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ABSTRACT 

       This paper presents a trajectory tracking control algorithm for a non-
holonomic wheeled mobile robot using optimization technique based nonlinear PID 
neural controller in order to follow a pre-defined a continuous path. As simple and 
fast tuning algorithms, particle swarm optimization algorithm is used to tune the 
nonlinear PID neural controller's parameters to find best velocity control actions for 
the mobile robot. Simulation results show the effectiveness of the proposed nonlinear 
PID control algorithm; this is demonstrated by the minimized tracking error and the 
smoothness of the velocity control signal obtained, especially with regards to the 
external disturbance attenuation problem. 
 
Keywords: Nonholonomic Mobile Robots; Nonlinear PID Controller; Particle 
Swarm Optimization; Trajectory Tracking; Matlab package.  
  

 
تصمیم مسیطر تتابع مسار عصبي لأخطي تناسبي تكاملي تفاضلي لإنسان آلي متنقل 

 مبني على أساس الخوارزمیة ألأمثلیھ
 

 الخلاصة
 میق��دم ھ��ذا البح��ث, خوارزمی��ة المس��یطر ألتت��ابعي لمس��ار عجل��ة الإنس��ان الآل��ي المتح��رك باس��تخدا

العصبي اللاخط�ي لك�ي یتب�ع مس�ار مس�تمر  التقنیة ألأمثلیھ أساسھ المسیطر التناسبي التكاملي التفاضلي
  معرف مسبقا.

أن الخوارزمی��ة المس��تخدمة تتمی��ز بس��رعة وببس��اطة تنغ��یم عناص��ر المس��یطر اللاخط��ي التناس��بي 
التك��املي التفاض��لي وذل��ك باس��تخدام خوارزمی��ة حش��د الجس��یمات ألأمثلی��ھ وإیج��اد أفض��ل أش��ارة س��رعة 

 للإنسان الآلي المتحرك.
محاك�اة, أن فعالی�ة خوارزمی�ة المس�یطر اللاخط�ي المقت�رح تق�وم بتقلی�ل الخط�أ من خ�لال نت�ائج ال 

ألتت��ابعي لمس��ار الإنس��ان الآل��ي المتح��رك م��ع تولی��د أش��ارة س��رعة ناعم��ة, ب��رغم م��ن وج��ود الت��أثیر 
  الاضطرابي الخارجي.

 
INTRODUCTION 

n recent years, there has been an increasing amount of research on the subject of 
wheel-based mobile robots which have attracted considerable attention in various 
industrial and service applications [1]. For example, room cleaning, lawn mowers, I 
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factory automation, transportation, nuclear-waste cleaning, etc [2]. These applications 
require mobile robots to have the ability to track specified path stably. In general, 
nonholonomic behaviour in robotic systems is particularly interesting because the 
most mobile robots are nonholonomic wheeled mechanical systems and the fact of 
control problems of the mobile robot caused by the motion of a wheeled that has three 
degrees of freedom while for control of the mobile robot, only two control signals 
under the nonholonomic kinematics constraints. 

During the past few years, several studies have been published for solving mobile 
robot control problems which can be classified into three categories: The first 
category is the position estimation control approach for navigation problems of the 
mobile robot on interactive motion planning in dynamics environments and obstacle 
motion estimation [3]. Since the working environment for mobile robots is 
unstructured and may change with time, the robot must use its on-board sensors to 
cope with dynamic environment changes while for proper motion planning such as 
environment configuration prediction and obstacle avoidance motion estimation it 
uses sensory information [4]. The second category for navigation problems of the 
mobile robot is path planning and execution. The path planning is generated based on 
a prior map of the environment while the executed path is planned using certain 
optimization algorithms based on a minimal time, minimal distance or minimal 
energy performance index. Many methods have been developed for avoiding both 
static and moving obstacles as presented in [5]. 

