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ARTICLE

Common Fixed Point Theorems by Using Two
Mappings in b-Rectangular Metric Space

Qasim K. Kadhim*, Alia S. Kurdi

Department of Mathematics, University of Al-Qadisiyah, Diwaniyah, Iraq

Abstract

In this paper, the aim to obtain the existence and uniqueness of some common fixed point theorem on b-rectangular
metric space by using new conditions including rational, maximum, minimum and combination for two mappings.

Keywords: Common fixed-point, b-Rectangular metric space

1. Introduction

O ne of the most important topics in the devel-
opment of nonlinear analysis is fixed point
theory. Fixed point theory has also been successfully
applied to a variety of other fields of research,
including chemistry, biology, economics, computer
science, engineering, and a variety of others. It is
well known that Banach's contraction mapping
theorem is one of the pivotal results of functional
analysis. A mapping Q:E—FE where (E,d) is a
metric space, is said to be a contraction if there ex-
ists «€[0,1) such that for all t,uc€E;

d(Qt,Qu) < ad(t,u) (1.1)

The mapping fulfilling (1.1) has a unique fixed
point if the metric space (E,d) is complete.
Inequality (1.1) implies continuity of Q.

In 1989, Backhtin [1] introduced the concept of b-
metric space. In 1993, Czerwik [7] extended the re-
sults of b-metric spaces. Using this idea many
researcher presented generalization of the
renowned Banach fixed point theorem in the b-
metric space. Boriceanu [3], Czerwik [7], Bota [4]
extended the fixed point theorem in b-metric space.,
many authors initiated and studied many existing
fixed point theorems in such spaces. Also, the
concept of b-rectangular metric space is introduced
as a generalization of b-metric space and rectan-
gular (generalized) metric space by George et al. [8].

Common fixed point theorems have been studied
by many researchers like Chandok [6].

A point t€E is a common fixed point of self
mappings Q,R : E—E of a metric space (E,d) if Qt =
Rt =t.

2. Preliminaries

Definition 2.1. [2] Let X be a nonempty set and
Q : E—E a self map. We say that t €E is a fixed point
of Q if Q(t) = t and denote by Fq or Fix (Q) the set of
all fixed points of Q.

Let E be any set and Q : E~E a self map. For any
given tEE, we define Q,(t) inductively by Q°(t) =t
and Q"'(t) = Q(Q"(t)); we recall Q"(t) the nth
iterative of t under Q.

For any t) €E, the sequence {t,},.,CE given by

tn:Qtnfl = Qnt()an = 1527

is called the sequence of successive approximations
with the initial value #;. It is also known as the Picard
iteration starting at f,.

Definition 2.2. [1,7] Let X be a nonempty set and s >
1 be a given real number. A function
d:X xX—[0,00) is a b-metric on X if, for all x, y,
z€X, the following conditions hold:

(1) d(x,y) = 0 if and only if x = y;
(2) d(x,y) = d(y,x);

Available online 26 May 2023

* Corresponding author.
E-mail address: ma20.post16@qu.edu.iq (Q.K. Kadhim).

https://doi.org/10.29350/2411-3514.1003

2411-3514/© 2023 College of Science University of Al-Qadisiyah. This is an open access article under the CC-BY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).


mailto:ma20.post16@qu.edu.iq
https://doi.org/10.29350/2411-3514.1003
http://creativecommons.org/licenses/by-nc-nd/4.0/

Q.K. Kadhim, A.S. Kurdi / Al-Qadisiyah Journal of Pure Science 28 (2023) 20—25 21

(3) d(x,2) < sld(x,y) +d(y, z)]
inequality).

(b-triangular

In this case, the pair (X, d) is called a b-metric space.

Definition 2.3. [5] Let X be a nonempty set, and let
d: X x X—10,0) be a mapping such that for all x, v,
z€X and all distinct points u, vEX; each distinct
from x and y:

(1) d(x,y) =0 if and only if x = y;

2) d(x,y) = d(y.x);

(3) d(x,z) < d(x,u) + d(u,v) + d(v,z)
inequality).

