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Abstract
In the present paper, we introduce two new subclasses of the class ). consisting of analytic and
bi-univalent functions in the open unit disk U. Also, we obtain the estimates on the Taylor-

Maclurin  coefficients |a,| and |a5| for functions in these subclasses. We obtain new special
cases for our results.
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1. Introduction

Let 7¢ be the class of the functions of the form :

f(2) =Z+Z az , (z€eU), (1.1)
=2

which are analytic in the open unit disk U = {z:z €
Cand |z| < 1}. Also, let S denoted the class of all
functions in 7 which are univalent and normalized by
the conditions f(0)=0=f'(0)—1inU[1]. It is
univalent function f has

well known that every

inverse f~1 satisfying:

@)=z (zew),

and

fUETTW) = w (wl <7 (f); 70(f) Zi).
where

f1w) = gw) = w — a,w?+(2a5 —a 3;)w’ —
(5 a3—5aya; + a,))w* + . (1.2)
A function f € H is said to be bi-univalent in U if
both f(z) and f~1(z) are univalent in U . Let Y denote
the class of bi-univalent functions defined in the unit
disk U given by (1.1). For a brief history and interesting
example in the class), (see[2]). However , the
familiar Koebe function is not bi-univalent. The class
Y of bi-univalent functions was first inverstigated by
Lewin [3] and it was shown that |a,| < 1.51. Brannan
result and

and Clunie [4] improved Lewin's

conjectured that |a,| <2 . Later , Netanyahu [5],

4

showed that if f € ), then max|a,| = S

Recently, Srivastava et al.[6], Frasin and Aouf
[7], BansaL and Sokol [8] and Srivastava and BansaL
[2] are also introduced and investigated the various
subclasses of bi- univalent functions and obtained
bounds for the initial coefficients |a,| and |a;] .

The coefficient estimate problem involving the bound
of la,| (n € N\{1,2}; N ={1,2,3,..}) for eachf e}

given by (1.1) is still an open problem.
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The object of this work is to find estimates on the

Taylor —Maclaurin  coefficients |a,| and |a;]  for
functions in this
subclasses Sy (t,v,d; a) and Sy, (z,v,5; ) of the

functions class ). . Several related classes are also
considered and connections to earlier known results are
made.

In order to prove in our main results, we require the
following lemma.
1.1.[1]1If
each k , where p is the family of all functions h analytic
in U for which Re(h(2)) >0

Lemma hep the |cx| < 2 for

h(z) =14+ cz+cy z2+c3z3 + . forzeU
2. Coefficient Bounds  for Function class
Sy (1,7, 6, a)

To prove our main results , we need to introduce the
following definition .

Definition 2.1. A function f(z) given by (1.1) is said
to be in the class Sy (7,7,6;a)(tr € C\{0},0 <y <

1,0 <6 <1,0 < a <) if the following conditions are

satisfied :
fe
1 2 @Dy 2 (D) ~
% |arg( L+7 [yz(f'(z)+6zf"(z))+(1—y)(5zf'(z)+(1—5)f(z))
1))|
< "‘7” (zel) (2.1)
and

w(g'W)+yw g" (w)) _ 1])'
wy(g' W)+8g" (W) +(1-y)(Swg' W) +(1-8) g(w))

(2.2)

g EZ,|arg(1+%[

<an
2

wel

where the function g(w) is given by (1.2).
Theorem 2.2. Let f(z) given by (1.1)be in the
class Sy (7,y,6;a)(t €C\{0},0<y<10<6 <

1,0 < a <1).Then

lay| <

2al 7|

\/|2‘mt((2—26+4—y—4—6y)—(1+2y+y2—262}/—62—6272))+(1—a)(1—6+y—6y)2|

(2.3)
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and

4|t|?a?
(1-8+y—6y)?"