The third category for the navigation problems of mobile robot is designing and 
implementing the driving control that the mobile robot must track to follow a desired 
path accurately and minimize the tracking error. Tracking errors of mobile robot 
causes collisions with obstacles due to deviations from the planned path and also 
causes the robot to fail to accomplish the mission successfully. It also causes an 
increase of the traveling time, as well as the travel distance, due to the additional 
adjustments needed to satisfy the driving sates. There are three major reasons for 
increasing tracking error for mobile robot: 

First of the major reasons for tracking error is the discontinuity of the rotation 
radius on the path of the differential driving mobile robot. The rotation radius 
changes at the connecting point of the straight line route and curved route, or at a 
point of inflection. At these points it can be easy for differential driving mobile robot 
to secede from its determined orbit due to the rapid change of direction [6]. 

Therefore, in order to decrease tracking error, the trajectory of the mobile robot 
must be planned so that the rotation radius is maintained at a constant, if possible. 

Second of the major reasons for increasing tracking error is due to the small 
rotation radius interferes with the accurate driving of the mobile robot. The path of 
the mobile robot can be divided into curved and straight-line segments. While 
tracking error is not generated in the straight-line segment, significant error is 
produced in the curved segment due to centrifugal and centripetal forces, which cause 
the robot to slide over the surface [6]. 

The third of the major reasons for increasing tracking error is due to the rotation 
radius is not constant such as the complex curvature or randomly curvature, that is, 
the points of inflection exist at several locations lead to the mobile robot wheel 
velocities need to be changed whenever the rotation radius and traveling direction are 
changed [7].  

The traditional control methods for trajectory tracking the mobile robot have used 
linear or non-linear feedback control while artificial intelligent controller were carried 
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out using neural networks or fuzzy inference [8]. There are other techniques for 
trajectory tracking controllers such as predictive control technique. Predictive 
approaches to path tracking seem to be very promising because the reference 
trajectory is known beforehand. Model predictive trajectory tracking control was 
applied to a mobile robot where linearized tracking error dynamics was used to 
predict future system behaviour and a control law was derived from a quadratic cost 
function penalizing the system trucking error and the control effort [9]. In addition, an 
adaptive trajectory-tracking controller based on the robot dynamics was proposed in 
[10]. Intelligent control architecture for two autonomously driven wheeled robot was 
developed in [11] that consists of the fuzzy inference as main controller and the 
neural network is an auxiliary part. 

The novelty of the presented approach here can be understood considering the 
following points. 
• The analytically derived control law which has significantly high computational 

accuracy to obtain the best control action and lead to minimum tracking error of 
the mobile robot based on optimization algorithm. 

• Investigation of the controller robustness performance through adding boundary 
unknown disturbances. 

• Verification of the controller adaptation performance through change the initial 
pose state. 

• Validation of the controller capability of tracking continuous gradient trajectories. 
       Simulation results show that the proposed controller is robust and effective in 
terms of minimum tracking error and in generating best velocity control action 
despite of the presence of bounded external disturbances.  

The remainder of the paper is organized as follows: Section two is a description 
of the kinematics model of the nonholonomic wheeled mobile robot. In section three, 
the proposed nonlinear PID neural controller is derived. The simulation results of the 
proposed controller are presented in section four and the conclusions are drawn in 
section five. 
 
MODEL OF A NONHOLONOMIC WHEELED MOBILE ROBOT 

The schematic of the nonholonomic mobile robot, shown in Figure (1), consists 
of a cart with two driving wheels mounted on the same axis and an Omni-directional 
castor in the front of cart. The castor carries the mechanical structure and keeps the 
platform more stable [12 and 13]. Two independent analogous DC motors are the 
actuators of left and right wheels for motion and orientation. The two wheels have the 
same radius denoted by r , and L  is the distance between the two wheels. The center 
of mass of the mobile robot is located at point c , centre of axis of wheels.  
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Figure (1) Nonholonomic mobile robot model. 
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The pose of mobile robot in the global coordinate frame [ ]YXO ,,  and the pose vector in 
the surface is defined as: 
  

Tyxq ),,( θ=                                                                                                              ... (1) 
 