(rectangular

Then (X,d) is called rectangular or generalized
metric space.

Definition 2.4. [8] Let X be a nonempty set, s > 1 be
a given real number and let d: X x X—[0,0) be a
mapping such that for all x,y,z€X and distinct
points u,vEX; each distinct from x and y:

(1) d(x,y) = 0 if and only if x = y;

(2) d(x,y) = d(y,x);

() d(x,z) <sld(x,u) +d(u,v) +d(v,z)] (b-rectangular
inequality).

Then (X, d) is called a b-rectangular metric space or
a b-generalized metric space (b-g.m.s.).

Definition 2.5. [8] Let (X,d) be a b-rectangular
metric space and {x,} be a sequence in X and x& X.
Then

(i) The sequence {x,} is said to be convergent in
(X,d) and converges to x; if for every > 0;
there exists ngEN such that d(x,,x) <¢ forall
n>ny and this fact is represented by

r}ij%ox” =X Or x, —Xx as n— co.
(ii) The sequence {x,} is said to be b-rectangular-
Cauchy in (X, d) if for every >0 ; there exists
ngEN such that d(x,,x,,,) <€ for all n> ny;
p >0 or equivalently, hm d(xn, Xnyp) = 0 for all
p>0.
(iii) (X,d) is said to be complete if every b-rect-
angular-Cauchy sequence in (X,d) converges
to an element of X.

Lemma 2.1. [9] Let (E,d) be a b- metric space with
coefficient s>1 and Q:E—F be a mapping.

Suppose that {t,} is a sequence in E induced by
t,11 = Qt, such that

d(tnatn+1> < ad(tn717tn)7
for all neN, where «€[0,1) is a constant. Then
{t.} is a Cauchy sequence.

Definition 2.6. Let Q,R : E—E be self-mappings on
complete b-rectangular metric space (E,d) with
s >1. The following condition is called (o, B,
v)-contraction:

d(t,Qt)d(t, QRu) + [d(u, Qt)]°
d(t, ORu) + d(u, OF)

A(Qt,Ru) < ad(t,u)+ 0

+vd(t, Q)
2.1)

Where d(t, QRu)+ d(u, Qf)#0, «, 8, v>0, with
0 < (a+sB+v)<1 for all t,u in E.

3. Main results

Theorem 3.1. Let (E,d) be a complete b-rectangular
metric space with s >1, and Q,R: E—E be two
mappings on E satisfying the condition

d(Qt,Ru) <aM(t,u) + BN(t,u) (3.1)

Where M(t, u) = max {d(t, u)
d(u,QRu)d(u«,Qt)}
2

And

N(t,u) =min{d(t,Qt),d(t,Ru),d(u,Qt)}

For all f,u in E and «,3<[0,1) with <1 . then Q
and R have a unique common fixed point.
Proof: for any arbitrary ¢, in E. Define the sequence
{tn} in E such that

bn1= Qth

d(t,Qt) d(u,Ru)
> 1+d(RQt,Ru)’ 1+d(u,Ru)’

= RQth

t2n+2 = Rt2n+l

ORty, 1, forallneN (3.2)
Assume that there is some nEN such that ¢, =

toni3= Qb2 =

tn+1-
If n = 2k, then fy =t and from (3.1),

d(taks1,toks2) = d(Qtak, Rbgs1)

< aM(ty, taxs1) + BN (fak, taks1)
Where

M(tok, tox+1)

d(tx,Qtar) d(tak1,Rtpei1)
1+d(RQby, Rtpr 1) 1+d(baes1,Rboks1)’

