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Abstract

In this paper we recall the definition of fuzzy norm then basic properties of fuzzy
normed space is recalled after that we introduced the definition of compact fuzzy
normed space. Then basic properties of compact fuzzy normed space is proved.
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1.Introduction

. . . . the corresponding fuzzy metric is of Kaleva and
Through his studying the notion of fuzzy topological P g y

. . Seikkala type. Another type of fuzzy metric space
vector spaces Katsaras in 1984 [1], was the first P yp y P

. . was introduced by Kramosil and Michalek in [4].
researcher who introduced the notion of fuzzy norm y [41

. . The notion fuzzy norm on a linear space was
on a linear vector space. A fuzzy metric space was
introduced by Kaleva and Seikkala in 1984 [2]. The

notion of fuzzy norm on a linear space was

introduce by Cheng and Mordeson in 1994 [5] so
that the corresponding fuzzy metric is of Kramosil
. - . d Michalek type.

introduced by Felbin in 1992 [3] in such a way that and Miichalek type
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A finite dimensional fuzzy normed linear spaces
was studied by Bag and Samanta [6] in 2003. Some
results on fuzzy complete fuzzy normed spaces was
studied by Saadati and Vaezpour in 2005 [7]. Fuzzy
bounded linear operators on a fuzzy normed space
was studied by Bag and Samanta in 2005 [8]. The
fixed point theorems on fuzzy normed linear spaces
of Cheng and Mordeson type was proved by Bag
and Samanta in 2006, 2007 [9], [10]. The fuzzy
normed linear space and its fuzzy topological
structure of Cheng and Mordeson type was studied
by Sadeqi and Kia in 2009 [11]. Properties of fuzzy
continuous mapping on a fuzzy normed linear
spaces of Cheng and Mordeson type was studied by
Nadaban in 2015 [12].

2. Properties of Fuzzy normed space
In this section we recall basic properties of fuzzy

normed space

Definition 2.1:[1]

Suppose that U is any set, a fuzzy set Ain U is
equipped with a membership function, p;(u): U—
[0,1]. Then Ais represented by A ={(u,u  (w)):
ueU, 0 < ps(u) <1}

Definition 2.2: [7]

Let *: [0,1] x [0,1] - [0, 1] be a binary operation
then x is called a continuous t -norm (or
triangular norm) if forall a,B,y,8 €[0,1]it

has the following properties

DaxB = P*a, Qoa*1=aqa, 3)(a *
Byxy = a«(Bxv)
MIfa < Band y < Sthen a*xy < B*8

Remark 2.3:[8]

(DIf x > B then thereisy suchthat axy = B
(2)There is 6 that
§+8 =owherea,B,y,8,0 €[0,1]

such
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Definition 2.4 : [8]

The triple (V,L,*)is said to be a fuzzy normed
space if V is a vector space over the field F, « is a t-
norm and L:V x [0, ) —[0,1] is a fuzzy set has
the following properties for all a, be Vand o, >
0.

1-L(a,) > 0

2-L(a,0) =1 © a=0

3-L(ca,a) = L(a,%) forallc # 0 €F

4-L(a,a) xL(b,B) < L(a+ b,a+p)
5-L(a,.):[0,00) — [0,1] is continuous function of
a.

6-limy_, L(a,a) =1

Remark 2.5 : [13]

Assume that (V,L,+)is a fuzzy normed space and
leta eV,t>0,0<qg<1.If

L(a,t) > (1 —q) then there is s with 0<s<
t such that L(a,s) > (1 — q).

Definition 2.6:[6]

Suppose that (V, L,*) is a fuzzy normed space. Put
FB(a,p,t) ={b€eX:L(a—b,t) > (1 —p)}
FB[a,p,t] ={beX:L(a—b,t) = (1 -p)}

Then FB(a, p,t) and FBJa,p,t] is called open and
closed fuzzy ball with the center a €Vand radius p,
with p>0.