Where: 
         13)( ×ℜ∈tq ,    
x and y are coordinates of point c and θ  is the robotic orientation angle measured 
with respect to the X-axis. These three generalized coordinates can describe the 
configuration of the mobile robot.  
It is assumed that the mobile robot wheels are ideally installed in such a way that they 
have ideal rolling without skidding [14], as shown in equation (2): 
 

0)(cos)()(sin)( =+−
••

ttyttx θθ                                                                                     ... (2) 
 
Therefore, The kinematics equations in the world frame can be represented as follows 
[15]: 

)(cos)()( ttVtx I θ=                                                                                                      … (3) 
 

)(sin)()( ttVty I θ=                                                                                                      … (4) 
 

)()( tVt w=θ                                                                                                                … (5) 
 

Where: VL and Vw, are the linear and angular velocities. 
In the computer simulation, the currently form of the pose equations, as follows [15]:  
   

)1()(cos)]()([5.0)( −+∆+= kxtkkVkVkx LR θ                                                                       … (6) 
 

)1()(sin)]()([5.0)( −+∆+= kytkkVkVky LR θ                                                                       … (7) 
 

)1()]()([1)( −+∆−= ktkVkV
L

k RL θθ                                                                                 … (8) 

 
Where: )(),(),( kkykx θ  are the components of the pose at the k  step of the 

movement and t∆ is the sampling period between two sampling times. 
To check controllability of the nonlinear MIMO kinematic mobile robotic system 

in equation (3, 4, 5), the accessibility rank condition is globally satisfied and is 
implied controllability. 

The mobile robot kinematics can be described by the left and right velocities as 
follows [16]: 
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By using Jacobi-Lie-Bracket of f and g  to find ],[ gf  [16].  
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)(][)(][][ tVgtVfq LR +=
•                                                                                              ... (10)  

 
and  f  and g can be defined in two vectors with components as: 
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The determent of the matrix in equation (13) is equal to 0)/1( 2 ≠L , then the full 

rank of matrix is equal to 3, therefore, the system in equation (3, 4 and 5) is 
controllable. 
 
NONLINEAR PID NEURAL CONTROL METHODOLOGY 

The approach to control the wheeled mobile robot depends on the available 
information of the unknown nonlinear system can be known by the input-output data 
and the control objectives. The optimization algorithm will generate the optimal 
parameters for the nonlinear PID neural controller in order to obtain best velocity 
control signal that will minimize the tracking error of the mobile robot in the presence 
of external disturbance. The proposed structure of the nonlinear PID neural controller 
can be given in the form of block diagram as shown in Figure (2).  

The feedback PID neural controller is very important because it is necessary to 
stabilize the tracking error of the system when the output of the mobile robot is 
drifted from the desired point. 
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The nonlinear PID neural controller for MIMO mobile robot system can be 

shown in Figure (3). 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 

It has the characteristics of control agility, strong adaptability, good dynamic 
characteristic and robustness because it is based on that of a conventional PID 
controller that consists of three terms: proportional, integral and derivative where the 
standard form of a PID controller is given in the s-domain as equation (14) [17]. 
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Figure (2) The general proposed structure of nonlinear PID Neural trajectory 
tracking controller for mobile robot model. 
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Figure (3) the nonlinear PID neural feedback controller structure. 
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Where Kp, Ki and Kd are called the proportional gain, the integral gain and the 
derivative gain respectively. 

The proposed nonlinear PID neural controller scheme is based on the discrete-time 
PID as equation (15) [18]. 

)()]1()([)1()( 2,12,1 keKikekeKpkuku γγγγγ +−−+−= )]2()1(2)([ −+−−+ kekekeKd γγγγ … (15) 
Where .,, θγ yx=  
Therefore, the tuning PID input vector consists of )(keγ , )1( −keγ , )2( −keγ  and 

)1(2,1 −ku , where )(keγ  and )1(2,1 −ku  denote the input error signals and the PID 
output signal respectively.   