=max { d(tk,taxs1),
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A(tan, tons1) d(tans1,tans)

d(t2k+17QRt2k+l)d(t2k+laQtzk)} —max{d(tz fansn)
- ny F2n+

2 ’ 1+ d(t2n+27 t2n+2), 1+ d(t2n+l; t2n+2) ’
= max {d(tZk7 tri1), (o, toes1) : (b1, toxr2) 7 Ad(tans1, tonts)A(bonsts tanst)
1+ d(trz, tacr2) 1+ d(taxi, taks2) 2
d(tak i1, torys)d(taxy1, b)) = max { A(tan, tons1), d(ton, tans)s M, 0 }
P 1+d(tan1,tons2)
A(tani1stani2)
d(t t. = _ P\tenlyant2)
= max {0, O,M, 0} max{d(tzn, i), 1+ d(tans1,tonsa)
1+ d(tori1, taks2)
And
= M N(tn, tons1) =min {d (2, Qtan), d(ton, Rbzni1),
1 + d(t2k+1 ) t2k+2) d(tz 4 QtZ )}
And

. = min {d(tu, tans1), A(tan, toans2), d(t2ns1. tans1)
N (o, tags1) =min {d(ta, Qtar) , d(fak, Rborr1),

d(tas1, Qtar) } =0
If (tan, tans1) = d(t2n, t2ns1) , then by (3.3)

d(t2n+la t2n+2) S o4 d(tZYH t2n+l)
If (o, tans1) = (o2l then by (3.3)

T 14d(tntastans2

= min{d(fa, tas1), Atk bakr2), Abkra s b2ker1) } =0

Thus we have

d(toki1,tos2)

Aty bogrn) < @ ZVI2) 0t Aty i1,

( 2+l 2k+2) - 0(1 + d(t2k+1, t2k+2) =« ( 2kt 2k+2) d(t2n+la t2n+2) S aM S ad(t2n+17t2n+2)
1 + d(t2n+1 9 t2n+2)

A(byesn, bcsa) < ad(bysr, bagen) Which is a contradiction

By induction we get
Which is a contradiction

A1, ta) < oPd(ty, o) (34)

Ao, far2) =0 Thus from (3.4), we obtain that
Therefore ty,1 = tyi2, Hence we have t =

b1 = faky2- nhf; (tstni2) =0,

It mains that £ =Qfw =Rty tyr is a
common fixed point of, R.

If n=2k+1, then using same influences, can be

presented that fy 1 is a common fixed point of Q

Hence {t,} is a b-rectangular-Cauchy sequence
in (E,d). By completeness of (E,d), there exists r€E
such that t, = Qt, 1 —rasn—co.

and R. d(}", QT) < S[d(l", tn) + d(tna tn+1> +d<tn+17 QT)]
Now; assume t, #t,,1 for all neN.
1
A(tani1,tansz) = A(Qtzn, Rtznin) Ed(r’ Qr) <d(r,tu) +d(ta, tusa) + d(Rty, Qr)
b1, tansz) < @Mt frvra) + BNz ania) - (3.3) La(r,0r) <Al ) + d(ty byer) + aM(r, ) + BN(r )
Where S (35)
d(tan, Qtay
M(th t2n+1) =max {d(thv t2n+1)7 ( 2 Q 2 ) 9 Where
1+ d(RQty, Rtpui1) d(r.Qr) d(t, Rt,)
d(tZrH—laRth-H) M(T,tn) =maX {d(r7tn)7 1 ¥ d(RQT,Rtn)7 1 ¥ d(tmRtn)v

1+ d(tani1,Rbpni1)’

d(tnv QRtn)d(tm QT)}
2

d(tans1, QRtppy1)d(trns1, Qtan) }
2



Q.K. Kadhim, A.S. Kurdi / Al-Qadisiyah Journal of Pure Science 28 (2023) 20—25 23

B d(r,Qr) d(r,r) d(r,r)d(r,Qr)
—max{d(r, t")’l+d(Qr,r)’1+d(r,r)7 2 }
_ d(r,Qr)
= max {O,W,O,O}
_d(r,Qr)
- 1+d(Qr,r)

