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Abstract. Our aim in this paper is to give some  properties for  random fixed points for random 

dynamical systems where we give the characteristic of random fixed points in terms of the 

random trajectory emanating from random variable and give. Also, the concept of  random 

periodic points for random dynamical systems is studied where the sufficiently and necessarily 

conditions which make the random variable random periodic point for random dynamical 

systems. Also  the authors   prove that the set of all (continuous) random periodic points under 

certain conditions is   closed. 
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1-Introduction. In common one can not 

anticipate that one point     is fixed by (almost) 

all mappings  (   ). Though, there is a suitable 

generalization of the idea of a fixed point. In this 

paper some new properties of random fixed point 

and random periodic point for RDS's are 

considered. 

L.  Arnold and I.D. Chueshov [1] (1998)  

presented the general notion of an order-preserving 

random dynamical system, gave several examples 

and studied the properties of their random 

equilibria and attractor. 

 Gunter Ochs and Valery. Oseledets [2] (1999)   

establish that topological fixed point theorems 

have no canonical generalization to the case of 

random dynamical systems. This is prepared by 

exhausting implements from algebraic ergodic 

theory. They provide a condition for the existence 

of invariant probability measures for group valued 

cocycles. With that, examples of continuous 

random dynamical systems on a compact interval 

without random invariant points, which are an 

suitable generalization of fixed points, are created. 

H.E. Kunze D. La Torreb and E.R. 

Vrscay[3](2007) they absorbed in the direct and 

inverse problems for certain  class of random fixed 

point equations.  

Chuanxi Zhu and Chunfang Chen[4](2008),they 

prove an essential inequality and inspect some new 

computing problems of random fixed point index. 

"Ismat Beg and Mujahid Abbas[5](2008) they 

prove the existence of random fixed points of a 

non-expansive random operator defined on an 

unbounded subset of a Banach space". 

 

 

 

 

 

 

In this paper some new properties of random fixed 

points and periodic random points  for random 

dynamical system are introduced and proved. Here 

the time space considered any locally compact 

space and the phase space is any metric space. 

Also some new concepts are introduced here such 

as Topological metric dynamical system,    

uniform converge and   closed set.  

Through this paper the following notation are 

used.  

Notations 1.1 

(i)   locally compact group. 

(ii)  =metric  space.  

(iii) (     ) is a probability space. 

(iv)   
   the set of all measurable functions 

from   to  . 

Definition 1.2[6,7]:The metric dynamical 

system (MDS) is the 5-tuple (         ) where  

(     ) is a probability space and         

is ( ( )     )  measurable, with 

(i)  (   )      , (the identity function 

on   ) 

(ii)  (     )   (   (   )) and 

(iii)  (   )   ( ) ,           . 

Definition 1.3 The MDS (         ) is said to 

be topological metric dynamical system (TMDS) 

if   is topological space and         is 

continuous. 

Definition 1.4[6,7,8] The mapping          

    is said to be measurable random 

dynamical  system  on  the measurable space  

(   ( )) over  an MDS (         ) with if it 

has  the following properties: 

(i)    is  ( )    ( )  ( )   measurable. 

(ii) The mappings  (   )   (     )      

form a cocycle over  ( ), that is,           

   they satisfy  
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     (   )          ,   (1.1) 

 (     )   (     )   (   ) (1.2)      

The RDS (         ) shall denote by  (   ). 

If the function  (      )      , (   )  

 (     ), is continuous for every     then 

the measurable dynamical system is called 

continuous or topological RDS. 

Definition 1.5 [6,7,8]: A measurable function 

    
  is said to be a random fixed point 

(R.F.P) for the RDS (   ) if  ,    , 

  {   (   ) ( )   (   )}   . 

Here some examples on R.F.P are stated (see[9]).  

Example 1.6[9] Consider the probability space 

(     ) , where   ,   -,   be the    

algebra of Lebesgue measurable sets and   be 

the Lebesgue measurer on  . Define      

,   -  ,   - by  (   )    and  (   )  

   . Also define      ,   -      by  

 (   )    and  (   )  (    )   . 

