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1. Introduction (use 10 point Century font) 

Nonlinear differential equations (NLDEs) are 

mathematical models used to describe significant 

phenomena observed in many science and 

engineering fields such as bioengineering, fluid 

dynamics, quantum mechanics, plasma physics, and 

signal processing. Thus, many researchers focused on 

finding a suitable efficient method for solving such 

equations, numerically or analytically. The Adomain 

decomposition method (ADM) [1], Homotopy 

perturbation method (HPM) [2], Variational iteration 

method (VIM) [3], Homotopy analysis method (HAM) 

[4], and Differential Transform Method (DTM) are 

some of such methods. Current studies combine the 

previous iterative methods with some integral 

transforms [5-21], to solve nonlinear partial 

differential equations (NLPDE) and integral 

equations [22,23]. In this paper, we suggest multiple 

integral transforms, the Shehu-Sumudu transform 

(SST) mixed with the VIM to solve the coupled 

nonlinear Burger's equations, in the form [24]. 

{
 
 

 
 𝒈𝓽 − 𝜶𝟏𝒈ʂʂ + 𝜷𝟏,𝟏𝒈ʂ + 𝜷𝟏,𝟐(𝒈𝔂)ʂ

= 𝟎, 𝓽 ∈ (𝟎, Ҭ], ʂ ∈ [ʂ𝟏, ʂ𝟐]

𝔂𝓽 − 𝜶𝟐𝔂ʂʂ + 𝜷𝟐,𝟐𝔂ʂ + 𝜷𝟐,𝟏(𝒈𝔂)ʂ
= 𝟎, 𝓽 ∈ (𝟎, Ҭ], ʂ ∈ [ʂ𝟏, ʂ𝟐]

… (𝟏) 

with the initial conditions 

{    
𝒈(ʂ, 𝟎) = 𝛚𝟏(ʂ),     ʂ ∈ [ʂ𝟏, ʂ𝟐]

𝔂(ʂ, 𝟎) = 𝛚𝟐(ʂ),     ʂ ∈ [ʂ𝟏, ʂ𝟐]
 

where 𝛼1, 𝛼2  are nonzero positive viscosity 

parameters and 𝛽1,1, 𝛽1,2, 𝛽2,2, 𝛽2,1  are constants 

depending on the increase of the velocity. Besides 

that, we solve the coupled nonlinear Schrӧdinger-

Kortweg-de Veries (SKdV) equation in the form [25]. 

 

{   

𝒊 𝒈𝓽 + 𝒈ʂʂ + |𝒈|
𝟐𝒈 + 𝜸 𝒈ᶂ = 𝟎,

ᶂ𝓽 + ᶂʂʂʂ + ᶂ ᶂʂ +
𝟏

𝟐
 𝜸 (|𝒈|𝟐)ʂ = 𝟎,

     … (𝟐) 

                    

where 𝑔 = 𝑔(ʂ, 𝓉) ∈ ₵,  ᶂ = ᶂ(ʂ, 𝓉) ∈ ℝ, and 𝛾 ∈ ℝ is the 

real coupling coefficient, the System in Eq. (2) 

arrived at the appearance of interactions between the 

short wave, defined by 𝑔(ʂ, 𝓉), and the long dispersive 

wave, defined by  ᶂ(ʂ, 𝓉). The primary goal of this 

research is to develop an efficient method termed 

(MTIM) for solving nonlinear PDEs without difficulty 

http://www.anjs.edu.iq/
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and obtain highly accurate solutions with the least 

amount of calculations. 

 

2. Basic Definitions and Theorems 

In this Section, we introduce the basic concepts that 

our new approach based on:   

 

Definition 1 [26]: The Sumudu Transform is: 

 

𝐃𝓽[𝐳(𝓽)] = 𝐙(ѵ) =
𝟏

ѵ
 ∫ 𝐞𝐱𝐩 (

− 𝓽

ѵ
)  𝐳(𝓽) 𝒅𝓽

∞

𝟎

, 𝓽 ≥ 𝟎 

Definition 2 [27]: The Shehu Transform is: 

 

𝐔ʂ [𝐰(ʂ)] = 𝐖(ą, Ҍ) = ∫ 𝐞𝐱𝐩 (−
ą

Ҍ
 ʂ)𝐰(ʂ)𝒅ʂ, ʂ ≥ 𝟎

∞

𝟎
  

Definition 3: Given a piecewise continuous function 𝒈 

of two independent variables ʂ and 𝓽, the multiple 

Shehu-Sumudu transform (MSST) is defined by:  

 

𝐔ʂ 𝐃𝓽[𝒈(ʂ, 𝓽)] =  𝐆((ą, Ҍ), ѵ) 

= 
𝟏

ѵ
 ∬ 𝐞𝐱𝐩 (−(

ą

Ҍ
 ʂ +  

𝓽

ѵ
 ))  𝒈(ʂ, 𝓽)𝒅𝓽𝒅ʂ

∞

𝟎
;    ʂ, 𝓽 ≥ 𝟎   

= 𝐥𝐢𝐦
𝝆,𝝈→∞

 
𝟏

ѵ
 ∫ ∫ 𝐞𝐱𝐩(−(

ą

Ҍ
 ʂ +  

𝓽

ѵ
))  𝒈(ʂ, 𝓽)𝒅𝓽𝒅ʂ

𝝈

𝟎

𝝆

𝟎

. 

The inverse of MSST is given by: 

𝐔ʂ 𝐃𝓽
−𝟏[𝐆((ą, Ҍ), ѵ)] = 

  

 
𝟏

𝟐𝝅𝒊
∫

𝟏

Ҍ
𝐞𝐱𝐩 (

ą

Ҍ
 ʂ)

𝝆+𝒊∞

𝝆−𝒊∞
𝒅ą.

𝟏

𝟐𝝅𝒊
∫ 𝐞𝐱𝐩 (

𝓽

ѵ
)𝐆((ą, Ҍ), ѵ)

𝝈+𝒊∞

𝝈−𝒊∞
𝒅ѵ 

      = 𝒈(ʂ, 𝓽)   
where the function 𝒈(ʂ, 𝓽) is of exponential order of  

k, c ˃ 0 on 0 ≤ ʂ, 𝓽 ˂ ∞,  and belongs to the set  

Ҏ =  { 𝒇(ʂ, 𝓽)| ∃ Ϻ > 𝟎, 𝐬. 𝐭 |𝒇(ʂ, 𝓽)| ≤  Ҡ ∗ 𝐞𝐱𝐩(𝒌ʂ + 𝒄𝓽) ,

∀ʂ, 𝓽 ≥ 𝟎 𝐰𝐡𝐞𝐫𝐞 Ϻ 𝐢𝐬 𝐜𝐨𝐧𝐬𝐭𝐚𝐧𝐭 𝐚𝐧𝐝 𝐥𝐢𝐦
ʂ,𝓽→∞

𝐞𝐱𝐩 (− (
ą

Ҍ
 ʂ +

 
𝓽

ѵ
 )) |𝒇(ʂ, 𝓽)| = 𝟎}   

 

Theorem 1 (Existence of the MSST)  

Let 𝑔(ʂ, 𝓉) be a piecewise continuous function in 0 ≤
ʂ ≤ 𝜌 and 0 ≤ 𝓉 ≤ 𝜎, and of exponential order 𝑞ʂ + 𝑝𝓉, 

then the MSST of 𝑔(ʂ, 𝓉) exists for all 𝜌 and 𝜎 as long 

as 𝑅𝑒[𝜌] > 𝑞 and 𝑅𝑒[𝜎] >
1

𝑝
.     

