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ARTICLE

Common Fixed Point Theorems by Using Two
Mappings in b-Rectangular Metric Space

Qasim K. Kadhim*, Alia S. Kurdi

Department of Mathematics, University of Al-Qadisiyah, Diwaniyah, Iraq

Abstract

In this paper, the aim to obtain the existence and uniqueness of some common fixed point theorem on b-rectangular
metric space by using new conditions including rational, maximum, minimum and combination for two mappings.

Keywords: Common fixed-point, b-Rectangular metric space

1. Introduction

O ne of the most important topics in the devel-
opment of nonlinear analysis is fixed point

theory. Fixed point theory has also been successfully
applied to a variety of other fields of research,
including chemistry, biology, economics, computer
science, engineering, and a variety of others. It is
well known that Banach's contraction mapping
theorem is one of the pivotal results of functional
analysis. A mapping Q : Е/Е where ðЕ; dÞ is a
metric space, is said to be a contraction if there ex-
ists a2½0; 1Þ such that for all t; u2Е;

dðQt;QuÞ � adðt;uÞ ð1:1Þ
The mapping fulfilling ð1:1Þ has a unique fixed

point if the metric space ðЕ; dÞ is complete.
Inequality ð1:1Þ implies continuity of Q.
In 1989, Backhtin [1] introduced the concept of b-

metric space. In 1993, Czerwik [7] extended the re-
sults of b-metric spaces. Using this idea many
researcher presented generalization of the
renowned Banach fixed point theorem in the b-
metric space. Boriceanu [3], Czerwik [7], Bota [4]
extended the fixed point theorem in b-metric space.,
many authors initiated and studied many existing
fixed point theorems in such spaces. Also, the
concept of b-rectangular metric space is introduced
as a generalization of b-metric space and rectan-
gular (generalized) metric space by George et al. [8].

Common fixed point theorems have been studied
by many researchers like Chandok [6].
A point t2E is a common fixed point of self

mappings Q;R : E/E of a metric space ðE; dÞ if Qt ¼
Rt ¼ t.

2. Preliminaries

Definition 2.1. [2] Let X be a nonempty set and
Q : E/E a self map. We say that t2E is a fixed point
of Q if QðtÞ ¼ t and denote by FQ or Fix ðQÞ the set of
all fixed points of Q.
Let E be any set and Q : E/E a self map. For any
given t2E, we define QnðtÞ inductively by Q0ðtÞ ¼ t
and Qnþ1ðtÞ ¼ QðQnðtÞÞ; we recall QnðtÞ the nth
iterative of t under Q.
For any t02E, the sequence ftngn�03E given by

tn¼Qtn�1 ¼ Qnt0;n¼ 1;2;…

is called the sequence of successive approximations
with the initial value t0. It is also known as the Picard
iteration starting at t0.

Definition 2.2. [1,7] Let X be a nonempty set and s �
1 be a given real number. A function
d : X � X/½0;∞Þ is a b-metric on X if, for all x; y;
z2X, the following conditions hold:

(1) dðx; yÞ ¼ 0 if and only if x ¼ y;
(2) dðx; yÞ ¼ dðy; xÞ;
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(3) dðx; zÞ � s½dðx; yÞþdðy; zÞ� (b-triangular
inequality).

In this case, the pair ðX; dÞ is called a b-metric space.

Definition 2.3. [5] Let X be a nonempty set, and let
d : X � X/½0;∞Þ be a mapping such that for all x; y;
z2X and all distinct points u; v2X; each distinct
from x and y:

(1) dðx; yÞ ¼ 0 if and only if x ¼ y;
(2) dðx; yÞ ¼ dðy; xÞ;
(3) dðx; zÞ � dðx; uÞ þ dðu; vÞ þ dðv; zÞ (rectangular

inequality).

Then ðX; dÞ is called rectangular or generalized
metric space.