Then  (   )  is RDS. Define     ,   -    

defined by(  )       , then      
,   -

 . It is 

easy to see that   is a fixed point of (   ).■ 

Example1.7[9]:  Let         be any 

non-trivial MDS and let        be any 

injective random variable. Define a cocycle  

          over   by   

 (   )      ( )  ( ( ) ). Then (   ) is 

RDS. This RDS has no random fixed point.■  

Definition 1.8[7] Let     
  and         

  and 

  
  be the mappings form   in to    defined as 

follows 

 (1)    ( )  * (      ) (    )    +  

(2)   
 ( )  * (      ) (    )     + 

(3)   
 ( )  * (      ) (    )     +  

For every     
 , the sets   ,   

 , and   
  are 

respectively called the trajectory, the forward 

semi-trajectory and backward semi-trajectory. 

 

 

2.Main Results 

In this section the concept of random fixed point is 

stated and some new properties of such concept are 

studied. Also the concept of random periodic point 

for random dynamical systems is introduced and 

some new properties are given. 

Lemma 2.1 If      
  and 

  *   (   ) ( )   (   )+    for some 

   , then  *   (    ) ( )   (    )+    

for all integer   . 

Proof. If  *   (   ) ( )   (   )+   , for 

some    ,  then  

 

 *   (   )    (   ) ( )  

 (   )   (   )+   . 

Hence 

  *   ( )   (      ) (   )+   . Therefore 

we shall prove by induction the result for positive 

integers  lone.   If    , then  

      *   (   ) ( )   (   )+     

for some    . 

 Now, suppose that the statement is true for  . i.e., 

   *   (    ) ( )   (    )+   ,  

for some    .  

To show that this statement true for    . Set 

    ̃  *   (    ) ( )   (    )+.  

For    ̃, 

 ((   )   ) ( )   (      ) ( )  

    (      )   (   ) ( ) 

  (      ) (   )  

  (     ) (  ),           ̃ 

  (    
 )   (      ) 

  ( (   )  )    

Thus  

 {   ((   )   ) ( )   ( (   )  )}    

This prove the lemma. ■  
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Theorem 2.2 Let     
 . Then the following are 

equivalent: 

1.   is random fixed point, 

2.   ( )  * ( )+, 

3.   
 ( )  * ( )+, 

4.   
 ( )  * ( )+, 

Proof.(1)   (2): Suppose(1) holds, then 

  ( )  * (      ) (    )    + 

   * (    ) (  )    +,  

where         

    * (   
 )    + 

    * (      )    +  * ( )+. 

Conversely, suppose (2) holds, then  

   ( )  * ( )+. But  

  ( )  * (      ) (    )    + , then  

* (      ) (    )    +  * ( )+  That is 

     and     ,  

 (      ) (    )   ( ). Thus      

 *   (      ) (    )   ( )+   . Set 

        . Then for every     , 

 (    ) (  )   (   
 ) and 

  *    (    ) (  )   (   
 )+   . 

Consequently   is an R.F.P. 

(2)  (3). Suppose (2) holds. Since   ( )  

  
 ( )   , we conclude that   

 ( )  * ( )+. 

Conversely, suppose (3) holds. Then   
 ( )  

* ( )+. That is, 

* (      ) (    )     +  * ( )+. Then  

* (      ) (    )     +  * ( )+, where 

    . Thus  

* (      ) (    )    +  * ( )+. 

(2)   (4). As in (2)   (3). 

 This end the proof. ■  

Theorem 2.3 Let (   ) be an RDS with   

considered as a topological MDS.        
  is 

continuous, then the following are equivalent: 

1.   is random fixed point, 

 

 

2. There is a sequence *  + ,      ,      with 

      {   (    ) ( )   (    )}   . 

Proof  To prove (1)  (2). Assume (1). Since   is 

random fixed point, then for all    , 

           *   (   ) ( )   (   )+   . 

Thus we can say that there exists a real sequence 

*  + ,      ,      with 

  {   (    ) ( )   (    )}   . 

Conversely, assume (2) holds, let    . If  

      for some integers   and  , then by Lemma 

2.1 we have  

  {   (     ) ( )   (     )}   .  