2|t
6+4y—46y)|

las| < 55 (2.4)

Proof: Let f(z) € Sy, (1,7,8; @).Then

141 [ z(f' @+vzf" (@) _ 1] _

t lyz(f'(2)+62f " (2)+(1-v) (6zf ' (2)+(1-8)f (2))
[r(2)]* (2.5)
and

1[ w(g'W)+yw g" (W) _ 1] _
7 lwy (g’ W)+8g" (W) +(1-y)(Swg’ W) +(1-8) g(w))

[R(w)]". (2.6)

Where r(z) and h(w) are inp and have the following

series representations :

r(2)=14+1rz+122+1r23+ - 2.7)
and
h(w) =1+ hyw+h,w?+hzw3 + -, (2.8)

Since

n 1[ z(f'@D+yzf" (@)
© lyz(f' @ +8zf " (2)+(1-y) 8zf ' (2)+(1-6)f (2))

1+-(1=8+y = 8Y)az +=((2 - 26 + 4y — 46Y)a;

1] =

_(1 + 2)/ + ]/2 _ 252)/ _ 52—62]/2) a%ZZ +
., (2.9)
and

1 [ w(g' W)+yw g’ (w)) _
T lwy (g’ W)+8g" W) +(1-y)(bwg' W) +(1-8) gw))

=1-201-6+y—8naw+:(2-25+4y -

46y)

(2a% —az) — (1 + 2y +y? — 28%y — 62—-6%y2)azw? + ---.
(2.10)

Now , equating the coefficients in (2.5) and (2.6), we get

1
- 1-6+y—-68y)a, =ar, (2.11)

1
;((2—26+4y—46y)a3—(1+2y+y2—262y—62

ala—1)

—8%yad) =ar, + 13 5 (2.12)

1
—;(1 —-8+y—-96y)a, =ah,, (2.13)

and
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1
;((2 — 25 +4y —46y)(2a3 —az) — (1 + 2y +y% — 26%y

—8%2-8%y?H)a3 = ah, + h? @ : (2.14)
From (2.11) and (2.13) , we find

ry=—h (2.15)
and

2

= (1—-8+y—8y)%az = a?(rf+h?). (2.16)

Also, from (2.12), (2.14) and (2.16), we find that
2((2— 26 + 4y — 48y)aj —

1+ 2y +y% —26%y =6%-8%y®)a2) = a( r, + hy) +

a(a (e-1)

2_1) (rf+h) =a(r+h) +- 5 1-8+y—
8y)? d3.
(2.17)
Therefore ,we obtain
az =
a?t2(ry+hy)

2at((2-28+4y—48y)—(1+2y +y2-28%y—82-82y2))+(1-a) (1-8+y—56y)?
Applying Lemma (1.1) for the coefficientsr, and
h,, we readily get
lay| <

2a| 7|

\/|2wc((2—26+4y—45y)—(1+2y+y2—282}/—52 -82y2))+(1-a)(1-8+y—6y)?|

The last inequality gives the desired estimate on |a,]|
givenin (2.3).

Next, in order to find the bound on [a;|, by subtracting
(2.12) and (2.14), we get

1 -1
;(2 — 26 + 4y — 46y)(2az—2a3) = (ary+rf a(a2 )
-1
—(ahy +h2 a(a2 ) (2.18)
It follows from (2.15) , (2.16) and (2.18), that
at(r, —hy)

%= 22— 26 + 4y — 46y)
a?e?(rf — hi)
+2(1—6+y—6y)2 '

Applying Lemma (1.1) once again for the coefficients

1,7y, hy and h, , we immediately
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2a|t|
(2 — 28 + 4y — 46y)
4|7 a?
(1-6+y—-6n*
This complete the proof of Theorem (2.2) .
3. Coefficient
S5 (1,7, 8; B)
To prove our main results , we need to introduce

las| < |

Bounds for Function class

the following definition .