Proof: Applying definition 3 for positive 𝜌 and 𝜎,  

𝐔ʂ 𝐃𝓽[𝑔(ʂ, 𝓉)] =  
1

ѵ
 ∬ exp (− (

ą

Ҍ
 ʂ + 

𝓉

ѵ
 ))  𝑔(ʂ, 𝓉)𝑑𝓉𝑑ʂ

∞

0
  

  =
1

ѵ
 {∫ ∫ exp (− (

ą

Ҍ
 ʂ +  

𝓉

ѵ
))  𝑔(ʂ, 𝓉)𝑑𝓉𝑑ʂ

𝜎

0

𝜌

0⏟                        
𝐸𝑥𝑖𝑠𝑡𝑠 𝑠𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 𝑓𝑢𝑛.  𝑖𝑠 𝑝𝑖𝑒𝑐𝑒𝑤𝑖𝑠𝑒 𝑐𝑜𝑛𝑡.

 +

 ∫ ∫ exp (− (
ą

Ҍ
 ʂ +  

𝓉

ѵ
))  𝑔(ʂ, 𝓉)𝑑𝓉𝑑ʂ

∞

𝜎

∞

𝜌⏟                        
 

𝑆𝑜𝑙𝑣𝑒 𝑖𝑡 𝑏𝑦 "𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛 𝑏𝑦 𝑝𝑎𝑟𝑡𝑠"

}  

For the second integral part, we have: 

 

 

 

 

|∫ ∫ exp (− (
ą

Ҍ
 ʂ + 

𝓉

ѵ
))  𝑔(ʂ, 𝓉)𝑑𝓉𝑑ʂ

∞

𝜎

∞

𝜌
| ≤

 ∫ ∫ exp (− (
ą

Ҍ
 ʂ +  

𝓉

ѵ
 )) |𝑔(ʂ, 𝓉)| 𝑑𝓉𝑑ʂ

∞

𝜎

∞

𝜌
   

≤  ₦ ∫ ∫ exp (−(
ą

Ҍ
 ʂ +  

𝓉

ѵ
 ))  exp(𝑞ʂ + 𝑝𝓉) 𝑑𝓉𝑑ʂ

∞

𝜎

∞

𝜌

 

=  ₦ lim
ʂ,𝓉→∞

[exp ((𝑞 − 
ą

Ҍ
) ʂ +  (𝑝 − 

1

ѵ
)  𝓉)]

𝜌,𝜎

∞

  

= 
₦

(𝑞− 
ą

Ҍ
)(𝑝 − 

1

ѵ
)
 ∎  

 

Theorem 2 (Linearity of the MSST) 

If  𝑔(ʂ, 𝓉), and ℎ(ʂ, 𝓉) are two functions in the set Ҏ, 

𝜗 𝑔(ʂ, 𝓉) + 𝜇 ℎ(ʂ, 𝓉) ∈ Ҏ , where 𝜗 and 𝜇  are nonzero 

constants, then:                  
𝐔ʂ 𝐃𝓽[𝜗 𝑔(ʂ, 𝓉) + 𝜇 ℎ(ʂ, 𝓉)]

= ϑ 𝐔ʂ D𝓽[𝑔(ʂ, 𝓉)] +  𝜇 𝐔ʂ D𝓽[ℎ(ʂ, 𝓉)] 

Proof:  Applying definition 3, we get 

𝐔ʂ 𝐃𝓽[𝜗 𝑔(ʂ, 𝓉) + 𝜇 ℎ(ʂ, 𝓉)] =  
1

ѵ
∬ exp (−(

ą

Ҍ
 ʂ +

∞

0

 
𝓉

ѵ
 )) {𝜗 𝑔(ʂ, 𝓉) + 𝜇 ℎ(ʂ, 𝓉)} 𝑑𝓉𝑑ʂ  

= 𝜗.
1

ѵ
 ∬ exp (− (

ą

Ҍ
 ʂ + 

𝓉

ѵ
  ))  𝑔(ʂ, 𝓉)𝑑𝓉𝑑ʂ

∞

0
+

𝜇.
1

ѵ
 ∬ exp (− (

ą

Ҍ
 ʂ +  

𝓉

ѵ
 ))  ℎ(ʂ, 𝓉)𝑑𝓉𝑑ʂ

∞

0
  

=  𝜗 𝐆((ą, Ҍ), ѵ) +  𝜇 𝐇((ą, Ҍ), ѵ)  

          =  ϑ 𝐔ʂ 𝐃𝓽[𝑔(ʂ, 𝓉)] +  𝜇 𝐔ʂ 𝐃𝓽[ℎ(ʂ, 𝓉)] ∎ 

 

Theorem 3 (MSST for the Basic Derivatives) 

Let 𝐔ʂ 𝐃𝓽[𝑔(ʂ, 𝓉)] =  𝐆((ą, Ҍ), ѵ), then: 

I. 𝐔ʂ 𝐃𝓽 [ 
𝜕

𝜕𝓉
 𝑔(ʂ, 𝓉)] =  

1

ѵ
 𝐆((ą, Ҍ), ѵ) −

1

ѵ
 𝐔ʂ [𝑔(ʂ, 0)] 

II. 𝐔ʂ 𝐃𝓽 [ 
𝜕2

𝜕𝓉2
 𝑔(ʂ, 𝓉)] =  

1

ѵ2
 𝐆((ą, Ҍ), ѵ) −

1

ѵ
𝐔ʂ [𝑔(ʂ, 0)] −    𝐔ʂ [𝑔𝓉(ʂ, 0)]  

III.  𝐔ʂ 𝐃𝓽 [ 
𝜕

𝜕ʂ
 𝑔(ʂ, 𝓉)] =  

Ҍ

ą
 𝐆((ą, Ҍ), ѵ) −

  
Ҍ

ą
 𝐃𝓽[𝑔(0, 𝓉)] 

IV.    𝐔ʂ 𝐃𝓽 [ 
𝜕2

𝜕ʂ2
 𝑔(ʂ, 𝓉)] =  

Ҍ2

ą2
𝐆((ą, Ҍ), ѵ) −

 
Ҍ

ą
𝐃𝓽[𝑔(0, 𝓉)] −   𝐃𝓽[𝑔ʂ(0, 𝓉)] 

Proof: Applying definition 3, we get:  

i.    𝐔ʂ D𝓽 [ 
𝜕

𝜕𝓉
 𝑔(ʂ, 𝓉)] =   

1

ѵ
 ∬ exp (− (

ą

Ҍ
 ʂ +

∞

0

    
𝓉

ѵ
 )) { 

𝜕

𝜕𝓉
 𝑔(ʂ, 𝓉)} 𝑑𝓉𝑑ʂ  

= ∫ exp ( −
ą

Ҍ
 ʂ)

∞

0
𝑑ʂ.  