If      , then for every  , there exists    such 

that         (    )   and moreover for any 

  there exist an integer     with  

                (    )   (   

 )   .  

Thus clearly the so constructed sequence *    + 

has the property that         . Now since  

 (     ( ))     is continuous for every  

   , then  

 (      ) ( )   (   ) ( ),  

for every     . Since 

  { (      ) ( )   (      )}     

for every    then for every     , 

 (     
 )   (   ) ( ). 

Again, since         and   (   )     is 

continuous for every     , then         

   , and since   is continuous, then 

 (     
 )   (   ) for every     . Thus 

 (   ) ( )    (   ) for every     . This 

means that  

      *   (   ) ( )   (   )+     

for all    . ■ 

Note 2.4. The implication  (1)  (2) is true when  

  is any MDS. 
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Definition 2.5 The set    
  is said to be 

distinguishable if for every       
 , there exist 

two random open sets   and   in    with   

*   ( )   ( )+    such that    , and for 

every     we have   ( )   ( ) ,   ( )  

 ( ) and  ( )   ( )   .The set   is said to 

be distinguish set.  

Lemma 2.6 Let   
  is distinguishable with 

distinguish set    . If     
  is not random fixed 

point, then there exist two random open sets    

and     such that for every     with   ( )  

 ( ) and  (   ) ( )   ( ) we have  ( )  

 (   ) ( ) and  ( )   ( )   . 

Proof. Note that if    is random open set in  , 

then for every    ,  (   ) ( ) is random 

open set in  , since  (   )     is 

homeomorphism. Since   
  is distinguishable with 

distinguish set  , then there exist two random 

open sets    and    in   such that for every 

    we have  ( )    ( ) and  

 (   ) ( )    ( ) and   ( )    ( )    

for every     . Since  ( )    ( ) for every 

   , then  (   ) ( )   (   )  ( ) for 

every    . Set  

 ( )  

{
 (   )  ( )    ( )    

      .  

Then  (   ) ( )   ( ), for every    . Set 

 ( )  {
 (   )   ( )    

      .  

Then  ( )   ( ), for every    . Clearly that 

 ( )    ( ) and  ( )    ( ) for every 

   .  But   ( )    ( )    for every 

   , this implies that  ( )   ( )   , for 

every    . ■ 

 

 

 

 

 

Theorem 2.7 Let    
  is distinguishable with 

distinguish set  . Then     
  is random fixed 

point if and only if every random neighborhood of 

 , contains semi-trajectory for all     . 

Proof Suppose that     
  is random fixed point, 

then   ( )  * ( )+ so that   ( ) contained in 

every random neighborhood of  . Conversely, 

suppose that every random neighborhood of   

contains semi-trajectory. Assume contrary that 

    
  is not random fixed point, then there exists 

    , such that for every   ̃    with  ( ̃)  

 ,  (   ) ( )   (   ),   for some     ̃. By 

Lemma 2.6 there exist two random open sets    

and     such that for every     with   ( )  

 ( ) and  (   ) ( )   ( ) we have  ( )  

 (   ) ( ) and  ( )   ( )   . Since for 

each  ( )   ( ),     we have 

 (   ) ( )    ( ),    , then 

 (   ) ( )    ( ),    . But this is a 

contradiction. ■ 

Theorem 2.8 Let    
  is distinguishable with 

distinguish invariant set   .If       
  and 

 ( (      ) (    )  ( ))   , for every 

    as      ( or      ). Then   is 

random fixed point. 

Proof. Let   be a random neighborhood of  . 

Since  ( (      ) (    )  ( ))   , for 

every     as     , there exists      such 

that 

           (      ) (    )   ( ),  

for every    , for all    . Hence for all 

    we have  

* (   ) (      ) (    )     +   ( ). 

Then for all    , 

* (        ) (    )     +   ( ). Or for 

all    , 

  * (    ) (  )     +   (   
 ),  
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where       and        . That is   

contains semi-trajectory, consequently, by 

Theorem 2.7    is R.F.P. ■ 

Proposition 2.9 Let      
  be a random fixed 

point. If     
   with    *   ( )   ( )+   , 

then 

  *   (   ) ( )   (   )+   .  