Definition 2.4. [8] Let X be a nonempty set, s � 1 be
a given real number and let d : X � X/½0;∞Þ be a
mapping such that for all x; y; z2X and distinct
points u; v2X; each distinct from x and y:

(1) dðx; yÞ ¼ 0 if and only if x ¼ y;
(2) dðx; yÞ ¼ dðy; xÞ;
(3) dðx; zÞ � s½dðx; uÞþdðu; vÞþdðv; zÞ� (b-rectangular

inequality).

Then ðX; dÞ is called a b-rectangular metric space or
a b-generalized metric space (b-g.m.s.).

Definition 2.5. [8] Let ðX; dÞ be a b-rectangular
metric space and fxng be a sequence in X and x2 X.
Then

(i) The sequence fxng is said to be convergent in
ðX; dÞ and converges to x; if for every e> 0;
there exists n02N such that dðxn; xÞ< e forall
n> n0 and this fact is represented by

lim
n/∞

xn ¼ x or xn/x as n/∞.

(ii) The sequence fxng is said to be b-rectangular-
Cauchy in ðX;dÞ if for every > 0 ; there exists
n02N such that dðxn; xnþpÞ< e for all n> n0;
p> 0 or equivalently, lim

n/∞
dðxn; xnþpÞ ¼ 0 for all

p> 0.
(iii) ðX; dÞ is said to be complete if every b-rect-

angular-Cauchy sequence in ðX; dÞ converges
to an element of X.

Lemma 2.1. [9] Let ðЕ; dÞ be a b- metric space with
coefficient s � 1 and Q : Е/Е be a mapping.

Suppose that ftng is a sequence in Е induced by
tnþ1 ¼ Qtn such that

dðtn; tnþ1Þ � adðtn�1; tnÞ;
for all n2N; where a2½0; 1Þ is a constant. Then

ftng is a Cauchy sequence.

Definition 2.6. Let Q;R : Е/Е be self-mappings on
complete b-rectangular metric space ðE; dÞ with
s � 1. The following condition is called (a; b;
g)-contraction:

dðQt;RuÞ�adðt;uÞþb
dðt;QtÞdðt;QRuÞ þ ½dðu;QtÞ�2

dðt;QRuÞ þ dðu;QtÞ
þ gdðt;QtÞ

ð2:1Þ

Where dðt; QRuÞþ dðu; QtÞs0, a; b; g> 0, with
0 � ðaþsbþgÞ< 1 for all t; u in E.

3. Main results

Theorem 3.1. Let ðЕ; dÞ be a complete b-rectangular
metric space with s � 1 , and Q;R : Е/Е be two
mappings on Е satisfying the condition

dðQt;RuÞ�aMðt;uÞ þ bNðt;uÞ ð3:1Þ
Where Mðt; uÞ ¼ max

n
dðt; uÞ; dðt;QtÞ

1þdðRQt;RuÞ;
dðu;RuÞ

1þdðu;RuÞ;dðu;QRuÞdðu;QtÞ
2

o
And

Nðt;uÞ¼minfdðt;QtÞ;dðt;RuÞ;dðu;QtÞg
For all t; u in Е and a; b2½0; 1Þ with < 1 . then Q

and R have a unique common fixed point.
Proof: for any arbitrary t0 in E. Define the sequence
ftng in E such that

t2nþ1¼Qt2n

t2nþ2¼Rt2nþ1 ¼ RQt2n

t2nþ3¼Qt2nþ2 ¼QRt2nþ1; for all n2N ð3:2Þ
Assume that there is some n2N such that tn ¼

tnþ1.
If n ¼ 2k; then t2k ¼ t2kþ1 and from (3.1),

dðt2kþ1; t2kþ2Þ¼dðQt2k;Rt2kþ1Þ

� aMðt2k; t2kþ1Þ þ bNðt2k; t2kþ1Þ
Where

Mðt2k; t2kþ1Þ

¼max
�
dðt2k;t2kþ1Þ; dðt2k;Qt2kÞ

1þdðRQt2k;Rt2kþ1Þ;
dðt2kþ1;Rt2kþ1Þ

1þdðt2kþ1;Rt2kþ1Þ;
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dðt2kþ1;QRt2kþ1Þdðt2kþ1;Qt2kÞ
2