1

ѵ
∫  exp (−

𝓉

ѵ
 )  { 

𝜕

𝜕𝓉
 𝑔(ʂ, 𝓉)}

∞

0
𝑑𝓉⏟                     

𝑠𝑜𝑙𝑣𝑒 𝑖𝑡 𝑏𝑦 "𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛 𝑏𝑦 𝑝𝑎𝑟𝑡𝑠"
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= 
1

ѵ
 ∬ exp (− (

ą

Ҍ
 ʂ +  

𝓉

ѵ
 ))  𝑔(ʂ, 𝓉)𝑑𝓉𝑑ʂ

∞

0
−

1

ѵ
 ∫ exp ( −

ą

Ҍ
 ʂ)

∞

0
𝑑ʂ  

=
1

ѵ
 𝐆((ą, Ҍ), ѵ) −

1

ѵ
 𝐔ʂ [𝑔(ʂ, 0)]  ∎ 

Similarly, we can prove part (ii). 

= 
1

ѵ
 ∬ exp (− (

ą

Ҍ
 ʂ +  

𝓉

ѵ
 ))  𝑔(ʂ, 𝓉)𝑑𝓉𝑑ʂ

∞

0
−

1

ѵ
 ∫ exp ( −

ą

Ҍ
 ʂ)

∞

0
𝑑ʂ  

  =
1

ѵ
 𝐆((ą, Ҍ), ѵ) −

1

ѵ
 𝐔ʂ [𝑔(ʂ, 0)]  ∎ 

Similarly, we can prove part (ii). 

iii.    𝐔ʂ D𝓽 [ 
𝝏

𝝏ʂ
 𝒈(ʂ, 𝓽)] =

𝟏

ѵ
 ∬ 𝐞𝐱𝐩 (− (

ą

Ҍ
 ʂ +

∞

𝟎

 
𝓽

ѵ
 ))  { 

𝝏

𝝏ʂ
 𝒈(ʂ, 𝓽)}𝒅𝓽𝒅ʂ  

= ∫ 𝐞𝐱𝐩 ( −
ą

Ҍ
 ʂ) {  

𝝏

𝝏ʂ
 𝒈(ʂ, 𝓽)}

∞

𝟎
𝒅𝒔

⏟                      
  

𝒔𝒐𝒍𝒗𝒆 𝒊𝒕 𝒖𝒔𝒊𝒏𝒈 "𝒊𝒏𝒕𝒆𝒈𝒓𝒂𝒕𝒊𝒐𝒏 𝒃𝒚 𝒑𝒂𝒓𝒕𝒔"

. ∫ 𝐞𝐱𝐩 (−
𝓽

ѵ
  )

∞

𝟎
𝒅𝓽  

  =  
Ҍ

ą
 ∬ 𝐞𝐱𝐩 (−(

ą

Ҍ
 ʂ + 

𝓽

ѵ
 ))  𝒈(ʂ, 𝓽)𝒅𝓽𝒅ʂ

∞

𝟎
−

 
Ҍ

ą
∫ 𝐞𝐱𝐩 (−

𝓽

ѵ
  )

∞

𝟎
𝒅𝓽  

   =  
Ҍ

ą
 𝐆((ą, Ҍ), ѵ) − 

Ҍ

ą
𝐃𝓽[𝒈(𝟎, 𝓽)]   ■ 

Similarly, we can prove part (iv). 

Table 1:    MSST of some functions, where 

𝐔ʂ D𝓽[𝑔(ʂ, 𝓉)] =  𝐆((ą, Ҍ), ѵ) 

𝒈(ʂ, 𝓽) 𝐆((ą, Ҍ), ѵ) 

1 
Ҍ

ą
 

ʂ 
Ҍ2

ą2
 

exp(𝑘ʂ + 𝑙𝓉) 
Ҍ

(𝑘Ҍ − ą)(𝑙ѵ − 1)
 

exp((𝑘ʂ + 𝑙𝓉)i) 
Ҍ(𝑘𝑙Ҍ − ą) + ą(𝑘Ҍ + ą𝑘)i

((𝑘Ҍ)2 + ą2)(𝑙2 + 1)
 

cos (𝑘ʂ + 𝑙𝓉) 
Ҍ(𝑘𝑙Ҍ − ą)

((𝑘Ҍ)2 + ą2)
 

sin (𝑘ʂ + 𝑙𝓉) 
ą(𝑘Ҍ + ą𝑘)i

(𝑙2 + 1)
 

ʂj 𝓉m;  
 j, m = 0,1,2, … 

j!  m! ( 
Ҍ

ą
 )
j+1

(ѵ)m+1 

 

3. Structure of the MTIM 

Consider the following NLPDE: 

𝓛𝒈(ʂ, 𝓽) +𝓝𝒈(ʂ, 𝓽) =  𝓺(ʂ, 𝓽)         …(3) 

with the initial condition:  

𝒈(ʂ, 𝟎) = 𝝋(ʂ)                                 …(4) 

 

 

where 𝒈(ʂ, 𝓽) is a piecewise continuous function,𝓛 =
𝝏

𝝏𝓽
 is a linear operator,  𝓝 is a nonlinear operator, and 

𝓺(ʂ, 𝓽) is the inhomogeneous or homogeneous term.    

Applying the MSST on both sides of Eq. ‹1›, yields 

𝐔ʂ 𝐃𝓽[ 𝓛𝒈(ʂ, 𝓽) +𝓝𝒈(ʂ, 𝓽)] =  𝐔ʂ 𝐃𝓽[𝓺(ʂ, 𝓽)]         …(5) 

Using some derivatives and the linearity property of 

DSST for Eq. (5) leads to 

𝐔ʂ 𝐃𝓽[ 𝓛𝒈(ʂ, 𝓽)] + 𝐔ʂ D𝓽[𝓝𝒈(ʂ, 𝓽)] = 𝐔ʂ D𝓽[𝓺(ʂ, 𝓽)], 

…(6) 

𝐔ʂ [𝒈(ʂ, 𝟎)] = 𝐔ʂ [𝝋(ʂ)] = 𝐆((ą, Ҍ), 𝟎)                    …(7)  

where  Uʂ  is a single Shehu transform. 