Lemma 2.7 :[7]

Suppose that (V,L,*) is a fuzzy normed space then
Lx—y,t) =Ly—xt)forallx,y eVandt> 0
Definition 2.8: [6]

Assume that (V,L,x)is a fuzzy normed space. W
CV is called fuzzy bounded if we can find t>
0Oand 0< g < 1such that L(w,t) > (1—q) for

eachw € W.
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Definition 2.9 :[6]

A sequence (v,) in a fuzzy normed space (V, L,*) is
called converges tov € V if foreachq > 0and t >
0 we can find N with L[v, —v,t] > (1 — q) for all
n = N. Or in other word lim,_, v, = Vv or simply
represented by v, —-v, v is known the limit of (v,)
or lim,_, Llv, —v,t] = 1.

Definition 2.10 :[8]

A sequence (v,) in a fuzzy normed space (V, L,*) is
said to be a Cauchy sequence if for all 0 < g <
1 ,t > Othere is a number N with L[v,, — v,,t] >
(1 —q) forall

m,n > N.

Definition 2.11:[4]

Suppose that (V,L,*) is a fuzzy normed space and
let W be a subset of V. Then the closure of W is
written by W or CL(W) and which is W= N{WCcB:
B is closed in V}.

Lemma 2.12:[13]

Assume that (V,L,*) is a fuzzy normed space and
suppose that W is a subset of V. Theny € W if and
only if there is a sequence (w,) in W with (w,)
converges to y.

Definition 2.13:[13]

Suppose that (V, L,*) is a fuzzy normed space and W

C V. Then W is called dense in V when W = V.
Theorem 2.14:[13]

Suppose that (V,L,*) is a fuzzy normed space and
assume that W is a subset of V. Then W is dense in
V if and only if for every x € V there is w € W such
that

Lix—w,t]>(1—¢) for some0<e<1 and

t> 0.
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Definition 2.15:[10]

A fuzzy normed space (V, L, *) is said to be
complete if every Cauchy sequence in V converges
to a pointin V.

Definition 2.16: [8]

Suppose that (V, Ly,*) and (W, Ly,*) are two fuzzy
normed spaces .The operator S: V —» W is said to be
fuzzy continuous at vy € Vif for all t > 0 and for
all 0 <a < 1there is s[dependsont,aandv,]
and there is B [depends on t, aandv,] with,
Ly[v —vg,s] > (1 —p) have Ly [S(v) —
S(vo),t] > (1 — ) forall v eVvV.

Theorem 2.17:[13]

Suppose that (V,Ly,*) and (U, Ly,*) are two fuzzy

we

normed spaces.The operator T:V - U is fuzzy
continuous at a € X if and only if a, —»a in V
implies T(a,) = T(a) in U.

Definition 2.18:[13]

Suppose that (V, Ly,*) and (W, Ly,*) are two fuzzy
normed spaces. Let S:V — W be an operator S is
said to be uniformly fuzzy continuous if fort >
0 and for every 0 < a < 1 there exists B [depends
on t and o] and there exists s > 0 [ depends on t and
that Ly [S(X) — S(y),t] > (1 — a)
whenever Ly[x —y,s] > (1 —B) forallx,y € V

o] such

3. Compact fuzzy normed space

Definition 3.1:

Suppose that (V, L,*) is a fuzzy normed space and W
is a subset of V. Assume that ¥ = { A c V: Ais
open sets in V } where W € Upeyw A. Then W is said
to be an open cover or open covering of W. If ¥ =
{A,A,, ..., A} with W= UK A, then W is known

as a finite sub covering of W.
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Definition 3.2:

A fuzzy normed space (V,L,*) is called compact if
V =Uaew A Where W is an open covering then we
can find {A;, A,, ..., A} € ¥ with V= UK, A,.
Example 3.3:

The interval (0, 1) in the fuzzy normed space

t
t+ Ix |

(R,L . ,*) where L, (x,t) = and axb=a-

bfor alla,b €[0,1] is not compact since the
collection An={(0,%) : n=2, 3. ...} form an open
covering for (0, 1) but has no finite sub covering for
(0,2).

Remark 3.4:

When W is a finite subset of the fuzzy normed space
(V,L,*) then W is compact

Definition 3.5:

Suppose that (V,L,*) is a fuzzy normed space and
W c V then it is said to be totally fuzzy bounded if

for any o€ (0, 1), t>O0we can find
W,={a,,a,,...,a,}in W with any v € V there is
some a; € {aq,ay,...,a} Wwith L(v—a;t) >

(1 — o). Then W is called o -fuzzy net.
Proposition 3.6:

Let (V,L,x) be a fuzzy normed space if V is totally
fuzzy bounded then V is fuzzy bounded.