And

N(r,t,) =min{d(r,Qr),d(r,Rt,),d(t,,Qr)}

=0

Now, (3.5) became
) d(r, Or)
$ArQr) <d(r ) +d(tnba) + o s

< ad(r,Qr)
d(r,Qr) <sad(r,Qr)

d(r,Qr)=0=Qr=r

Now; we prove that Q and R have a unique
common fixed point, Suppose r and v are common
fixed points of Q and R with r#v. By (1),

d(r,v) =d(Qr,Rv) <aM(r,v) + BN(r,v) (3.6)
Where
d(r,Qr) d(v,Rv)
"1+ d(RQr,Rv)’'1+d(v,Ro)’

d(v, QRo)d(v, Qr)
>

M(r,v) =max {d(r, v)

=max{d(r,v),0,0,0}
=d(r,v)

And
N(r,v)=min{d(r,Q,),d(r,Rv),d(v,Qr)}
= min {07 d(T, U) ) d(U, T)}
=0

Now, (3.6) became
d(r,v) =d(Qr,Rv) < ad(r,v)

Which is a contradiction
So d(r,v) = Or = v,

Therefore Q and R have a unique common fixed
point r.

Corollary 3.1. Let (E,d) be a complete b-rectangular
metric space with s>1, and Q,R: E—~FE be two
mappings on E satisfying the condition
d(Qt,Ru) <aM(t,u) + BN(t,u) (3.1)

Where

M(t,u)=max {d(t,u) d(t,Qt) d(u,QRu)d(u,Qt)}

"1+d(RQ¢t,Ru)’ 2
And

N(t,u) =min{d(t,Qt),d(t,Ru),d(u,Qt)}

For all f,u in E and «,3€[0,1) with <1 . then Q
and R have a unique common fixed point.

Theorem 3.2. Let (E,d) be a complete b-rectangular
metric space. Then («, 8, y)-contraction satisfy a
unique common fixed point.
Proof: For any arbitrary point, #€E. Define
sequence {t,} in E such that

bp1= Qth

t2n+2 = Rt2n+l

banys = Qt2n+2 = QRt2n+1 s forallneN (31)

Suppose that there is some n€N such that ¢, =
tyi1. If n = 2k, then ty, = t;1 and from the condi-
tion (2.1) with t = t;; and u = t5;,; we have

d(taks1, toks2) = d(Qtok, Rbgrs1)

< ad(tyr, trki1)

d(tar, Qtar)d(tax, QRbyis1) + [d(toki1, Qtzk)}z
d(tak, QRtyi 1) + d(toi1, Qbax)

+yd(tar, Qtar)

+6

(32)

Atk tars1 ) (tar by 3) + [A(baks, o)
A(tag, tass) + A(toes, b))

+ vd(to, tain)

=0

=0

therefore d(fyxi1,fx2) =0. Hence tyiq = togyn.
Thus we have ty = tyr11 = trri2. By (3.1), it means
b = Qfyr = Rty that is, ty is a common fixed point
of Q and R.
If n = 2k + 1, then using the same arguments as in
the case ty—fy1, it can be shown that ;.1 is a
common fixed point of Q and R.
From now on, we suppose that ¢, #t,.1 for all nEN.
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Step 1. We will show that

d(ty, tur) < (a+B+v)d(t,1,t,),forallneEN (3.3)

=5d(r,tani1) +5A(trns1, tansa) + 5A(tani2, Qr)

= sd(r, t2n+1) + Sd(t2n+1 s t2n+2) + Sd(Rt2n+1; Qr)

d(tak, Qtar ) (f2x, QRbgg 1 1) + [d(tar 11, Qbor) ]

<
< adlta tia) + 6 d(tax, QRtogy1) + d(toxs1, Qbar)

A(tok, tae1)Atar, o 3) + [Aarsa, bars)]

= ad(ty,t
o Atz ia) + 8 d(tok, takss) + d(takr1, tasn)

= o d(to, trs1)

+6

A(tak, tar1) [5A (F2ks taky1) + A (F2ks1, taker2) + A (Fager2, Forr3)]

sd(tag, tak1) + 54 (bakes1, boks2) + 5A(faksa,s bakrs)

There are two cases which we have to consider.