Substitute the transformed initial condition, Eq. (7), 

in Eq. (6) utilizing some properties of MSST in the 

previous theorems, which leads to 

𝟏

ѵ
 𝐆((ą, Ҍ), ѵ) −

𝟏

ѵ
 𝐔ʂ [𝒈(ʂ, 𝟎)] +𝐔ʂ D𝓽[𝓝𝒈(ʂ, 𝓽)] =

 𝐔ʂ D𝓽[𝓺(ʂ, 𝓽)]                                                   …(8) 

 𝐆((ą, Ҍ), ѵ) − 𝐔ʂ [𝒈(ʂ, 𝟎)] + ѵ 𝐔ʂ D𝓽[𝓝𝒈(ʂ, 𝓽)] =

 ѵ 𝐔ʂ 𝐃𝓽[𝓺(ʂ, 𝓽)]                                                …(9) 

Take the inverse of MSST on both sides of Eq. (9), 

which gives 

𝒈(ʂ, 𝓽) +𝐔ʂ 𝐃𝓽
−𝟏
[ѵ 𝐔ʂ 𝐃𝓽[𝓝𝒈(ʂ, 𝓽)]] − ⱳ(ʂ, 𝓽) = 𝟎 

…(10) 

where 

 ⱳ(ʂ, 𝓽) = 𝐔ʂ 𝐃𝓽
−𝟏
[𝐔ʂ [𝒈(ʂ, 𝟎)] + ѵ 𝐔ʂ D𝓽[𝓺(ʂ, 𝓽)]]   

put  
𝜕

𝜕𝓉
   on both sides of Eq. (10), 

𝝏

𝝏𝓽
𝒈(ʂ, 𝓽) +

𝝏

𝝏𝓽
𝐔ʂ 𝐃𝓽

−𝟏
[ѵ 𝐔ʂ 𝐃𝓽[𝓝𝒈(ʂ, 𝓽)]] −

𝝏

𝝏𝓽
ⱳ(ʂ, 𝓽) = 𝟎                               …(11) 

then, use VIM to solve Eq. (11), where the correction 

functional is 

𝒈ᶇ+𝟏(ʂ, 𝓽) = 𝒈ᶇ(ʂ, 𝓽) + ∫ 𝝀(𝝃) {
𝝏

𝝏𝝃
 𝒈ᶇ(ʂ, 𝝃) +

𝓽

𝟎

𝝏

𝝏𝝃
 𝐔ʂ 𝐃𝓽

−𝟏
[ѵ 𝐔ʂ D𝓽[𝓝𝓰ᶇ(ʂ, 𝝃)]]}  𝒅𝝃,             …(12) 

𝜆 is the Lagrange multiplier, which can be identified 

from variational theory [28], and ℊᶇ is the restricted 
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variation, i.e. 𝛿ℊ𝑘 = 0 , with stationary conditions 

𝜆′(𝜉)|𝜉=𝓉 = 0, and 1 +  𝜆(𝜉)|𝜉=𝓉 =  0. 

Put  𝜆(𝜉) = −1  in Eq. (12), we get 

𝒈ᶇ+𝟏(ʂ, 𝓽) = 𝒈ᶇ(ʂ, 𝓽) − ∫  {
𝝏

𝝏𝝃
 𝒈ᶇ(ʂ, 𝝃) +

𝓽

𝟎

𝝏

𝝏𝝃
 𝐔ʂ D𝓽

−𝟏
[ѵ 𝐔ʂ D𝓽[𝓝𝓰ᶇ(ʂ, 𝝃)]]}  𝒅𝝃,    ᶇ ≥ 𝟎   …(13) 

 

Hence, the solution is 

𝒈(ʂ, 𝓽) =  𝐥𝐢𝐦
ᶇ→∞

𝒈ᶇ+𝟏(ʂ, 𝓽). 

4. Applications of the MTIM 

In this section, we construct some examples to 

examine the applicability of the (MTIM): 

Example 1[29,30]:  Consider the coupled Burgers' 

equations:  

{
𝒈𝓽−𝒈ʂʂ − 𝟐𝒈𝒈ʂ + (𝒈𝔂)ʂ = 𝟎, 𝓽 > 𝟎, ʂ ∈ [−𝝅, 𝝅]

𝔂𝓽−𝔂ʂʂ − 𝟐𝔂𝔂ʂ + (𝒈𝔂)ʂ = 𝟎, 𝓽 > 𝟎, ʂ ∈ [−𝝅, 𝝅]
..(14) 

with the initial conditions     

{
𝒈(ʂ, 𝟎) = 𝐬𝐢𝐧(ʂ) , ʂ ∈ [−𝝅, 𝝅]

𝔂(ʂ, 𝟎) = 𝐬𝐢𝐧(ʂ) ,   ʂ ∈ [−𝝅, 𝝅]
   … (15) 

Solution: Apply the MSST to Eq. (14,15), we obtain, 

𝐔ʂ D𝓽[𝒈𝓽] − 𝐔ʂ D𝓽 [𝒈ʂʂ + 𝟐𝒈𝒈ʂ − (𝒈𝔂)ʂ] = 𝟎  …(16) 

𝐔ʂ D𝓽[𝔂𝓽] − 𝐔ʂ D𝓽 [𝔂ʂʂ + 𝟐𝔂𝔂ʂ − (𝒈𝔂)ʂ] = 𝟎 …(17) 

𝟏

ѵ
 𝐆((ą, Ҍ), ѵ) −

𝟏

ѵ
 𝐔ʂ [𝒈(ʂ, 𝟎)] −  𝐔ʂ D𝓽[𝒈ʂʂ + 𝟐𝒈𝒈ʂ −

(𝒈𝔂)ʂ] = 𝟎    …(18) 
𝟏

ѵ
 𝓨((ą, Ҍ), ѵ) −

𝟏

ѵ
 𝐔ʂ [𝔂(ʂ, 𝟎)] −  𝐔ʂ D𝓽[𝔂ʂʂ + 𝟐𝔂𝔂ʂ −

(𝒈𝔂)ʂ] = 𝟎    …(19) 

where   𝐔ʂ [𝒈(ʂ, 𝟎)] =  𝐔ʂ [𝐬𝐢𝐧 (ʂ)], and 

   𝐔ʂ [𝔂(ʂ, 𝟎)] =  𝐔ʂ [𝐬𝐢𝐧 (ʂ)] , are single Shehu 

Transforms 

substitutes in Eq.'s (18,19) 

 𝐆((ą, Ҍ), ѵ) − 𝐔ʂ [𝐬𝐢𝐧 (ʂ)] −  ѵ 𝐔ʂ D𝓽[𝒈ʂʂ + 𝟐𝒈𝒈ʂ −

(𝒈𝔂)ʂ] = 𝟎   … (20) 

𝓨((ą, Ҍ), ѵ) − 𝐔ʂ [𝐬𝐢𝐧 (ʂ)] −  ѵ 𝐔ʂ D𝓽[𝔂ʂʂ + 𝟐𝔂𝔂ʂ −

(𝒈𝔂)ʂ] = 𝟎   …(21) 

Take the MSST inverse for Eq.'s (20,21) 

𝒈(ʂ, 𝓽) − 𝒈(ʂ, 𝟎) − 𝐔ʂ D𝓽
−𝟏
[ ѵ 𝐔ʂ D𝓽[𝒈ʂʂ + 𝟐𝒈𝒈ʂ −

(𝒈𝔂)ʂ]] = 𝟎    …(22) 