Proof. Suppose that     
  is a random fixed 

point. Let     
   with 

       *   ( )   ( )+   .  

Assume contrary that   

     *   (   ) ( )   (   )+   . 

Then     *   (   ) ( )   (   ) ( )+     

Since  (   ) is bijective, then  

   *   ( )   ( )+   . 

So     *   ( )   ( )+   . 

Which is a contradiction. ■ 

In [9] I.J.Kadhim introduce the concept of random 

periodic point for random dynamical system. Here  

we define this concept in another manner which 

more suitable with our work .  

Definition 2.10  A random variable     
  is 

said to be random periodic point of a RDS  (   ) 

if there exists     such that  

   *   (   ) ( )   (   )+   . The number  

  is called the period of   . 

Remark 2.11 In any RDS every random fixed 

point is random periodic point. 

Proposition 2.12   A random variable     
  is 

random periodic point if and only if  there exists 

    such that for every    , *   (  

   ) ( )   (     ) (   )+     

Proof. Suppose that      
  is random periodic 

point. Then there exists     such that  

 *   (   ) ( )   (   )+   . 

If and only if  

 

 

  

 *   (     ) (   ) ( )  

 (     ) (   )+    ,      

If and only if  

 *   (     ) ( )   (     ) (   )+    , 

     

This complete the proof. ■ 

Theorem 2.13 Let (   ) be an RDS with   be a 

stable TMDS and let      
   be a random periodic 

point and continuous         but not R.F.P. Then there 

exists      such that   is the smallest positive 

period of   .Further, if    is any other positive period  

of  , then      for some integer  . 

Proof. Consider the set 

   *                      +. 

 If      period of   , then  

   *   (   ) ( )   (   )+    

Let         , then       
 . Since  

    

 *   (   ) ( )   (   )+  

 *    (      
 ) (    

 )   (  )+,  

then  

 *    (      
 ) (    

 )   (  )+   .  

Now, set  

  ̃  *    (      
 ) (    

 )   (  )+. To 

show that  

  (     ) (  )   (    
 ),      ̃: 

   (     ) (  ) 

  (     ) (      
 ) (    

 ) 

    (       ) (    
 )   (    

 ). 

Hence 

  *    (     ) (  )   (    
 )+   . Since 

either   or    is positive, then the set   is 

nonempty. Now, set       . We calem that   

 . Indeed    , and if    , then there exists a 

sequence *  + in   with     . Since  

 {   (    ) ( )   (    )}     
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for each  , then by Theorem 2.3   is random fixed 

point which contradicts our hypothesis. Thus    . 

Since       , then  there is a sequence *  + in   

with     . Since   (   )     is continuous 

for every    , then for every    ,    

 (    )   (   ).So for every    , 

      (    ) ( )   (   ) ( ). 

Since  (   )      is continous for every    , 

then          for every    . Again, since 

    
  is continuous, then  (    )   (   ) for 

every    . But  {   (    ) ( )  

 (    )}   ,  

i.e., there exists a full measure subset   ̃ of   such 

that   (    ) ( )   (    ) for every    ̃. 

Hence     ̃, 

 (   
 )   (   ) ( ),. 

On the other hand,  (    )   (   ), for every 

   ̃. Since   is metric space, then from the 

uniqenss of the limit we have   (   ) ( )  

 (   )     ̃. 

That is,  *   (   ) ( )   (   )+   . It 

follows that    . By definition of    it is also  the 

smallest positive period of   . Finally, let      be a 

positive periodic. If      , for any integer, then 

there is an integer   with      (   ) . Then 

by Lemma 2.1, we have  

 *   (    ) ( )   (    )+   . 

Since the TMDS   is satble, then  

    *          +   . 

Therefore  by Lemma 2.1 we have 

 *   (    ) ( )   (   ) ( )+   . So  

 *   ( )   (        )   (   ) ( )+    . 

Thus 

 (    ) (      )   (   ) ( )  

 (      )   (          ) (   ) ( )  

        (   ) ( )   (   ) 

 

 

 

where       . Then   satisfy (2.1).   Since 

      , we get a contradiction to the fact that    

was the smallest positive period of  period of   . 