Proof:
Suppose that V is a totally fuzzy bounded and let

0 < & <1 so we can find a finite g-fuzzy net for V
say S. Now put L [s, %] = min {L (a, g) ‘a € S}. Let
ve V so we can find a € S with L[v—a,t] > (1 —

€). Now we can find ¢ € (0, 1) with

(1 —¢) *L[s,t] > (1 — o), it follows that
Llv,t]=Llv—a+at] > L[v—a,g] * L[a,%]
> (1—a)*L[s,§]>(1—o).

Hence V is fuzzy bounded.
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Theorem 3.7:

Suppose that (V,L,*) is a fuzzy normed space and
assume that W < V. Then W is totally fuzzy
bounded if and only if every sequence in W contains
a Cauchy subsequence.

Proof:

Let W be totally fuzzy bounded. Suppose that (w,)
€ W. Choose a finite 0.5- fuzzy net in W then we
can find a fuzzy open ball of radius 0.5 its center in
the 0.5- fuzzy net contains infinite members of
(wyp). Let (w, D) denote this subsequence. Choose
finite 0.25- fuzzy net in W. So we can find a fuzzy

balls of radius 0.25- where its center in the finite
0.25 fuzzy net contains infinite members of (w,®).
Let (w,®) denote this subsequence. Continue in
this process we get a sequence of sequences each is

a subsequence of proceeding one, so that (wn(j))
lies in the fuzzy ball of radius % with center in the %
fuzzy net. Now (w,™) ©  (w,).Now when 0 <

e<1begivenandt>O,Iet(l—%)*(l—i)*

2j+1
1 ,
*(1—2](—_1) > (1 —¢). then for all k>j=N
where N is positive number, we have L[w;® —
wi®,t] > L [Wjo) — Wj+1(]+1)’k_—j] «L [Wj+1(]+1) —

Wj+2(i+2),kL_j] N [Wk—1(k_1) w80, ] >

k—jl =
(1—%)*(1—2].%)* . *(1—%) > (1—c¢).
Hence (w;®) is a Cauchy.

Conversely, suppose that every sequence in W has a
Cauchy subsequence. Let 0 < e < 1 be given and
t>0.Letw; € W.if W—FB(wy,¢gt) = 0, we find
an e- fuzzy net, namely {w;} otherwise choose
w, € W —FB(wy, & t). if W — [FB(wy, & t) U
FB(w,, £,t)] = @. we found an & -fuzzy net namely

{w,, w,}. After finite steps this process will stops.
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If it does not stop, we will get (w,) € W with
Liw, —wp,,t] < (1 —¢),n# m. That is (w,) has
no Cauchy subsequence, which is contradiction.
Proposition 3.8:

If the fuzzy normed space (V, L,*) is compact then it
is totally fuzzy bounded.

Proof:

For any given 0 < ¢ < 1 and t > 0 the collection of
all fuzzy balls FB(v, ¢, t) is an open cover for V. But
V is compact hence this cover contains a finite sub
cover say {FB(vy,¢t),FB(vy,¢€t), ..., FB(vy, € 1)}
thus the finite set {v,, v,, ..., vi} is e-fuzzy net for V.
Hence V is totally fuzzy bounded.

Proposition 3.9:

If (V,L,*) is compact fuzzy normed space then it is

complete.

Proof:

Suppose that (V,L,x) is not complete then there
exists a Cauchy sequence (v,) in V has no limit in
V. Let v € V and since (v,) is not converge to v so
we can find o € (0, 1), t > O0with L[v, —v,t] <
(1 — o) for infinite members. But (v,,) is Cauchy so
we can find N € N with L[v, — v, t] > (1 — o) for
all n,m > N. Choose m = N for which L[v, —
v,t] > (1 — o) so the open fuzzy ball FB(v,o,t)
contains finite members of v,,. In this manner, so for
any veVlV we can find a fuzzy open ball
FB(v,0(v),t), with a(v) € (0, 1) depends on v and
an open fuzzy ball FB(v,a(v),t) which contains
finite of v,. Now V= U,eyFB(v,0(v),t) that is
{FB(v,0(v),t):v € V} is an open covering for V
using V is compact we have
V= UK, FB(v®,o(v®),t) but any
FB(v®, 0 (v®),t) contains finite of v,. This means
that V must contain finite of v,. But this is

impossible hence V must be complete.
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Lemma 3.10:
Suppose that (V,L,*)
and W c V. If V is totally fuzzy bounded then so is
W.