𝔂(ʂ, 𝓽) − 𝔂(ʂ, 𝟎) − 𝐔ʂ D𝓽
−𝟏
[ ѵ 𝐔ʂ D𝓽[𝔂ʂʂ + 𝟐𝔂𝔂ʂ −

(𝒈𝔂)ʂ]] = 𝟎   …(23) 

put  
𝜕

𝜕𝓉
 on each side of Eq.'s (22,23) 

𝝏

𝝏𝓽
 𝒈(ʂ, 𝓽) −

𝝏

𝝏𝓽
 𝐔ʂ D𝓽

−𝟏
[ ѵ 𝐔ʂ D𝓽[𝒈ʂʂ + 𝟐𝒈𝒈ʂ −

(𝒈𝔂)ʂ]] = 𝟎  …(24) 

𝝏

𝝏𝓽
 𝔂(ʂ, 𝓽) −

𝝏

𝝏𝓽
 𝐔ʂ D𝓽

−𝟏
[ ѵ 𝐔ʂ ⱳ𝓽[𝔂ʂʂ + 𝟐𝔂𝔂ʂ −

(𝒈𝔂)ʂ]] = 𝟎   …(25) 

Solve Eq.'s (24,25) using the VIM, where the correct 

functionals are 

𝒈ᶇ+𝟏(ʂ, 𝓽) = 𝒈ᶇ(ʂ, 𝓽) + ∫ 𝝀𝟏(𝝃) {
𝝏

𝝏𝝃
 𝒈ᶇ(ʂ, 𝝃) −

𝓽

𝟎

𝝏

𝝏𝝃
 𝐔ʂ D𝓽

−𝟏
[ѵ 𝐔ʂ D𝓽 [

𝝏𝟐

𝝏ʂ𝟐
𝒈ᶇ(ʂ, 𝝃) +

𝟐 𝒈ᶇ(ʂ, 𝝃).
𝝏

𝝏ʂ
𝒈ᶇ(ʂ, 𝝃) − 

𝝏

𝝏ʂ
(𝒈ᶇ(ʂ, 𝝃). 𝔂ᶇ(ʂ, 𝝃))]]}  𝒅𝝃, 

…(26) 

𝔂ᶇ+𝟏(ʂ, 𝓽) = 𝔂ᶇ(ʂ, 𝓽) + ∫ 𝝀𝟐(𝝃)  {
𝝏

𝝏𝝃
 𝔂ᶇ(ʂ, 𝝃) −

𝓽

𝟎

𝝏

𝝏𝝃
 𝐔ʂ D𝓽

−𝟏
[ѵ 𝐔ʂ D𝓽 [

𝝏𝟐

𝝏ʂ𝟐
𝔂ᶇ(ʂ, 𝝃) +

𝟐 𝔂ᶇ(ʂ, 𝝃).
𝝏

𝝏ʂ
𝔂ᶇ(ʂ, 𝝃) − 

𝝏

𝝏ʂ
(𝒈ᶇ(ʂ, 𝝃). 𝔂ᶇ(ʂ, 𝝃))]]}  𝒅𝝃, 

…(27) 

in Eq.'s (26,27), Put  𝜆1(𝜉) = 𝜆2(𝜉) = −1 , where the 

stationary conditions are 

 𝝀′𝟏(𝝃)|𝝃=𝓽 = 𝟎, 𝟏 + 𝝀𝟏(𝝃)|𝝃=𝓽 𝟎 and  

𝝀′𝟐(𝝃)|𝝃=𝓽 = 𝟎,   𝟏 + 𝝀𝟐(𝝃)|𝝃=𝓽 = 𝟎,   

These yields 

𝒈ᶇ+𝟏 = 𝒈ᶇ − ∫  {
𝝏

𝝏𝝃
 𝒈ᶇ −

𝝏

𝝏𝝃
 𝐔ʂ D𝓽

−𝟏
[ѵ 𝐔ʂ D𝓽 [(𝒈ᶇ)ʂʂ −

𝓽

𝟎

𝟐 𝒈ᶇ(𝒈ᶇ)ʂ
− (𝒈ᶇ 𝔂ᶇ)ʂ

]]}  𝒅𝝃,    ᶇ ≥ 𝟎  

𝔂ᶇ+𝟏 = 𝔂ᶇ − ∫  {
𝝏

𝝏𝝃
 𝔂ᶇ −

𝝏

𝝏𝝃
 𝐔ʂ D𝓽

−𝟏
[ѵ 𝐔ʂ D𝓽 [(𝔂ᶇ)ʂʂ −

𝓽

𝟎

𝟐 𝔂ᶇ(𝔂ᶇ)ʂ
− (𝒈ᶇ 𝔂ᶇ)ʂ

]]}  𝒅𝝃,  ᶇ ≥ 𝟎  

𝒈𝟎 = 𝒈(ʂ, 𝟎) = 𝐬𝐢𝐧 (ʂ),  

𝔂𝟎 = 𝔂(ʂ, 𝟎) = 𝐬𝐢𝐧 (ʂ),  

𝒈𝟏 = 𝒈𝟎 − ∫  {
𝝏

𝝏𝝃
 𝒈ᶇ −

𝝏

𝝏𝝃
 𝐔ʂ D𝓽

−𝟏
[ѵ 𝐔ʂ D𝓽[(𝒈𝟎)ʂʂ −

𝓽

𝟎

𝟐 𝒈𝟎(𝒈𝟎)ʂ − (𝒈𝟎 𝔂𝟎)ʂ]]}  𝒅𝝃,  
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     = 𝐬𝐢𝐧(ʂ) − 𝐬𝐢𝐧(ʂ) 𝓽,  

𝔂𝟏 = 𝔂𝟎 − ∫  {
𝝏

𝝏𝝃
 𝔂𝟎 −

𝝏

𝝏𝝃
 𝐔ʂ D𝓽

−𝟏
[ѵ 𝐔ʂ D𝓽[(𝔂𝟎)ʂʂ −

𝓽

𝟎

𝟐 𝔂𝟎(𝔂𝟎)ʂ − (𝒈𝟎 𝔂𝟎)ʂ]]}  𝒅𝝃,  

     = 𝐬𝐢𝐧(ʂ) − 𝐬𝐢𝐧(ʂ) 𝓽,  

 

 