�

¼max
�
dðt2k; t2kþ1Þ; dðt2k; t2kþ1Þ

1þ dðt2kþ2; t2kþ2Þ;
dðt2kþ1; t2kþ2Þ

1þ dðt2kþ1; t2kþ2Þ ;

dðt2kþ1; t2kþ3Þdðt2kþ1; t2kþ1Þ
2

�

¼max
�
0;0;

dðt2kþ1; t2kþ2Þ
1þ dðt2kþ1; t2kþ2Þ;0

�

¼ dðt2kþ1; t2kþ2Þ
1þ dðt2kþ1; t2kþ2Þ
And

Nðt2k; t2kþ1Þ¼minfdðt2k;Qt2kÞ;dðt2k;Rt2kþ1Þ;
dðt2kþ1;Qt2kÞg

¼minfdðt2k; t2kþ1Þ;dðt2k; t2kþ2Þ;dðt2kþ1 ; t2kþ1Þg¼0

Thus we have

dðt2kþ1; t2kþ2Þ�a
dðt2kþ1; t2kþ2Þ

1þ dðt2kþ1; t2kþ2Þ � adðt2kþ1; t2kþ2Þ

dðt2kþ1; t2kþ2Þ � adðt2kþ1; t2kþ2Þ
Which is a contradiction

dðt2kþ1; t2kþ2Þ¼0

Therefore t2kþ1 ¼ t2kþ2, Hence we have t2k ¼
t2kþ1 ¼ t2kþ2.
It mains that t2k ¼ Qt2k ¼ Rt2k t2k is a
common fixed point of, R.
If n ¼ 2kþ 1; then using same influences, can be
presented that t2kþ1 is a common fixed point of Q
and R.
Now; assume tnstnþ1 for all n2N.

dðt2nþ1; t2nþ2Þ¼dðQt2n;Rt2nþ1Þ

dðt2nþ1; t2nþ2Þ�aMðt2n; t2nþ1Þ þ bNðt2n; t2nþ1Þ ð3:3Þ
Where

Mðt2n; t2nþ1Þ¼max
�
dðt2n; t2nþ1Þ; dðt2n;Qt2nÞ

1þ dðRQt2n;Rt2nþ1Þ;
dðt2nþ1;Rt2nþ1Þ

1þ dðt2nþ1;Rt2nþ1Þ ;

dðt2nþ1;QRt2nþ1Þdðt2nþ1;Qt2nÞ
2

�

¼max
�
dðt2n; t2nþ1Þ; dðt2n; t2nþ1Þ

1þ dðt2nþ2; t2nþ2Þ;
dðt2nþ1; t2nþ2Þ

1þ dðt2nþ1; t2nþ2Þ ;

dðt2nþ1; t2nþ3Þdðt2nþ1; t2nþ1Þ
2

�

¼max
�
dðt2n; t2nþ1Þ;dðt2n; t2nþ1Þ; dðt2nþ1; t2nþ2Þ

1þ dðt2nþ1; t2nþ2Þ;0
�

¼max
�
dðt2n; t2nþ1Þ; dðt2nþ1; t2nþ2Þ

1þ dðt2nþ1; t2nþ2Þ
�

And

Nðt2n; t2nþ1Þ¼minfdðt2n;Qt2nÞ;dðt2n;Rt2nþ1Þ;
dðt2nþ1;Qt2nÞg

¼minfdðt2n; t2nþ1Þ;dðt2n; t2nþ2Þ;dðt2nþ1; t2nþ1Þg

¼ 0

If ðt2n; t2nþ1Þ ¼ dðt2n; t2nþ1Þ , then by (3.3)

dðt2nþ1; t2nþ2Þ � a dðt2n; t2nþ1Þ
If ðt2n; t2nþ1Þ ¼ dðt2nþ1;t2nþ2Þ

1þdðt2nþ1;t2nþ2Þ , then by (3.3)

dðt2nþ1; t2nþ2Þ�a
dðt2nþ1; t2nþ2Þ

1þ dðt2nþ1; t2nþ2Þ � adðt2nþ1; t2nþ2Þ

Which is a contradiction
By induction we get

dðtnþ1; tnÞ � a2dðt1; t0Þ ð3:4Þ
Thus from (3.4), we obtain that

lim
n/∞

dðtn; tnþ1Þ¼0;

