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Abstract.

In this paper , we introduce the notion of anti — fuzzy AT — ideals in AT — algebra, several
appropriate examples are provided and theirsome properties are investigated. The image and
the inverse imageof anti — fuzzy AT —ideals in AT — algebra are defined and how
theimage and the inverse image of anti — fuzzy AT —ideals in AT — algebra become
anti — fuzzy AT —ideals are studied. Moreover, the Cartesian product of anti — fuzzy
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1 Introduction

BCK — algebras form an important class of logical
algebras introducedby K. lIseki [4] and was
extensively investigated by several
researchers. Theclass of all BCK — algebras
is quasi variety. J. Meng and Y. B. Jun posed an
interesting problem (solved in[7]) whether the class
of all BCK — algebras is a variety. In connection
with this problem , Komori introduced in [6]a notion
of BCC —algebras. W.A. Dudek (cf.[2],[5])
redefined the notion of BCC — algebras by using a
dual form of the ordinary definition inthe sense of
Y. Komori and studied ideals and congruences of
BCC-algebras. In ([10],[11]), C. Prabpayak and U.
Leerawat introduced a new algebraic structure,
which is called KU — algebra. They gave the
concept of homomorphisms of KU — algebras and
investigated some related properties. L.A. Zadeh
[13] introduced the notion of fuzzy sets. At present
this concept has been applied to many mathematical
branches, such as group, functional analysis |,
probability theory , topology, and soon. In 1991 ,

0.G. Xi [12] applied this concept to BCK —
algebras, and heintroduced the notion of fuzzy sub-
algebras  (ideals) of the BCK — algebras with
respect to minimum, and since then Jun et al
studiedfuzzy ideals (cf.[1],[5].[12]), and moreover
several fuzzystructures in BCC-algebras are
considered (cf.[2],[6]). S. Mostafa , M. Abd-
Elnaby, F. Abdel-Halim and A.T. Hameed (in [7])
introduced the notion of fuzzy KUS — ideals of
KUS — algebras and they investigated severalbasic
properties which are related to fuzzy KUS — ideals.
they describedhow to deal with the homomorphism
image and inverse image of fuzzy KUS — ideals.
And in [8], the
anti — fuzzy KUS — ideals of KUS — algebras is
introduced. Several theorems are stated and proved.

In [3], Areej Tawfeeq Hameed introduced and
studied new algebraic structure, called AT —
algebra and investigate some of its properties. She
introduced the notion of fuzzy AT —ideal of
AT — algebra, several theorems, properties are
stated and proved.

In this paper, we introduce the notion of anti—
fuzzy AT — ideals of AT — algebras and then we

study the homomorphism image and inverse image of

anti — fuzzy

AT — ideals.We also prove that the Cartesian product

of anti — fuzzy AT — ideals are anti — fuzzy AT —

ideals .

2. Preliminaries
In this section we give some basic definitions and
preliminaries lemmas of AT — ideals and

fuzzy AT — ideals of AT — algebra.

Definition 2.1[3]. An AT-algebra is a
nonempty set X with a constant (0) and a binary
operation (=) satisfying the following axioms: for
all X, y, zeX,
() GFY)*(y*2)*(x*2))=0,
(ii) 0* x =x,
(iii) x* 0 =0.

In X we can define a binary relation (<)
by :x<yifand onlyif,y *x=0.
Remark 2.2[3]. (X ;*, 0) is an AT — algebra if
and only if, it satisfies that: for allX, ¥, ZeX,
(" (y*2) *x*z)<x*y,
(i : x<yifandonlyif,y *x=0.
Example 2.3 [3]. LetX={0,1,2,3,4}in
which (*) is defined by the following table:

0 1 22 3 4

0 0 1 22 3 4
1 0 O 22 3 4
2 0 1 0 3 3
3 0 0 22 0 2
4 0 O 0 0 O

It is easy to show that (X ;*, 0) isan AT — algebra.
Example 2.4[3]. Let X = {0, 1, 2, 3,4} be a set
with the following table:

0
1

(e][e][e](e](e][)]

O OWW|W[W
O WIS

(@R[ h] B (R | el
OINIOINININ

3
4

Then (X ;*, 0)is an AT — algebra.