𝒈𝟐 = 𝒈𝟏 − ∫  {
𝝏

𝝏𝝃
 𝒈𝟏 −

𝝏

𝝏𝝃
 𝐔ʂ D𝓽

−𝟏
[ѵ 𝐔ʂ D𝓽[(𝒈𝟏)ʂʂ −

𝓽

𝟎

𝟐 𝒈𝟏(𝒈𝟏)ʂ − (𝒈𝟏 𝔂𝟏)ʂ]]}  𝒅𝝃,  

     = 𝐬𝐢𝐧(ʂ) − 𝐬𝐢𝐧(ʂ) 𝓽 + 𝐬𝐢𝐧 (ʂ)
𝓽𝟐

𝟐!
,  

𝔂𝟐 = 𝔂𝟏 − ∫  {
𝝏

𝝏𝝃
 𝔂𝟏 −

𝝏

𝝏𝝃
 𝐔ʂ D𝓽

−𝟏
[ѵ 𝐔ʂ D𝓽[(𝔂𝟏)ʂʂ −

𝓽

𝟎

𝟐 𝔂𝟏(𝔂𝟏)ʂ − (𝒈𝟏 𝔂𝟏)ʂ]]}  𝒅𝝃,  

     = 𝐬𝐢𝐧(ʂ) − 𝐬𝐢𝐧(ʂ) 𝓽 + 𝐬𝐢𝐧 (ʂ)
𝓽𝟐

𝟐!
,  

𝒈𝟑 = 𝒈𝟐 − ∫  {
𝝏

𝝏𝝃
 𝒈𝟐 −

𝝏

𝝏𝝃
 𝐔ʂ D𝓽

−𝟏
[ѵ 𝐔ʂ D𝓽[(𝒈𝟐)ʂʂ −

𝓽

𝟎

𝟐 𝒈𝟐(𝒈𝟐)ʂ − (𝒈𝟐 𝔂𝟐)ʂ]]}  𝒅𝝃,  

     = 𝐬𝐢𝐧(ʂ) − 𝐬𝐢𝐧(ʂ) 𝓽 + 𝐬𝐢𝐧 (ʂ)
𝓽𝟐

𝟐!
− 𝐬𝐢𝐧(ʂ)

𝓽𝟑

𝟑!
, 

𝔂𝟑 = 𝔂𝟐 − ∫  {
𝝏

𝝏𝝃
 𝔂𝟐 −

𝝏

𝝏𝝃
 𝐔ʂ D𝓽

−𝟏
[ѵ 𝐔ʂ D𝓽[(𝔂𝟐)ʂʂ −

𝓽

𝟎

𝟐 𝔂𝟐(𝔂𝟐)ʂ − (𝒈𝟐 𝔂𝟐)ʂ]]}  𝒅𝝃,  

    = 𝐬𝐢𝐧(ʂ) − 𝐬𝐢𝐧(ʂ) 𝓽 + 𝐬𝐢𝐧 (ʂ)
𝓽𝟐

𝟐!
− 𝐬𝐢𝐧(ʂ)

𝓽𝟑

𝟑!
,  

⋮ 
and so on, providing the approximate solutions 

𝒈ᶇ+𝟏(ʂ, 𝓽) = 𝐬𝐢𝐧(ʂ) (𝟏 − 𝓽 +
𝓽𝟐

𝟐!
−
𝓽𝟑

𝟑!
+ ⋯),  

𝔂ᶇ+𝟏(ʂ, 𝓽) =  𝐬𝐢𝐧 (ʂ) (𝟏 − 𝓽 +
𝓽𝟐

𝟐!
−
𝓽𝟑

𝟑!
+ ⋯)  

The two functions 𝑔(ʂ, 𝓉)  and 𝓎(ʂ, 𝓉) in the closed-

form solution is given as  

{   
𝒈(ʂ, 𝓽) = 𝐬𝐢𝐧(ʂ) 𝒆−𝓽

𝔂(ʂ, 𝓽) = 𝐬𝐢𝐧(ʂ) 𝒆−𝓽
 

Example 2[31]:  Consider the coupled Schrӧdinger-

KdV equation: 

{   

𝒈𝓽 − 𝔂ʂʂ − 𝔂ᶂ = 𝟎,

𝔂𝓽 + 𝒈ʂʂ + 𝒈ᶂ = 𝟎,

ᶂ𝓽 + 𝟔ᶂ ᶂʂ + ᶂʂʂʂ − 𝟐𝒈𝒈ʂ − 𝟐𝔂𝔂ʂ = 𝟎 

      … (28) 

 with the initial conditions     

{  

𝒈(ʂ, 𝟎) = 𝐜𝐨𝐬(ʂ) ,

𝔂(ʂ, 𝟎) = 𝐬𝐢𝐧(ʂ) ,

ᶂ(ʂ, 𝟎) =
𝟑

𝟒

                                    … (29) 

Solution: Apply the MSST to Eq.'s (28,29), we 

obtain, 

𝐔ʂ D𝓽[𝒈𝓽] − 𝐔ʂ D𝓽 [𝔂ʂʂ + 𝔂ᶂ] = 𝟎,              …(30) 

𝐔ʂ D𝓽[𝔂𝓽] + 𝐔ʂ D𝓽 [𝒈ʂʂ + 𝒈ᶂ] = 𝟎,              …(31) 

𝐔ʂ D𝓽[ᶂ𝓽] + 𝐔ʂ D𝓽 [𝟔ᶂ ᶂʂ + ᶂʂʂʂ − 𝟐𝒈𝒈ʂ − 𝟐𝔂𝔂ʂ] = 𝟎       

(32) 

𝟏

ѵ
 𝐆((ą, Ҍ), ѵ) −

𝟏

ѵ
 𝐔ʂ [𝒈(ʂ, 𝟎)] −  𝐔ʂ D𝓽[𝔂ʂʂ + 𝔂ᶂ] = 𝟎   

(33) 
𝟏

ѵ
 𝓨((ą, Ҍ), ѵ) −

𝟏

ѵ
 𝐔ʂ [𝔂(ʂ, 𝟎)] +𝐔ʂ D𝓽[𝒈ʂʂ + 𝒈ᶂ] = 𝟎 

(34) 
𝟏

ѵ
 Ӻ((ą, Ҍ), ѵ) −

𝟏

ѵ
 𝐔ʂ [ᶂ(ʂ, 𝟎)] +𝐔ʂ D𝓽[𝟔ᶂ ᶂʂ + ᶂʂʂʂ −

𝟐𝒈𝒈ʂ − 𝟐𝔂𝔂ʂ] = 𝟎                                    … (35) 

where   𝐔ʂ [𝒈(ʂ, 𝟎)] =  𝐔ʂ [𝐜𝐨𝐬(ʂ)],  

 𝐔ʂ [𝔂(ʂ, 𝟎)] =  𝐔ʂ [𝐬𝐢𝐧(ʂ)],  and 

𝐔ʂ [ᶂ(ʂ, 𝟎)] =  𝐔ʂ [
𝟑

𝟒
],    are single Shehu Transforms, 

substitute in Eq.'s (33-35) 

  𝐆((ą, Ҍ), ѵ) − 𝐔ʂ [𝐜𝐨𝐬(ʂ)] − ѵ 𝐔ʂ D𝓽[𝔂ʂʂ +𝔂ᶂ] = 𝟎, 

…(36) 

 𝓨((ą, Ҍ), ѵ) − 𝐔ʂ [𝐬𝐢𝐧(ʂ)] + ѵ 𝐔ʂ D𝓽[𝒈ʂʂ + 𝒈ᶂ] = 𝟎,  

…(37) 

  Ӻ((ą, Ҍ), ѵ) − 𝐔ʂ [ᶂ(ʂ, 𝟎)] + ѵ 𝐔ʂ D𝓽[𝟔ᶂ ᶂʂ + ᶂʂʂʂ −

𝟐𝒈𝒈ʂ − 𝟐𝔂𝔂ʂ] = 𝟎               …(38) 

Take the MSST inverse for Eq.'s (36-38). 