Definition 3. 1. A function f(z) given by (1.1) is said
to be in the class Sy (7,y,6;5)(r € C\{0} ,0 <y <
1,0<6<1,0< B <1)if the following conditions

are satisfied :

fe

1 2(F' @+yz " (@) _
2 Re (1 tI [VZ(f’(Z)+5Zf”(2))+(1—y)(52f’(Z)+(1—5)f(Z))
1)
>pB (zel) (3.1
and
g€

1 w(g' W) +yw g"’' w)) _
2, Re (1 T [wy(g'(w)wg”(w))+(1—y)(5wg'(w)+(1—5) gw))

1]) >B (weUl),

where the function g(w) is given by (1.2).
Theorem 3.2. Let f(z) given by (1.1) be in the class
Sy (1,y,6;8) (€ C\{0},0Ssy<10<6<10<
B < 1). Then

(3.2)

2|7|(1-p)

la,| = \/|(1+2y—y2—26—46y+262y+62+62y2)| (3:3)
and

|t|(1 = pB) 4)t|? (1 - p)?
o< g A=

[1—6+2y =28y |(1=6+y—6y)?|
Proof : Let f(z) € Sy, (7,v,6; ). Then

+1 [ 2" @+y 2/ @) _ 1]
t lyz(f @ +682f " (@) +(1-1)(S2f @+ (1-8)f ()

=p+0-pB)r(2) (3.5)
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and

1+ 1[ w(g' W)+yw g"' w)) _ 1]
7 lwy (g’ W)+8g" W) +(1-y)(dwg’ W)+(1-8) g(w))

=p+ 1 —-p)rw), (3.6)
where g(w) = f~1(w),r(z) and h(w) have form
(2.7)and (2.8), respectively.

Now, equating the coefficients in (3.5) and (3.6) , we

get

1

~(1=8+y=bp)a; = (1-P)rs, 37)

%((2 — 2544y —46y)as — (1 + 2y +y2 — 26%y —

82— 68%yHa3) =1 -Pry, (3.8)
1

—;(1—54')/—5)/)(12 =A-pht , (3.9

and

%((2 —25+4y —46Y)(2a2 —a3) — (1 + 2y +

y?—268% —62=6%y?)at) = (1 - Ph,.  (3.10)
From (3.7) and (3.9), we obtain
rn=—h (3.11)
and

2

= (1-6+y—6y)a’

= (1 - B)*(r{+hi). (3.12)

Also , from (3.8) and (3.10) , we have

2

;((2—25+4y—45y)—(1+2y+y2 —28%y —6?
- 8%y*))a;

=(1=-B)(r+hy).

Therefore , we get

2 = ©(1-B)(ry+ha)
2 7 2((2-28+4y—-48y)-(1+2y+y2—-282y—-562-562y2))

(3.13)

(3.14)
Applying Lemma (1.1) for coefficients r, and h,, we

obtain

< 2|tl(1-p)
lazl < {325y 2=20-aoy+267y167467y2)]

(3.15)

This gives the bound on |a,| as asserted in (3.3).
Next in order to find the bound on |as| , by

subtracting (3.8 ) and (3.10) , we thus get
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(2~ 26+ 4y~ 457)(2a; ~ 2a) = (1= ) (ra — )
(3.16)

or, equivalently,
(1= B)(r, — hy) 2
a; = + as
4(1 -6+ 2y — 26y)
It follows from (3.12) and (3.17) , that
o = t1=B),—hy) | (1= B)P(E+hT)
37T 41 =642y —=28y) 2(0—=686+y—6y)?

(3.17)

Applying Lemma (1.1)once again for the
coefficients r, , 1, , hy and h, , we obtain
IzI(1 - B) 4lr)*(1 - B)®

las| < TR
[(A=6+2y—-26y)| |(A=6+y—6y)?

This completes the prove of Theorem (3.2) .

4. Corollaries and Consequence

This section is devoted to the presentation of some

special cases of the main results .

These results are given in the form of corollaries :

If we set =1 and =0 in Theorems (2.2) and (3.2) ,

then ,we get following

Raja[9]:

Corollary 4.1. Let f(z) given by (1.1) be in the

results due to Keerthi and

class By (y;a)(0 <y <1,0<a <1).Then

2a
laz| =
JV04a(1+2y) + (1 - 30)(y + 1)?]
and
4 a
|a3| <

(1+y)2+1+2y'
Corollary 4.2.Let f(z)given by (1.1)be in the
class By (y;8)(0<y<1,0<p<1). Then