The proposed control law of the feedback right and left velocity ( 1u  and 2u ) 
respectively can be proposed as follows:  

yx ookuku ++−= )1()( 11
                                                                                        … (16) 

θokuku +−= )1()( 22
                                                               … (17) 

yx oo , and θo are the outputs of the neural networks that can be obtained from 
sigmoid function has nonlinear relationship as presented in the following function: 

 1
1

2
−

+
= − γγ nete

o                                                                      … (18)         

γnet is calculated from this equation: 

++−−= )()]1()([)( keKikekeKpknet γγγγγγ )]2()1(2)([ −+−− kekekeKd γγγγ
             … (19) 

The control parameters γγ KiKp , and γKd of the nonlinear PID neural controller are 
adjusted using particle swarm optimization. 
 
LEARNING PARTICLE SWARM OPTIMIZATION ALGORITHM  

Particle Swarm optimization (PSO) is a kind of algorithm to search for the best 
solution by simulating the movement and flocking of birds. PSO algorithms use a 
population of individual (called particles) “flies” over the solution space in search for 
the optimal solution. 

Each particle has its own position and velocity to move around the search space. 
The particles are evaluated using a fitness function to see how close they are to the 
optimal solution [19, 20 and 21]. 

The previous best value is called as pbest. Thus, pbest is related only to a 
particular particle. It also has another value called gbest, which is the best value of all 
the particles pbest in the swarm. 

The nonlinear PID neural controller with nine weights parameters and the matrix 
is rewritten as an array to form a particle. Particles are then initialized randomly and 
updated afterwards according to equations (20, 21, 22, 23, 24 and 25) in order to tune 
the PID parameters: 
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popm ,.....3,2,1=  
Where  
pop is number of particles. 

k
mK ,γ is the weight of particle m at k iteration. 

c1 and c2 are the acceleration constants with positive values equal to 2. 
r1 and r2 are random numbers between 0 and 1. 

mpbest ,γ is best previous weight of mth particle.   

gbest is best particle among all the particle in the population. 
The numbers of dimensions in particle swarm optimization are equal to nine because 
there are three nonlinear PID and each one has three parameters. 
The mean square error function is chosen as criterion for estimating the model 
performance as equation (26): 
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The steps of PSO for nonlinear PID neural controller can be described as follows:  
• Step1 Initial searching points 0

γKp , 0
γKi , 0

γKd , 0
γKp∆ , 0

γKi∆ and 0
γKd∆ of each 

particle are usually generated randomly within the allowable range. Note that the 
dimension of search space consists of all the parameters used in the nonlinear 
PID neural controller as shown in Figure (2). The current searching point is set to 
pbest for each particle. The best-evaluated value of pbest is set to gbest and the 
particle number with the best value is stored.  

• Step2 The objective function value is calculated for each particle by using 
equation (26). If the value is better than the current pbest of the particle, the pbest 
value is replaced by the current value. If the best value of pbest is better than the 
current gbest, gbest is replaced by the best value and the particle number with the 
best value is stored. 

• Step3 The current searching point of each particle is update using equations (20, 
21, 22, 23, 24 and 25).   

• Step4 If the current iteration number reaches the predetermined maximum 
iteration number, then exit. Otherwise, return to step 2. 

 
SIMULATION RESULTS 

The proposed controller is verified by means of computer simulation using 
MATLAB package. The kinematic model of the nonholonomic mobile robot 
described in section 2 is used. The simulation is carried out off-line by tracking a 
desired position (x, y) and orientation angle (θ ) with a lemniscates and square 
trajectories in the tracking control of the robot. The parameter values of the robot 
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model are taken from [22 and 23]: M=0.65kg, I=0.36kg.m2, L=0.105 m, r=0.033 m 
and sampling time is equal to 0.5 second. 

The proposed nonlinear PID neural controller scheme as in Figure (2) is applied 
to the mobile robot model and it is used the proposed learning algorithm steps of PSO 
for tuning the nonlinear PID controller's parameters. The fist stage of operation is to 
set the following parameters of the PSO algorithm: 

Population of particle is equal to 30 and number of iteration is equal to 100. 
Number of weight in each particle is 9 because there are nine parameters of PID. The 
acceleration constants c1 and c2 are equal to 2. 
r1 and r2 are random values between 0 and 1. 
 