Case 1. n = 2k+ 1,keN.
From the condition (2.1) with t = ty and u = fy;11 we
have

A(taks, taer2) = A(Qtoke, Rbprr1)

+yd(tog, tasr)
= ad(tu, taxs1) + B (tax, tars1) + v (tok, toksr)

A(toes1, toes) < (@ + B8+ 7v) d(tak, tars)
Thus we obtain that

d(tnatn+l) S (O(—I—,8—|—’Y)d(tn,1,tn),1’l:2k—|—l,kEN (34)

Case 2. n = 2k, k€ N. By using the same argument
as in Case 1, it can be proved that (3.3) holds for n =
2k, that is

Aty tan) < (a+B+7)d(ta 1, t,),n =2k, kEN

From (3.4) and (3.5) we can conclude that
A(ty, th1) < (¢ + B + v)d(ty-1,t,), for all nE€ N.
Thus we obtain that (3.3) holds.
Since 0 < (a+8+7) <1, by Lemma (2.1) we can say
that {t,} is a Cauchy sequence in (£, d). since (£, d)
is a complete b-rectangular metric space, {t,} con-
verges to same rEL as n— + oo.

(3.5)

Step 2. we will prove that Qr = Rr =r.
Using b-rectangular inequality and (2.1), we have

d(r,Qr) <sld(r,ty1) +d(tans1, taniz) +d(tani2, Qr)]

+ yd(t, Qtax)

+ vd(tok, toks1)

< Sd(?’, t2n+1) + Sd(t2n+l7 t2n+2)

d(r,Qr)d(r, QRtyi1) + [d(tni1, Q)]

+Sa d(n t2"+1) + 56 d(?’, QRt2n+l) + d(thJrla QT)

+ vd(r,Qr)

=5d(r, 1) +5d(tans1, tansa)

d(r7 Qr)d(rv t2n+3) + [d(t2n+17 Qr)]z
d(r,tanys) + d(tansa, Qr)

“+sa d(T, t2n+1) + Sﬁ

+yd(r,Qr)

Take the limit as n— oo, we obtain that
d(r, Qr) < (s8 + v)d(r, Qr), which is a contradiction
since 0 < (s6 + v) <1
Hence d(r,Qr) =0 Qr =r.
Similarly, we obtain Rr = r, thus r is common fixed
point of Q and R.

Step 3. we will prove that Q and R have a unique
common fixed point.

Suppose now that r and v are different common
fixed points of Q and R, then from (2.1), we have

d(r,0)=d(Qr,Ro)

d(r,Qr)d(r, QRv) + [d(v, Qr))*
d(r,QRv) + d(v,Qr)

<ad(r,v)+8

+ vd(r,Qr)
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d(r,7)d(r,QRo) + [d(v, )]
d(r,v)+d(v,r)

=ad(r,v)+8 + vd(r,r)

—ad(r,v)+ﬁ‘21(§;(:)r)r)

d(r,v) < (a+§> d(r,v)

Which is a contradiction
Since 0 < (a+5) <1, we have d(r,v) = 0.
Thus proved that Q and R have a unique common
fixed point r in E.
Now, if «, vy = 0 in theorem 3.2, we get the following
corollary:

Corollary 3.2. Let (E,d) be a complete b-rectangular
metric space with >1, and Q,R: E—E be two
mappings on E satisfying the condition

d(t, Qt)d(¢, QRu) + [d(u, Q1)
d(t, QRu) +d(u, QF)

d(Qt,Ru) <

for all, f,u in E and d(t, QRu) + d(u, Qt) #0, with
6>0, 0 <sB<1. Then Q and R have a unique com-
mon fixed point.
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