is fuzzy normed space

Proof:

LetS = {v,,v,, ..., vii} be € -fuzzy net for V then for
anyvev

Llv—v,t]>(1—¢) for t>0 and somev;€S.
now letS; ={e;, e, ..,en} € W. ThenL[e; —
v t] > (1 —¢)foreach1 < j<m

and for some v, € S. Now

L[V— e]-,t] = L[v— vy + v, — e]-,t]

= L[V - VH,E] * L, [Vn — e-,E]
2 2
>21-9*x1-e>10-1)
For some0 <r <1 hence W is totally fuzzy
bounded
Theorem 3.11:

If (V,Lx) is totally fuzzy bounded and complete
fuzzy normed space then V is compact.

Proof:

Suppose V is not compact then V= U;c, G, and
V#U[L; G;. But V is totally fuzzy bounded it is
fuzzy bounded by proposition (3.6), hence for some
o€ (0, 1) and some veV,t>0, we have VCc
FB(v,o0,t) which implies that V= FB(v,o,t).
lete, = 2% since V is totally fuzzy bounded so it
can be covered by finite many fuzzy balls of radius
g, but by our assumption there is FB(vy, €, t)
#U[L; G;. But FB(vy,g,t) is it self totally fuzzy
bounded by Lemma (3.10), so we can find v, €
FB(vy, €4, t) such that FB(v,, €,,t) #UiL; G;. Thus
there is a sequence (v,) € V with FB(v,, &,,t) #
UL, G; Since
FB(vy, €4, t) it follows that

and vy, € FB(vp, &p, ). Vpt €

L[v, — Vpee, t] > (1 —€y), let0 < e < 1 be given
with
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(1 —&n) * (1 —gny) * ..

Hence for m>n Llv,—vyt] = L[vn—

*(1—gp) >0 —¢).

t
vV, —] *
n+1'm—n

t t
L|v -V —]*...*L[V_ -V, —]
n+1 n+2'rn_n m-—1 mvm_n

>(1l—-eg)*(A—gppp)*x(l—gy) >0 —¢)
So (v,) is a Cauchy sequence in V but V is
complete so v,, = y since y € V there is A, € A such
that y € Gy, . since G, is open it contains FB(y, 5, t)
for some 0 < § < 1. Choose a positive number N
such that L[v, —y,t] > (1 —6) for all n =N and
(1-¢e)>(1-96)

then for any v eV with

L [v — vn,ﬂ > (1—¢,).So

Llv—yt] =L [v - Vn,ﬂ *L [Vn - y,g]
> (1-8)*x1-86)>10-r)

So that

FB(y,r,t). Therefore FB(v,, €,,t) has a finite sub

for some 0<r<1. FB(vy, &, 1) S
covering namely the set G, . This contradicts that
V+# UL, G;.

Proposition 3.12:

Suppose that (V, L,*) is a fuzzy normed space. Then
for any set S={v, : 1<n< oo} in V has at least one
limit point v in V if and only if every (v,) in V
contains (vy, ) with v, -v.

Proof:

Let (v,) € V when S={v,,v,,..vi} then choose
v; € S. Thus (vj,vj,...) € (v,) and converges to vj.
Suppose that the set S is infinite. Then by our
assumption it has at least one limit point v € V.
Letn; € N with

L[vnl -V, t] > 0. let ny,, € N with ny,; > n and

1
(k+1)

L[Vnk+1 -V, t] > (1 - ) Then v, -v.

Conversely let S={v, : 1<n< oo} c V. Then we
can find (v,) € V with v; # v; so by our

assumption (v,,) has a subsequence (v, ) of distinct
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with v, —v € V. Thus any FB(v,0,t) contains an
infinite members of (v, ). Hence any FB(v,o.t)

contains infinite members of S. This means that v €

V is a limit point of S.

Theorem 3.13:

The fuzzy normed space (V,L,*) is compact if
and only if for any (v,) in V contains (vy,)
with v, -v.