Proposition 2.5 [3]. Inany AT — algebra (X
;*, 0), the following properties holds: for all X, y, z
eX;

a) z*z=0,

b) z*x*z)=0,

) y*((y*z) *z)=0,

d) x*y=0impliesthatx*0=y*0,

e) 0*x=0*y implies that x=y .



Journal of AL-Qadisiyah for computer science and mathematics
ISSN (Online): 2521 — 3504

ISSN (Print): 2074 — 0204

Vol.10 No.3 Year 2018

Proposition 2.6[3]. Inany AT — algebra (X ;*,
0), the following properties holds: for all x, y, z
eX;
a) x<yimpliesthaty *z<x *z ,
b) x<yimpliesthatz *x <z*y
C) z*x<z*yimplies that x < y( left
cancellation law).
Proposition 2.7[3]. Inany AT — algebra (X ;*,
0), the following properties holds: for all x, y,z €X;
a) x=0*0%x),
b) x*y<zimply z*y<x.
Definition 2.8[3]. A nonempty subset S of an

AT — algebra X is called an
AT — subalgebra of AT — algebra X if x*y€S ,

whenever x, yeS-

Definition 2.9[3]. A nonempty subset | of an
AT — algebra X is called an AT-ideal of AT-
algebra X if it satisfies the following conditions:
forallx,y,z e X.

AT)O0 e l;

AT,) x*(y*z) e landy e 1Imply x*ze 1.
Proposition 2.10[3]. Every AT — ideal of

AT — algebra X is an AT — subalgebra.

Definition 2.11[3]. Let X be an AT — algebra.
A fuzzy set p in Xis called a fuzzy AT —
subalgebra of X if it satisfies the following
conditions: for all x, y € X,
o (x*y) 2 min { p(x),n (y)}-
Definition 2.12[3]. Let X be an AT — algebra.
A fuzzy set p in X is called a fuzzy AT — ideal of
X if it satisfies the following conditions: for all X, y
and z € X,

(AT1) 1 (0) 2p ().

(AT2) p(x*2) 2min { p (x*(y*2z)),u ()}

Proposition 2.13[3]. Every fuzzy AT — ideal of
AT — algebra X is fuzzy AT — subalgebra.

3. Anti-fuzzy AT-ideals of AT-algebras
In this section, we will introduce a new notion
called an anti — fuzzy AT — ideal of AT — algebra

and study several basic properties of it.
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Definition 3.1[13]. Let X be a nonempty set, a

fuzzy set p in X is a function

p X —J0,1].

Definition 3.2. Let X be an AT — algebra. A
fuzzy set p in X is called an anti- fuzzy AT — ideal
of X if it satisfies the following conditions: for all x,
yandz e X,

(AAT)) 1 (0) <pt ().

(AAT,) p (x*2) <max { p (x*(y*2)),u (y)}-

Example 3.3. Let X = {0, 1, 2, 3} be a set with

the following table:

*

o O] O] O] O
o O O | -
O O N N DN
O W W w w

0
1
2
3

Then (X ;*, 0) is an AT — algebra. It is easy to
show that I, ={0, 1}and 1,={0, 3} are AT-ideals of
X.

Define a fuzzy set p : X — [0, 1] byp (0) =tg,pu (1)

=u (2) =u(3) = ty,where t;, t,e [0, 1]
with <t
Routine calculation gives that p is an anti-

fuzzy AT — ideal of AT — algebras X.

Lemma 3.4. Letp be an anti- fuzzy AT — ideal
of AT — algebra X and if x <y, then p(y) < p(x) »
for all x, ye X.

Proof: Assume that x <y, then y* x =0, and

H(Oy)= u(y)< max{u(0+ (x*y)), H(x)}=max
{1(0), HO)}= H(X).
Hence nu(y) < u(x). o
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Proposition 3.5. Let p be an anti- fuzzy AT —
ideal of AT — algebra X. If the inequality y*x<z
hold in X, then p (x) <max { p (y),1 (2)}.

Proof: Assume that the inequality y *x< z hold in
X, by lemma(3.4),

w(2) < py*x) - ().

