �‖� � �� � ��́�‖�� � �‖�

                     � ‖�� � �‖�

Hence,   ‖�� � �‖� � ‖�� � �‖�

‖���� � �‖� � �� � ����  

�

���

������

�   �� � ��
�

� �� � ���‖���� � �‖�
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‖���� � �‖� � �� � ����  

�

���

‖  �� � �‖�

� �� � ���‖�� � �‖�

‖���� � �‖� � ��‖  �� � �‖�

� �� � ���‖�� � �‖�             

  �  ‖�� � �‖�       

By lemma (1.1), we get ������‖�� � �‖  exists 

Hence, the iteration 〈��〉 is bounded sequence. So 

〈��〉 and 〈��〉 also bounded sequences. And hence, 

by lemma (1.4) we deduce 〈�� ����〉 converges 

strongly to a point in ��  �
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�ٌت ا��و���ط�ٌ����ا��دٌدة �رارات درا�� إ�راءات ا��

رٌ�ض د��ً ��ً                         زٌ�� ��ٌن ��ٌ�د                          

��م ا�رٌ��ٌ�ت                             ��م ا�رٌ��ٌ�ت                              

��ٌ� ا��ر�ٌ� ����وم ا��ر��              ��ٌ� ا��ر�ٌ� ����وم ا��ر�� ا�ن ا��ٌثم             
����� �ر��ء                             ����� ��داد                              

 ان����هض :

�� ُ�ا ا�ث�� �ٌ�ذم ػو���خ ��زار�ح �ذ�ذج �ًْاع ه����ح هي ا���ث���خ ّ�ٌ�ذم ه�ِْم ا���ث���خ ا��ْ�ؼ�ح ّا��� ��ْى        

ه����ح ػي ا���ث���خ ا���ز �ْ��ؼ�ح  .ا��� �ٌذرس ا����رب �ِ�ا ا�ٌْع هي ا���زاراخ ا�� ً��ح ��هذج هش�ز�ح �� ���ء ُ�ثزخ
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