21-p4)
laz| < w/Il +2y —y?|

and
41-p)?* 1-B
|a3| S 2 .
1+y) 142y
The classes By (y; a) and By, (v ;) are

respectively defined as follows:
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Definition 4. 3. A function f(z) given by (1.1) is said
to be in the class By (y;a) (0 <y <10<a<1)if

the following conditions are satisfied:

(' @+yzf' @) \| an
rex arg<(1 D@ +VZf’(Z))‘ <7 €0
and

w(g'W)+ywg" (w))
vex (R )| < T wew

where the function g(w) is given by (1.2) .
Definition 4.4. A function f(z) given by (1.1) is said
to be in the class

By(B;v)(0<y=<10<p<Dif the following
conditions are satisfied:
z(zf'(2)+yzf"(2))
fE€L Re <(1 @ + VZf’(Z)) >8 EeD)
and
w(g'w) +ywg" (w))
g€ 2.Re <(1 -y)gw) + VZQ'(W))

>pB, (w ev)
where the function g(w) is given by (1.2).

If we set t=1 and y =0 in Theorems (2.2) and

(3.2), then the classes Sy (1,7,6;a) and
Sy (t,v,8; B) reduce to the classes
Gy (6; @) and Gy (6; ) investigated by

Murugusundaramoorthy et al. [10] ,which are defined
as follows :

Definition 4. 5. A function f(z) given by (1.1) is said
to be inthe class Gy (5;0)(0<a<1,0<6<1)if

the following conditions are satisfied:

2f'(@)
J €L |are ((1 —5f @ + 5f’(2)>

aTm

< - (zeU)
and
wg'(w)
g€ L |arg <(1 —)gw) + 6g'(w>>|
aTm
< 7, weun)

where the function g(w) is given by (1.2).
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Definition 4. 6. A function f(z) given by (1.1) is said
to be in the class G5 (6;8)(0<p<1,0<5<1)if

the following conditions are satisfied:

fEZ,Re( 2/ (2) >>ﬁ (z€eU)
1-8)f@ +6f' (@)
where and
wg'(w)
g€ Z'Re<(1 ~5)gw) + ag'(w)>
>B, (wel

the function g(w) isis given by (1.2).
In this case .Theorems (2.2) and (3.2) reduce to the
following:
Corollary 4.7. Let f(z) given by (1.1)be in the
class Gy (6;a)(0 <a <1,0<6 < 1).Then
PR P—

(1-8J@+D
and
4q? a
las| < a=sy + -3
Corollary 4.8. Let f(z)given by (1.1) be in the
class Gy (6;a)(0 < B <1,0<6 <1).Then

20-p)
lay| < a=0)
and
41-p)* 1-p
el < s Ty

Letting 7 = 1 and y = 1 in Theorems (2.2) and (3.2)
gives the following corollaries:

Corollary 4.9. Let f(z)given by (1.1) be in the
class Dy (§;a)(0 < a <1,0<6 <1).Then

laz|
2a

<
J|2a(6 —68) — (4 —469)) + (1 —a)(2 — 26)?|

and

0!2

las] < ¢ + .
3(1-6) (1-96)2
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Corollary 4.10. Let f(z) given by (1.1) be in the
class Dy (6;8)(0 < <1,0 <6 <1).Then

a-5

< [ 7
a2l < =35 257

and

(1-p)°
taTer

Dy (8; a)and Dy, (z,6; ) are

1-p)
lasl < =35

The

classes given
explicitly in the next definitions .

Definition 4.11. A function f(z) given by (1.1) is
said to be inthe class Dy (§5;a) (0<a<10<6<

1) if the following conditions are satisfied :

f'@) +2f"(2) amn
rex (i) <5 ¢ev
and
g'w) +wg"(w)
x| peon )
amn U
<7, (weun)

where the function g(w) is given by (1.2).
Definition 4.12. A function f(z) given by (1.1)is
said to be in the class Dy (6;8)(0 < <1,0<6<

1) if the following conditions are satisfied :

f'(2) +z2f"(z)
fEZ,Re<m>>ﬁ (ZEU)
and

9' W) +wg"(w)
g€ Re <g'(w) ¥3g" g(w)) >F wel)

where the function g(w) is given by (1.2).
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