BY(AAT,),U(zxx) < max {pn(z (y*X)), u(y)}-.Put
z=0,then

H(0 % x) =pu(x) < max {p(0 (y*x)), u(y)}= max
{uly=x).u(y) }---(2) .
From (1) and (2), we get 1(x) < max {p(y), w(z)},

forallx,y,z eX. o

Theorem 3.6. Let p be an anti-fuzzy set in X
then p is an anti — fuzzy AT — ideal of X if and
only if, it satisfies:

For all aef0, 1], U(u, o) =2 implies U(u, o)
is an AT — ideal of X----(A),
where U(u, a) = {xeX|u (x) <a}.
Proof: Assume that p is an anti — fuzzy AT —
ideal of X, let a.e [0,1] be such that U(u, o) =3,
and let x, y e X be such that x e U(u, ) , then
u(x) <oand so by (AAT),u (0) <p (x)<a.. Thus 0
U(u,a) .

Now let (z* (y*x)),ye U(u,a). It follows from
(AAT,) that
H (z*X) < max{p (z* (y*x)),pu (y)}= a, so that (z*
x)e U(u, o) . Hence U(u, o) is an AT — ideal of
X.

Conversely, suppose that p satisfies (A), assume

that (AAT,) is false, then there exist x € X such that
1
K (0) >p (x).If we take t = E (L (x)+u (0)), then p

(0) > tand

0<u(x) <t<1,thusx e U(y,t) and U(u,t) #3.As
U(u, t) isan AT — ideal of X, we have 0 e
U(w, t) , and so p (0) < t.This is a contradiction.

Hence p (0) <p (x) for all x € X. Now, assume
(AAT,) is not true thenthere exist x, y, z eXsuch
that

1 (z*x) > max{p (Z* (y*x)),1 ()},

1
taking Bo = E [ (z*x) + max{p (z* (y*x)),1 (¥)}],

we have e [0, 1] and

max {p (z* (y*x)),1t (y)}, <Po<p (z*x), it follows
that

max {p (z* (y*x)),u (y)}, € U(u,Bo)and z*y¢

U(u, Bo) , this is a contradiction and therefore p

is an anti — fuzzy AT — ideal of X.

4. Characterization of anti-fuzzy AT-

ideals by their level AT-ideals

Theorem 4.1. A fuzzy subset p of an AT —
algebra X is an anti — fuzzy AT — ideal of X if and
only if, for every te[0,1], W, is an AT — ideal of X,
where

i, ={xeXlu (<},

Proof: Assume that p is an anti — fuzzy AT —

ideal of X, by (AAT},), we have
w(0) <u(x) for all x € X, therefore p (0) <p (x) <t,

forxep, andsoO ey, .

Let (z* (y*x)) € U, and (y)e I, , then p (z¥(y*x))< t
and p (y) < t,since p is an anti — fuzzy AT — ideal

it follows that p (z * X) <{u (z* (y*x)),u (y)}<tand
that



Journal of AL-Qadisiyah for computer science and mathematics Vol.10 No.3 Year 2018
ISSN (Print): 2074 — 0204 ISSN (Online): 2521 — 3504

Areej .T/Ahmed .H/Baieda .H

(z*x)e n, .Hence p, isan AT — ideal of X.

Conversely, we only need to show that (AAT,) and
(AAT,) are true. If (AAT,) is false, then there exist

1
X € Xsuch that p (0) >p (x). If we take t = E (p(x)

+ 1 (0)), then p (0) >tand 0 <p (x) <t < 1thusx e

Weand 1, #J. As W is an AT — ideal of X, we

have 0 € W, and so p (0) <t. This is a contradiction.

Now,assume (AAT,) is not true, then there exist X,

y and ze Xsuch that,
p(z*x) > max{p(z*(y*x)),1(y)}-
1
Putting t= 5 [n(z * x)+ max{u (2 * (y*X)), u ()31,

then p(z*x)>t and
0 < max{p (z* (y*x)),u (y)}, <t<1, hence p(z*

(y*x)) < tand p(y) <t, which imply that (z*y) € U,
and(y *x)e U, since L, isan anti — fuzzy AT —

ideal, it follows that (z* x)e U, and that p (z* X) <

t, this is also a contradiction. Hence p is an anti —
fuzzy AT — ideal of X . 0

Corollary 4.2. 1fa fuzzy subset p of AT —
algebra X is an anti — fuzzy AT — ideal, then for

every t eIm(p), 1, is an AT — ideal of X.
Definition 4.3. Letp be an anti — fuzzy AT —

ideal of AT — algebra X, then the AT — ideal [, t

€ [0,1] are called level AT — ideals of p.