Hence ftng is a b-rectangular-Cauchy sequence
in ðЕ;dÞ. By completeness of ðЕ;dÞ, there exists r2Е
such that tn ¼ Qtn�1/r as n/∞:

dðr;QrÞ � s½dðr; tnÞþdðtn; tnþ1Þþdðtnþ1;QrÞ�

1
s
dðr;QrÞ�dðr; tnÞþdðtn; tnþ1Þ þ dðRtn;QrÞ

1
s
dðr;QrÞ�dðr; tnÞþdðtn; tnþ1ÞþaMðr; tnÞ þ bNðr; tnÞ

ð3:5Þ
Where

Mðr; tnÞ¼max
�
dðr; tnÞ; dðr;QrÞ

1þ dðRQr;RtnÞ;
dðtn;RtnÞ

1þ dðtn;RtnÞ;
dðtn;QRtnÞdðtn;QrÞ

2

�
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¼max
�
dðr; tnÞ; dðr;QrÞ

1þ dðQr; rÞ;
dðr; rÞ

1þ dðr; rÞ;
dðr; rÞdðr;QrÞ

2

�

¼max
�
0;

dðr;QrÞ
1þ dðQr; rÞ;0;0

�

¼ dðr;QrÞ
1þ dðQr; rÞ
And

Nðr; tnÞ¼minfdðr;QrÞ;dðr;RtnÞ;dðtn;QrÞg

¼ 0

Now, (3.5) became

1
s
dðr;QrÞ�dðr; tnÞþdðtn; tnþ1Þþa

dðr;QrÞ
1þ dðQr; rÞ

� adðr;QrÞ

dðr;QrÞ � sadðr;QrÞ

dðr;QrÞ¼00Qr¼ r

Now; we prove that Q and R have a unique
common fixed point, Suppose r and v are common
fixed points of Q and R with rsv. By (1),

dðr;vÞ¼dðQr;RvÞ�aMðr;vÞ þ bNðr;vÞ ð3:6Þ
Where

Mðr;vÞ¼max
�
dðr;vÞ; dðr;QrÞ

1þ dðRQr;RvÞ;
dðv;RvÞ

1þ dðv;RvÞ;
dðv;QRvÞdðv;QrÞ

2

�

¼maxfdðr;vÞ;0;0;0g

¼ dðr;vÞ
And

Nðr;vÞ¼minfdðr;QrÞ;dðr;RvÞ;dðv;QrÞg

¼minf0;dðr;vÞ;dðv; rÞg

¼ 0

Now, (3.6) became

dðr;vÞ¼dðQr;RvÞ � adðr;vÞ
Which is a contradiction

So dðr; vÞ ¼ 0r ¼ v;
Therefore Q and R have a unique common fixed
point r.

Corollary 3.1. Let ðЕ; dÞ be a complete b-rectangular
metric space with s � 1 , and Q;R : Е/Е be two
mappings on Е satisfying the condition

dðQt;RuÞ�aMðt;uÞ þ bNðt;uÞ ð3:1Þ
Where

Mðt;uÞ¼max
�
dðt;uÞ; dðt;QtÞ

1þdðRQt;RuÞ;
dðu;QRuÞdðu;QtÞ

2

�

And

Nðt;uÞ¼minfdðt;QtÞ;dðt;RuÞ;dðu;QtÞg
For all t; u in Е and a; b2½0; 1Þ with < 1 . then Q

and R have a unique common fixed point.