𝒈(ʂ, 𝓽) − 𝒈(ʂ, 𝟎) −𝐔ʂ D𝓽
−𝟏
[ ѵ 𝐔ʂ D𝓽[𝔂ʂʂ + 𝔂ᶂ]] = 𝟎,    

…(39) 

𝔂(ʂ, 𝓽) − 𝔂(ʂ, 𝟎) +𝐔ʂ D𝓽
−𝟏
[ ѵ 𝐔ʂ D𝓽[𝒈ʂʂ + 𝒈ᶂ]] = 𝟎,  

…(40) 

ᶂ(ʂ, 𝓽) − ᶂ(ʂ, 𝟎) + 𝐔ʂ D𝓽
−𝟏
[ѵ 𝐔ʂ D𝓽[𝟔ᶂ ᶂʂ + ᶂʂʂʂ −

𝟐𝒈𝒈ʂ − 𝟐𝔂𝔂ʂ]] = 𝟎  …(41) 

put  
𝜕

𝜕𝓉
 on each side of Eqs. (39-41), 

 
𝝏

𝝏𝓽
 𝒈(ʂ, 𝓽) − 

𝝏

𝝏𝓽
 𝐔ʂ D𝓽

−𝟏
[ ѵ 𝐔ʂ D𝓽[𝔂ʂʂ + 𝔂ᶂ]] = 𝟎…(42) 

 
𝝏

𝝏𝓽
 𝔂(ʂ, 𝓽) + 

𝝏

𝝏𝓽
 𝐔ʂ D𝓽

−𝟏
[ ѵ 𝐔ʂ D𝓽[𝒈ʂʂ + 𝒈ᶂ]] = 𝟎…(43) 

 
𝝏

𝝏𝓽
 ᶂ(ʂ, 𝓽) + 

𝝏

𝝏𝓽
 𝐔ʂ D𝓽

−𝟏
[ѵ 𝐔ʂ D𝓽[𝟔ᶂ ᶂʂ + ᶂʂʂʂ − 𝟐𝒈𝒈ʂ −

𝟐𝔂𝔂ʂ]] = 𝟎                  …(44) 
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Solve Eq.'s (42-44) using the VIM, where the 

correct functionals are 

 

Solve Eq.'s (42-44) using the VIM, where the 

correct functionals are 

𝒈ᶇ+𝟏(ʂ, 𝓽) = 𝒈ᶇ(ʂ, 𝓽) + ∫ 𝝀𝟏(𝝃) {
𝝏

𝝏𝝃
 𝒈ᶇ(ʂ, 𝝃) −

𝓽

𝟎

𝝏

𝝏𝝃
 𝐔ʂ D𝓽

−𝟏
[ ѵ 𝐔ʂ D𝓽 [

𝝏𝟐

𝝏ʂ𝟐
𝔂ᶇ(ʂ, 𝝃) +

(𝔂ᶇ(ʂ, 𝝃). ᶂᶇ(ʂ, 𝝃))]]}  𝒅𝝃,                        …(45) 

𝔂ᶇ+𝟏(ʂ, 𝓽) = 𝔂ᶇ(ʂ, 𝓽) + ∫ 𝝀𝟐(𝝃)  {
𝝏

𝝏𝝃
 𝔂ᶇ(ʂ, 𝝃) −

𝓽

𝟎

𝝏

𝝏𝝃
 𝐔ʂ D𝓽

−𝟏
[ ѵ 𝐔ʂ D𝓽 [

𝝏𝟐

𝝏ʂ𝟐
𝒈ᶇ(ʂ, 𝝃) +

(𝒈ᶇ(ʂ, 𝝃). ᶂᶇ(ʂ, 𝝃))]]}  𝒅𝝃,            …(46) 

 ᶂᶇ+𝟏(ʂ, 𝓽) = ᶂᶇ(ʂ, 𝓽) + ∫ 𝝀𝟑(𝝃) {
𝝏

𝝏𝝃
 ᶂᶇ(ʂ, 𝝃) +

𝓽

𝟎

𝝏

𝝏𝝃
 𝐔ʂ D𝓽

−𝟏
[ѵ 𝐔ʂ D𝓽 [𝟔 ᶂᶇ(𝒔, 𝝃).

𝝏

𝝏ʂ
ᶂᶇ(ʂ, 𝝃) +

𝝏𝟑

𝝏ʂ𝟑
ᶂᶇ(ʂ, 𝝃) −

𝟐 𝒈ᶇ(ʂ, 𝝃).
𝝏

𝝏ʂ
𝒈ᶇ(ʂ, 𝝃) − 𝟐 ᶂᶇ(ʂ, 𝝃).

𝝏

𝝏ʂ
ᶂᶇ(ʂ, 𝝃)]]}  𝒅𝝃,                            

…(47) 

In Eqs. ‹43-45›, put  𝝀𝟏(𝝃) = 𝝀𝟐(𝝃) = 𝝀𝟑(𝝃) = −𝟏 , 

where the stationary conditions are 

𝝀′𝟏(𝝃)|𝝃=𝓽 = 𝟎, 𝟏 + 𝝀𝟏(𝝃)|𝝃=𝓽 =  𝟎,  

𝝀′𝟐(𝝃)|𝝃=𝓽 = 𝟎, 𝟏 + 𝝀𝟐(𝝃)|𝝃=𝓽 =  𝟎, and 

𝝀′𝟑(𝝃)|𝝃=𝓽 = 𝟎, 𝟏 + 𝝀𝟑(𝝃)|𝝃=𝓽 =  𝟎  

𝒈ᶇ+𝟏 = 𝒈ᶇ − ∫  {
𝝏

𝝏𝝃
 𝒈ᶇ −

𝝏

𝝏𝝃
 𝐔ʂ D𝓽

−𝟏
[ ѵ 𝐔ʂ D𝓽 [

𝝏𝟐

𝝏ʂ𝟐
𝔂ᶇ +

𝓽

𝟎

(𝔂ᶇ. ᶂᶇ)]]}  𝒅𝝃,     ᶇ ≥ 𝟎  

𝔂ᶇ+𝟏 = 𝔂ᶇ − ∫  {
𝝏

𝝏𝝃
 𝔂ᶇ −

𝝏

𝝏𝝃
 𝐔ʂ D𝓽

−𝟏
[ ѵ 𝐔ʂ D𝓽 [

𝝏𝟐

𝝏ʂ𝟐
𝒈ᶇ +

𝓽

𝟎

(𝒈ᶇ. ᶂᶇ)]]}  𝒅𝝃,     ᶇ ≥ 𝟎  

ᶂᶇ+𝟏 = ᶂᶇ − ∫  {
𝝏

𝝏𝝃
 ᶂᶇ +

𝝏

𝝏𝝃
 𝐔ʂ D𝓽

−𝟏
[ѵ 𝐔ʂ D𝓽 [𝟔 ᶂᶇ.