Corollary 4.4. Let|bean AT — ideal of an

AT — algebra X, then for any fixed number t in an

open interval (0,1), there existan anti — fuzzy AT —

ideal p of X such that W, =lI.
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Proof: Define u : X — [0:1] byp (x) =

0, ifxel:
t, if x¢l.

Where t is a fixed number in (0,1). Clearly, p (0) <p
(x) and we have one two level sets o = I, U, =X,

which are AT — ideals of X, then from Theorem

(4.1)u is an anti — fuzzy AT — ideal of X. 0

5. Image and Pre-image of anti-fuzzy
AT-ideals

Definition 5.1. f :(X;*,0) —» (Y;*",0)be a

mapping from a nonempty set X to a nonemptyset
Y. If B is a fuzzy subset of X, then the fuzzy subset
w of Y defined by: f ()(y)=B(y) =

{ mfxef,l(y) u(x)

0 otherwise

is said to be the image of p under f .

Similarly if p is a fuzzy subset of Y, then the fuzzy
subset p = (Bo T ) in X (i.e., the fuzzy subset
defined by p(x)=p( T (x)), for all x e X) is called
the

pre-image of Bunder f .

Theorem 5.2.  An into homomorphic pre-

image of anti — fuzzy AT — ideal is also an

anti — fuzzy AT — ideal.

if £7(y)={xeX,f(x)=y}=¢
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Proof: Let f :(X;*,0)— (Y;*,0")be an onto

homomorphism of AT — algebras, f is an

anti — fuzzy AT — ideal of Y and p the pre-image
of under f | then

B( f (x)) =), forall x € X. Let x € X, then p(0)
=B (0) <B( f x)) = p(x).

Now letx,y,z € X, then p(z*x)=p( f (z*x))
=p(f @+ f ()

<max{B( f @*" £ BT W=+ f (0}

=max{B( f @*y).p( f (y*x)}

= max{p (z *y),u (y * x)},and the proof is

completed. 0

Definition 5.3. An anti fuzzy subset p of X
has inf property if for any subset T of X, there

exist e T such that p (t) = Inf_; p(t).

Theorem 5.4. Let f :(X;*,0) > (Y;* ,0)bea
homomorphism between AT — algebras X and Y
respectively . For every anti — fuzzy AT — ideal p

in X, f (u)isananti — fuzzy AT — ideal of V.
Proof: By definition B(y')= f (w)(y)=

inf 1) w(x), forally'eY and @ = 0.

xef
We have to prove that B(z' * X') < max{p(z'*

(y*x)),B(y)}, for all X, ', 7€ Y.

Let f : X — Y be an onto homomorphism of
AT — algebras, p is an anti — fuzzy AT — ideal of
X with inf property and f the image of 1 under
f ,since p is anti — fuzzy AT — ideal of X, we
havep (0) <p (x) for all x € X.
Notethat0 e f* (0", where 0, O'are the zero of

X and Y, respectively.
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Thus B(0) = inf _ £ u(t) =px"), for all x € X,
which implies that

poy <inf ) u(t) = p(x'), for any x'e Y.For
any X, v, z'e Y, let xoe T 1 (x),

voe T 1Y), zoe T ' (z) be such that

B (Zo* (Yo*xo)) = Inf _, gy H() 1 (vo) =
inf _ ) u(t)and

w(zo*xo)=inf ) u(t) . Then

B@#x) =Ny (D) = 1 (0% 0)

< max{p (zo* (Yo*Xo)) .1 (o)}

=max[inf r ) u(t),inf T u(t)]
= max {p(z'* (y*x)),B(y")}

Hence f is an anti — fuzzy AT — ideal of Y. &

6. Cartesian product of anti-fuzzy AT-
ideals

Definition 6.1 ([1],[9]). A fuzzy relation R on any
set S is a fuzzy subset

R: SxS—[0,1].