Proof:

Let VV be compact then V is totally fuzzy bounded
and complete by proposition (3.8) and proposition
(3.9). Suppose that (v,) € V since V is totally fuzzy
bounded using theorem (3.7) we have (v,) contains
a Cauchy (vp). So v, -V €V since V is
complete. Hence every (vy,) in V contains (v, ) with
Vi =V

To prove the converse let every (v,) in V contains
(Vn, ) With vy, —Vv.

Now by using theorem (3.7) we have V is totally
fuzzy bounded. To prove that V is complete.
Let (v,) be a Cauchy sequence in V so (v,)
contains (vy,, ) with v, —v €V. We now prove
thatv, - v. Let0 <e <1 be given andt > 0 by
remark (2.3) there is0 < r < 1 such that (1 —r) *
(I1-r)>(1—¢). Nowv, —v there isN; such

that L [vnk — v%] > (1 —-r) for allng > N,. But

(vyp) is Cauchy there is N, with L[vn —vm,ﬂ >

(1 —-r) for any m,n > N,. Now letN=N; AN,

then for alln = N,L[v, —v,t] =L [vn — Vnké] *
t

L[vnk—v,g] >S1-rN+«1-r>0-¢)

hence (v,) convergestov € V.
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Corollary 3.14:

Suppose that (V,L,x) a compact fuzzy
normed space and W c V. If W is closed
then W is compact

Proof:
Assume that (w,) € W then (w,) € V so (w,) has
a subsequence (wy, ) converges tow € W. Then w
€ W since W is closed. Hence W is compact by
theorem (3.13)

Proposition 3.15:

Suppose that (V,L,*) a fuzzy normed space and W
c V. If W is compact then W is closed

Proof:

Assume that v € V be a limit point of W then there
is (w,) € W with w, - v so(w,) is Cauchy
sequence in W. Since W is complete by proposition
(3.9) so(wy,) converges tow € W. Therefore
v=w € W this implies that W has all it limit points.
Hence W is closed.

Theorem 3.16:

Suppose that (V,Ly,*) and (U, Ly,*) are two fuzzy
normed spaces and T:V — U be fuzzy continuous
operator. If V is compact then T(V) is compact
Proof:

Assume that (T(v,)) € T(V) then(v,) € V. So
vp, = v since V is compact. Hence by Theorem
2.17 Tv,, —T(v) € T(V) since T is continuous.
Thus by Theorem 3.13 T(V) is compact.

Theorem 3.17:

Suppose that (V, Ly,*) is a compact fuzzy normed
space and assume that (U, Ly,*) is a fuzzy normed
space. Suppose that T:V — U is a fuzzy continuous
operator. Then T is uniformly fuzzy continuous that
is for each0 < e <1 andt > 0 there exists §,0 <
§<1

and s > 0 [6 depending on € only]  such

that T(FB(v,8,s)) < FB(T(v),&,t) forallv e V.
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Proof:

Leto € (0, 1) with (1 —0)*(1—0) > (1 —¢) for
some0 <& <1 andt> 0. then the collection of
fuzzy balls {FB(u, 0,t):u € U} from an open cover
for U.
set {T~*[FB(u, o,t):u € U]} from an open cover for
\% but \% is the

set

since T is fuzzy continuous then the

compact SO

{T~[FB(u,, 61, )], T [FB(uy, 05, 0)], ..., T [FB(uy, o, )]}

cover V that isV = Uj, T™*[FB(uj0jt). Now
let0 <5 <1 bed>o; for somel<j<k. Thus
for eachve V the fuzzy ball FB(v,8,s) lies
in T-![FB(uj,0;,t)] so0 T[FB(v,8,s)] S FB(u,0,t)
for someu € U. Since T(v) € FB(u,r,t) we can
find z € B(v, §, s) with

Ly[T(z) = T(V), ]

>Ly [T(z) —u, %]

* Ly [u — T(V),%]
>(1-0)x(1Q-0)>1-¢)
Thus T[FB(v, §,s)] € FB(T(v), &, t)
Conclusion
The principle goal of this research is to continue the
study of fuzzy normed space and introduce more
notions or results. In this paper the notion compact

fuzzy normed is introduced and basic results

properties of this space is proved.
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