𝝏

𝝏ʂ
ᶂᶇ +

𝓽

𝟎

𝝏𝟑

𝝏ʂ𝟑
ᶂᶇ − 𝟐𝒈ᶇ.

𝝏

𝝏ʂ
𝒈ᶇ − 𝟐ᶂᶇ.

𝝏

𝝏ʂ
ᶂᶇ]]}  𝒅𝝃,               ᶇ ≥ 𝟎   

𝒈𝟎 = 𝒈(ʂ, 𝟎) = 𝐜𝐨𝐬 (ʂ),  

𝔂𝟎 = 𝔂(ʂ, 𝟎) = 𝐬𝐢𝐧(ʂ),  

ᶂ𝟎 = ᶂ(ʂ, 𝟎) =
𝟑

𝟒
  

𝒈𝟏 = 𝒈𝟎 − ∫  {
𝝏

𝝏𝝃
 𝒈𝟎 −

𝝏

𝝏𝝃
 𝐔ʂ D𝓽

−𝟏
[ ѵ 𝐔ʂ D𝓽 [

𝝏𝟐

𝝏ʂ𝟐
𝔂𝟎 +

𝓽

𝟎

(𝔂𝟎. ᶂ𝟎)]]}  𝒅𝝃,  

     = 𝐜𝐨𝐬(ʂ) −
𝟏

𝟒
 𝓽 𝐬𝐢𝐧 (ʂ) 

𝔂𝟏 = 𝔂𝟎 − ∫  {
𝝏

𝝏𝝃
 𝔂𝟎 −

𝝏

𝝏𝝃
 𝐔ʂ D𝓽

−𝟏
[ ѵ 𝐔ʂ D𝓽 [

𝝏𝟐

𝝏ʂ𝟐
𝒈𝟎 +

𝓽

𝟎

(𝒈𝟎. ᶂ𝟎)]]}  𝒅𝝃,  

     = 𝐬𝐢𝐧(ʂ) +
𝟏

𝟒
 𝓽 𝐜𝐨𝐬 (ʂ) 

ᶂ𝟏 = ᶂ𝟎 − ∫  {
𝝏

𝝏𝝃
 ᶂ𝟎 +

𝝏

𝝏𝝃
𝐔ʂ D𝓽

−𝟏
[ѵ 𝐔ʂ D𝓽 [𝟔 ᶂ𝟎.

𝝏

𝝏ʂ
ᶂ𝟎 +

𝓽

𝟎

𝝏𝟑

𝝏ʂ𝟑
ᶂ𝟎 − 𝟐𝒈𝟎.

𝝏

𝝏ʂ
𝒈𝟎 − 𝟐ᶂ𝟎.

𝝏

𝝏ʂ
ᶂ𝟎]]}  𝒅𝝃,  

    =  
𝟑

𝟒
  

 𝒈𝟐 = 𝒈𝟏 − ∫  {
𝝏

𝝏𝝃
 𝒈𝟏 −

𝝏

𝝏𝝃
 𝐔ʂ D𝓽

−𝟏
[ ѵ 𝐔ʂ D𝓽 [

𝝏𝟐

𝝏ʂ𝟐
𝔂𝟏 +

𝓽

𝟎

(𝔂𝟏. ᶂ𝟏)]]}  𝒅𝝃,  

     = 𝐜𝐨𝐬(ʂ) −
𝟏

𝟒
 𝓽 𝐬𝐢𝐧 (ʂ) +

𝟏

𝟑𝟐
 𝓽𝟐 𝐜𝐨𝐬 (ʂ)  

𝔂𝟐 = 𝔂𝟏 − ∫  {
𝝏

𝝏𝝃
 𝔂𝟏 −

𝝏

𝝏𝝃
 𝐔ʂ D𝓽

−𝟏
[ ѵ 𝐔ʂ D𝓽 [

𝝏𝟐

𝝏ʂ𝟐
𝒈𝟏 +

𝓽

𝟎

(𝒈𝟏. ᶂ𝟏)]]}  𝒅𝝃,  

     = 𝐬𝐢𝐧(ʂ) +
𝟏

𝟒
 𝓽 𝐜𝐨𝐬 (ʂ) −

𝟏

𝟑𝟐
 𝓽𝟐 𝐬𝐢𝐧 (ʂ)  

ᶂ𝟐 = ᶂ𝟏 − ∫  {
𝝏

𝝏𝝃
 ᶂ𝟏 +

𝝏

𝝏𝝃
𝐔ʂ D𝓽

−𝟏
[ѵ 𝐔ʂ D𝓽 [𝟔ᶂ𝟏.

𝝏

𝝏ʂ
ᶂ𝟏 +

𝓽

𝟎

𝝏𝟑

𝝏ʂ𝟑
ᶂ𝟏 − 𝟐𝒈𝟏.

𝝏

𝝏ʂ
𝒈𝟏 − 𝟐ᶂ𝟏.

𝝏

𝝏ʂ
ᶂ𝟏]]}  𝒅𝝃,  

     =  
𝟑

𝟒
  

⋮ 
and so on, providing the approximate solutions 

 𝒈ᶇ+𝟏 = 𝐜𝐨𝐬(ʂ) −
𝟏

𝟒
 𝓽 𝐬𝐢𝐧 (ʂ) +

𝟏

𝟑𝟐
 𝓽𝟐 𝐜𝐨𝐬 (ʂ) − ⋯, 

𝔂ᶇ+𝟏 = 𝐬𝐢𝐧(ʂ) +
𝟏

𝟒
 𝓽 𝐜𝐨𝐬 (ʂ) −

𝟏

𝟑𝟐
 𝓽𝟐 𝐬𝐢𝐧 (ʂ) + ⋯,  

ᶂᶇ+𝟏 = 
𝟑

𝟒
  

where the exact solutions of Eqs. ‹26› is given by 

{
 
 

 
 

      

𝒈(ʂ, 𝓽) = 𝐜𝐨𝐬 (ʂ +
𝓽

𝟒
) ,

𝔂(ʂ, 𝓽) = 𝐬𝐢𝐧 (ʂ +
𝓽

𝟒
) ,

ᶂ(ʂ, 𝓽) =
𝟑

𝟒
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5. Conclusion 

This paper introduces a new efficient Hybrid 

Iterative Method to solve the coupled nonlinear 

Burgers' equations and the coupled nonlinear 

Schrödinger-Kortweg-de Veries (SKdV) equations. 

The recommended method is easy to use and 

practical in solving different types of coupled 

nonlinear partial differential equations (NLPDEs). 

The obtained results provided as a series converge 

rapidly to the exact solution. The main goal of this 

new strategy is to use a mix of the Shehu-Sumudu 

Integral Transforms with a successful Variational 

Iteration Method (VIM) to avoid the difficulties in 

solving the NLPDEs in comparison with traditional 

semi-analytical methods and to minimize the steps of 

the calculations with high accurate results.  
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