Definition 6.2 ([1]). If Ris a fuzzy relation on
sets S and B is a fuzzy subset of S , then Ris a

fuzzy relation on p if R(X,Y) > max {p(x),

B(y)}, for all x, yeS.

Definition 6.3([1]). Let p and B be fuzzy subsets of
aset S. The Cartesian product of p and f is defined

by(p % B)(x,y) = max {u(x), B(y)}, , forall x, yeS.
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Lemma 6.4([1]). LetS be a set and p and B be fuzzy

subsets of S. Then,

(1) uxPisa fuzzy relationon S ,

(2) (WxPB)=n, xP,, forallt [0,1].

Definition 6.5([1]). LetS be a set and p be
fuzzy subset of S . The strongest fuzzy relation on

S, that is, a fuzzy relation on B is RB given by

Rﬁ (x,y) = max {B(x), B(y)}.forall x, yeS.

Lemma 6.6([1]). For a given fuzzy subset f of a

set S, let RB be the strongest fuzzy relation on S.

Then for t €[0,1], we have( R )= B, x 3, .

Proposition 6.7. For a given fuzzy subset B of

an AT — algebra X, let R;; be the strongest

fuzzy relation on X . If B is an anti — fuzzy AT —

ideal of Xx X , then
Ry xx)= R;; (0,0), forall xeX..
Proof: Since R, is astrongest fuzzy relation of

Xx X, it follows from that,

R (x.x) = max {B(x), B(x)}= max {B(0), p(0)}= R,
(0,0),which implies that

Ry xx) >R, (0,0).0

Proposition 6.8. For a given fuzzy subset p of
an AT — algebra X , let R, be the strongest

fuzzy relation on X . If Rﬁ is an anti — fuzzy AT —

ideal of X x X, then
B(0) < B(x), forall xeX .
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Proof: Since R isan anti — fuzzy AT — ideal

of Xx X, it follows from (AAT)),

R (xx) = R (0,0),where (0,0) is the zero element
of X x X. But this means that , max {B(x), B(x)} >
max {B(0), B(0)} which implies that B(0) < B(x) . 0

Remark 6.9([9]). Let X andY be AT —
algebras, we define (*) on X x Y by: for
all(x,y),(u,v) € Xx Y, (x,y)* (u,v) =(X*uy#*v).
Then clearly (X x Y ;*.(0,0)) is anAT-algebra.
Theorem 6.10. Let pand B be an anti —
fuzzy AT — ideal of AT — algebra X . Then u x B is
an anti — fuzzy AT — ideal of Xx X.
Proof: Note first that for every (x,y)e Xx X,
(LxB)(0,0) = max {u(0), B(0)} < max {p(x),
B} = (1xBIxy) -
Now let (X1,X2) , (Y1.Y2) , (z1,22) € Xx X. Then
(X B)(Xa* 2, X2 * 22) = max { W(xg * 21) B(xe
*2,)}
< max { max {p(Xs* (Y1 * 21)) ,}(y1)}, max{B(Xz
*(Y2*2)).8(y2)}}
= max { max{p((xo * (y1* z1))) , B2 * (y2*
22))}, max{ H(y.).B(y2)}}
= max { (X B)((xe* (1% 21)) (X * (Y2 *
25))) , (WX PB) (yuy2)}

Hence (W% 3) is an anti — fuzzy AT — ideal of
XxX.o

Theorem 6.11. Let p and B be anti-fuzzy
subsets of AT — algebra X such that pLx [3 is an

anti — fuzzy AT — ideal of X x X Then for all

xeX,
(i) either n(0) < p) or B(0) < B ().
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(ii) u(0) < u(x) for all xeX,then either B (0) < <max{(puxB) (0,0x2* (y2* 22))), (L xB) (0.y2)}