CASE STUDY 

The desired lemniscates trajectory which has explicitly continuous gradient with 
rotation radius changes, this trajectory can be described by the following: 

)
30
2sin(5.2)( ttxr
π

×−=                                                                                                ...  (27) 

)
20
2sin(2)( ttyr
π

×=                                                                                                    ...  (28) 
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)())(())((

)((tan2)(
22

1
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tyt

rrr

r
r

∆+∆−∆

∆
= −θ                                                                 ...  (29) 

 
For simulation purposes, the desired trajectory is chosen as described in equations 

(27 and 28) while the desired orientation angle is taken as expressed in equation (29). 
The robot model starts from the initial posture ]2/,0,1[)0( π=q  as its initial conditions. 

A disturbance term [ ]Tttd )2sin(01.0)2sin(01.0=τ [12 and 13] is added to the robot 
system as unmodelled kinematics disturbances in order to prove the adaptation and 
robustness ability of the proposed controller. The mobile robot trajectory tracking 
obtained by the proposed controller is shown in Figure (4).   

These Figures demonstrate excellent position and orientation tracking 
performance in spite of the existence of bounded disturbances the adaptive learning 
and robustness of nonlinear PID neural controller show small effect of these 
disturbances. The simulation results demonstrated the effectiveness of the proposed 
controller by showing its ability to generate small smooth values of the control input 
velocities for right and left wheels without sharp spikes. 
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Figure (4) Simulation results (a) desired trajectory and actual mobile robot 

trajectory; (b) desired orientation and actual mobile robot orientation. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

The actions described in Fig. 5 shows that smaller power is required to drive the 
DC motors of the mobile robot model. 

The mean linear velocity of the mobile robot is equal to 0.135 m/sec, and the 
maximum peak of the angular velocity is equal to ± 0.45 rad/sec can be shown in Fig. 
6.  
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Figure (6) The linear and angular velocity. 
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The optimised-auto-tuning based on particle swarm optimization is used for tuning 
the parameters of the PID neural controller ),,( θkkk yx  which has demonstrated, as 
shown in Table (1). 
 

Table (1) Parameters of the PID controller. 
xkp  xki  

xkd  
ykp  

yki  
ykd  

θkp  
θki  

θkd  
0.47 0.09 -0.30 -0.26 0.12 0.14 -0.19 0.18 -0.12 

 
It is used Mean Square Error (MSE) as the performance index in the control 

methodology that is clear by showing the convergence of the pose trajectory and 
orientation errors for the robot model motion at 100 iteration, as shown in Figure (7). 
 
 
 
 
 
 
 
 
 
 
 
 
 

The effectiveness of the proposed nonlinear PID neural control algorithm is clear 
by showing the convergence of the pose trajectory and orientation errors for the robot 
model motion, as shown in Figure (8). 
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Figure (7) The performance index (MSE). 
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Figure (8): Position tracking error (a) in X- coordinate; (b) 
in Y-coordinate; (c) Orientation tracking error. 

(a) 

(b) 
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CONCLUSIONS 

The nonlinear PID neural network controller with particle swarm optimization 
algorithm technique for MIMO nonholonomic wheeled mobile robot motion model 
has been presented in this paper. The state outputs of the mobile model are position 
and orientation and they are followed the desired inputs because there are two control 
actions right and left velocities that are generated from the proposed controller with 
PSO algorithm. 

PSO was used off-line to tune the parameters of the nonlinear PID neural 
controller and find the best value of the control action with minimum time and more 
stability with no oscillation in the output response. 

Simulation results show evidently that the proposed controller model has the 
capability of generating smooth and suitable velocity ( RV  and 

LV ) commands and did 
not exceed 0.2 m/sec, without sharp spikes. 

The proposed controller has demonstrated the capability of tracking continuous 
gradients desired trajectory and effectively minimization the tracking errors of the 
nonholonomic wheeled mobile robot model with ),,( θeeyexMSE  is equal to 

0033,1.28)(0.0415,0. respectively, especially with regards to the external disturbances 
attenuation problem.  
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