Theorem 3.2. Let ðЕ; dÞ be a complete b-rectangular
metric space. Then (a; b; g)-contraction satisfy a
unique common fixed point.
Proof: For any arbitrary point, t02Е. Define
sequence ftng in Е such that

t2nþ1¼Qt2n

t2nþ2¼Rt2nþ1

t2nþ3¼Qt2nþ2 ¼QRt2nþ1; for all n2N ð3:1Þ

Suppose that there is some n2N such that tn ¼
tnþ1. If n ¼ 2k, then t2k ¼ t2kþ1 and from the condi-
tion ð2:1Þ with t ¼ t2k and u ¼ t2kþ1 we have

dðt2kþ1; t2kþ2Þ¼dðQt2k;Rt2kþ1Þ

� adðt2k; t2kþ1Þ

þ b
dðt2k;Qt2kÞdðt2k;QRt2kþ1Þ þ ½dðt2kþ1;Qt2kÞ�2

dðt2k;QRt2kþ1Þ þ dðt2kþ1;Qt2kÞ

þgdðt2k;Qt2kÞ ð3:2Þ

¼ b
dðt2k; t2kþ1Þdðt2k; t2kþ3Þ þ ½dðt2kþ1; t2kþ1Þ�2

dðt2k; t2kþ3Þ þ dðt2kþ1; t2kþ1Þ
þ gdðt2k; t2kþ1Þ

¼ 0

therefore dðt2kþ1; t2kþ2Þ ¼ 0: Hence t2kþ1 ¼ t2kþ2:
Thus we have t2k ¼ t2kþ1 ¼ t2kþ2: By (3.1), it means
t2k ¼ Qt2k ¼ Rt2k, that is, t2k is a common fixed point
of Q and R.
If n ¼ 2kþ 1, then using the same arguments as in
the case t2k¼t2kþ1, it can be shown that t2kþ1 is a
common fixed point of Q and R.
From now on, we suppose that tnstnþ1 for all n2N:
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Step 1. We will show that

dðtn; tnþ1Þ�ðaþbþgÞdðtn�1; tnÞ; for all n2N ð3:3Þ

There are two cases which we have to consider.

Case 1. n ¼ 2kþ 1; k2N.
From the condition ð2:1Þ with t ¼ t2k and u ¼ t2kþ1 we
have

dðt2kþ1; t2kþ2Þ¼dðQt2k;Rt2kþ1Þ

þgdðt2k; t2kþ1Þ

¼ a dðt2k; t2kþ1Þþbdðt2k; t2kþ1Þ þ gdðt2k; t2kþ1Þ

dðt2kþ1; t2kþ2Þ � ðaþbþgÞ dðt2k; t2kþ1Þ
Thus we obtain that

dðtn; tnþ1Þ�ðaþbþgÞdðtn�1; tnÞ;n¼2kþ1;k2N ð3:4Þ

Case 2. n ¼ 2k, k2N. By using the same argument
as in Case 1, it can be proved that (3.3) holds for n ¼
2k, that is

dðtn; tnþ1Þ�ðaþbþgÞdðtn�1; tnÞ;n¼2k;k2N ð3:5Þ
From (3.4) and (3.5) we can conclude that

dðtn; tnþ1Þ � ða þ b þ gÞdðtn�1; tnÞ, for all n2 N:
Thus we obtain that (3.3) holds.
Since 0 � ðaþbþgÞ< 1; by Lemma (2.1) we can say
that ftng is a Cauchy sequence in ðЕ;dÞ. since ðЕ;dÞ
is a complete b-rectangular metric space, ftng con-
verges to same r2Е as n/þ ∞:

Step 2. we will prove that Qr ¼ Rr ¼ r:
Using b-rectangular inequality and ð2:1Þ, we have

dðr;QrÞ � s½dðr; t2nþ1Þþdðt2nþ1; t2nþ2Þþdðt2nþ2;QrÞ�

¼ sdðr; t2nþ1Þþ sdðt2nþ1; t2nþ2Þ þ sdðt2nþ2;QrÞ

¼ sdðr; t2nþ1Þþ sdðt2nþ1; t2nþ2Þ þ sdðRt2nþ1;QrÞ

� sdðr; t2nþ1Þ þ sdðt2nþ1; t2nþ2Þ

þsa dðr; t2nþ1Þþ sb
dðr;QrÞdðr;QRt2nþ1Þ þ ½dðt2nþ1;QrÞ�2

dðr;QRt2nþ1Þ þ dðt2nþ1;QrÞ
þ gdðr;QrÞ

¼ sdðr; t2nþ1Þ þ sdðt2nþ1; t2nþ2Þ

þsa dðr; t2nþ1Þþ sb
dðr;QrÞdðr; t2nþ3Þ þ ½dðt2nþ1;QrÞ�2

dðr; t2nþ3Þ þ dðt2nþ1;QrÞ
þ gdðr;QrÞ
Take the limit as n/∞, we obtain that

dðr; QrÞ � ðsb þ gÞdðr; QrÞ, which is a contradiction
since 0 � ðsb þ gÞ< 1
Hence dðr;QrÞ ¼ 0 Qr ¼ r:
Similarly, we obtain Rr ¼ r, thus r is common fixed
point of Q and R.

Step 3. we will prove that Q and R have a unique
common fixed point.
Suppose now that r and v are different common
fixed points of Q and R, then from ð2:1Þ, we have

dðr;vÞ¼dðQr;RvÞ

� a dðr;vÞþb
dðr;QrÞdðr;QRvÞ þ ½dðv;QrÞ�2

dðr;QRvÞ þ dðv;QrÞ
þ gdðr;QrÞ

� a dðt2k; t2kþ1Þþb
dðt2k;Qt2kÞdðt2k;QRt2kþ1Þ þ ½dðt2kþ1;Qt2kÞ�2

dðt2k;QRt2kþ1Þ þ dðt2kþ1;Qt2kÞ þ gdðt2k;Qt2kÞ

¼ a dðt2k; t2kþ1Þþb
dðt2k; t2kþ1Þdðt2k; t2kþ3Þ þ ½dðt2kþ1; t2kþ1Þ�2

dðt2k; t2kþ3Þ þ dðt2kþ1; t2kþ1Þ þ gdðt2k; t2kþ1Þ

¼ a dðt2k; t2kþ1Þ

þb
dðt2k; t2kþ1Þ½sdðt2k; t2kþ1Þ þ sdðt2kþ1; t2kþ2Þ þ sdðt2kþ2; t2kþ3Þ�

sdðt2k; t2kþ1Þ þ sdðt2kþ1; t2kþ2Þ þ sdðt2kþ2; t2kþ3Þ
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¼ a dðr;vÞþb
dðr; rÞdðr;QRvÞ þ ½dðv; rÞ�2

dðr;vÞ þ dðv; rÞ þ gdðr; rÞ

¼ a dðr;vÞ þ b
dðv; rÞ2
2dðv; rÞ

dðr;vÞ �
�
aþb

2

�
dðr;vÞ

Which is a contradiction
Since 0 � �

aþb
2

�
< 1; we have dðr; vÞ ¼ 0:

Thus proved that Q and R have a unique common
fixed point r in Е.
Now, if a;g ¼ 0 in theorem 3.2, we get the following
corollary:

Corollary 3.2. Let ðЕ; dÞ be a complete b-rectangular
metric space with � 1 , and Q;R : Е/Е be two
mappings on Е satisfying the condition

dðQt;RuÞ � b
dðt;QtÞdðt;QRuÞ þ ½dðu;QtÞ�2

dðt;QRuÞ þ dðu;QtÞ

for all, t; u in Е and dðt;QRuÞ þ dðu;QtÞs0, with
b> 0, 0 � sb< 1. Then Q and R have a unique com-
mon fixed point.
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