B&)or B(0) = p(x) .
(iii)
If B (0) <
B (x)for all xeX,then either p (0) <
R or n(0) < BX.
(iv) Either p or B is ananti — fuzzy AT —
ideal of X..
Proof.
(i)  Suppose that u(0)>u(x) and B(0)>p(y) for
some X,y eX . Then
(LxPB)(xy) =max{px), B(y)} <max {u(0),
B(0)} = (W x[)(0,0). This is a contradiction
and we obtain (i).
(if) Assume that there exist x , y €X such that B(0)
>u (x) andf(0) > B(y) . Then
(X [3)(0,0) = max {p (0),3(0)} = P(0) it follows
that
(X PB)(xy) =max{u(x), B(y)} <) =
(L x[)(0,0) which is a contradiction. Hence
(ii) holds.
(iii) Is by similar method to part (ii).
(iv) Suppose B(0) < B(x) by (i), then form (iii)
eitherp(0) < pu(x) or
w(0) < B(x) forall xeX.
If p(0) < B(x), for any xe X , then( L x 3)(0,x) =
max {p(0), B(x)} = P(x). Let (x1,X2) , (Y1.Y2) »

(21,25) € XxX,since( W% [3) is an anti-fuzzy

AT-ideal of X x X, we have

= max{max {p(0) , B((X2* (Y2 * 25)))},
max {p(0), B(y2)}}
= max {B((x2* (y2* 25))), B(y2)}
This prove that B is an anti — fuzzy AT — ideal

of X.
Now we consider the case p (0) < p (x) for all xe X .

Suppose that p(0) > p(y) for some y €X . then
B(0) < B(y) < n(0).
Since p(0) < p(x)for all xe X , it follows that B(0)
<u(x) foranyxeX.
Hence( 1% 3)(x,0) = max {u(x), B(0)} = u(x)
taking X, =Yy, =12, =0in (A), then
M *21) = (WX PB)(x* 24, 0)
< max{( X B) (% * (y2*21)),0), (L xB) (y1,0)}

=max{max {pu(X;* (Y1 *21)) , B(0)},
max {p(y1), B(0)} }
= max{ p(X1 * (y1* z1)), u(yo)}
Which proves that p is an anti — fuzzy AT —

ideal of X . Hence either p or f is an anti —

fuzzy AT — ideal of X . o

Theorem 6.12. Let B be a fuzzy subset of an

AT — algebra X and let R, be the strongest
fuzzy relation on X , then B is an anti —
fuzzy AT — ideal of X if and only if R isan

anti — fuzzy AT — ideal of XxX .

Proof:  Assume that B is an anti — fuzzy AT —

ideal of X . By proposition (6.7) ,we get, R ; (0,0) <

(X B)(Xa* 20,% * Z2) < max{( WX B) (X * (Y1 * 20)), (X2 * (Y2 *

), (L% B) (yny2)}- (A)

If we take x; =y; =2, =0, then

Bxa*2) = (UWXP)(0x;*25)

Ry (xy), forany (xy)e Xx X.

LEt (lexz) ’ (ylyyZ) ’ (21122) S X X X , We have
from (AAT)) :
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R (1% X1, 2% Xp) = max {B(z1% X1) , B(z2 * X2)}

<max{max {B(z1* (y1*X1)) , B(y1)}, max {B(z,*
(Y2*%2)), B(y2)}}
= max {max {B(z1* (Y1*X1)), P(z *

(Y2*%2))}, max{B(y1), B(y2)}}
=max { R ((z2* (y2*X2)), (22* (y2*%2))) ,
Rp (v y2) }
Hence R is an anti — fuzzy AT — ideal of
XxX.
Conversely, suppose that RB is an anti —
fuzzy AT — ideal of X x X, by proposition

(6.8)B(0) < B(x) for all x € X, which prove (AAT,) .

Now, let (X1,X2) , (Yu.Y2) , (21,Z2) € Xx X.
Then,

max {B(z1 % X1) ,p(22 % %2) } = Ry (21% x4, 2o %
X2)
<max{ Ry (z.z)* (Y1, y2) * (x1i. %)), Ry
(Y1Y2)}

=max{ Ry (2% (y1*x)),(z2 %
(v2*%2))) » Ry (yay2) }

=max{ max {B((z * (Y1*X1)).B (z2*
(Y2*%2)) } , max {B(y1), B(y2)} }

In particular if we take x, =y, =z, =0 , then

B(z1* X1) < max {B(z1* (y1*%1)),p(y1)} . This proves
(AAT,) and B is an anti — fuzzy AT — ideal of X . &
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