This complete the prove. ■ 

In the following we need to show that the set of 

random periodic point for random dynamical system 

(under certain conditions) is   closed. To this end 

the following  notations are  introduced. 

Definition 2.14 Let (     ) be a probability 

space with   considered as a topological space and 

  be any metric space. A sequence *  + in    
  is 

said to be   uniform converge in   
  if there exist  

    
  and  ̃    such that   ( ) converge 

uniformly (shortly u.c.) to  ( ) for every    ̃. 

That is for every     , there is a positive integer 

   such that  

 (  ( )  ( ))   , for every    ̃ and for every  

    . 

Definition 2.15 Let (     ) be a probability 

space with   considered as a topological space and 

  be any topological space. A subset of    
  is said 

to be    closed if any sequence *  + in    
  is  

  uniform converge in   
 . 

Lemma 2.16 Let (   ) be an RDS with   is be a 

TMDS.  If  *  + be a sequence of continous random 

periodic point in   
  with positive periodic     , 

and   uniform converge in   
 , then   is random 

fixed point. 

Proof. For a given    , there are integers    such 

that  

              .  

Since     , we have       . Since     is 

   uniform converge to  , then 

 *    ( )         ( ) +   . Let 

   *    ( )         ( ) + ,  

then   (  )    But  (     )       is 

continuous for every  , then for every     , 
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 (      )  ( )   (   ) ( ).  

Since   (   )      is continuous for every  , 

then      
      for every  . Therefore 

   (     
 )    (   ) for every  . Since 

  (   )   (   ), for every    , then 

  (     
 )   (   ) for every     . Since    

is random periodic point for every  , then  

  {   (      )  ( )    (     
 )}     

Set  

   {   (      )  ( )    (     
 )}. Then 

 (  )   . So 

  (      )  ( )    (     
 ), for every  

    .  

 (      )  ( )   (   ) ( ), 

 for every     . Then,  

  (     
 )   (   ) ( ), for every      

    

Since   (     
 )   (   ) for every     ,  

it follwos that  

 (   ) ( )   (   ) , for every        . 

Since  (     )   ,then   is random fixed point. 

Theorem 2.17 Let (   ) be an RDS with   is be a 

TMDS .Given any    , the set of all   such that   

is (continuous) random periodic point with positive 

period     is   closed. 

Proof. Let   be a set of all random periodic point 

with positive period    . Suppose that  *  + be 

  uniform converge sequence in  . Then for every 

 ,     is random  periodic point with periods      

and      then 

   *    ( )   ( )+   .  

Set  

   *    ( )   ( )+,  

then  (  )   . Since 

 {   (    )  ( )    (   
 )}   , then 

 (  )   , where  

 

 

 

   {   (    )  ( )    (   
 )}. Also for 

every     ,  

 {    (   
 )   (   

 )}   .  

Since       , either      in which case   is 

random fixed point by Lemma 2.15 and hence 

random periodic, or there is a subsequence    
  , 

     , then by the continuity axiom for every 

     

 (   
  )   

( )   (   ) ( ). 

and also for every     ,  

 (   
  )   

( )   (    
 ) 

Since   is continuous, then     
      for every 

 . Also we have   is continuous  for every     , 

then  (    
 )   (   ), for every   

  .Therefore  

 (   
  )   

( ))   (   ). 

for every        . Consequently  

 (   ) ( )   (   ),  

for every        . Since  (     )   .,then 

  is random periodic point. 
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بعض  خواص النقاط الصامدة العشوائية و النقاط الدورية العشوية للنظم الديناميكية 
 العشوائية
 

 

 

 سندس طالب محسن       أحسان جبار كاظم

 جامعة القادسية / كلية علوم الحاسوب وتكنولوجيا المعلومات / قسم الرياضيات

 

 : المستخلص

 

الهذف الزئيسي هي هذا البحث هى اعطاء بعض الخىاص الٌقاط الصاهذة العشىائيت للٌظن الذيٌاهيكيت العشىائيت           

حيث . قذهٌا وصف للٌقاط الصاهذة العشىائيت بذلالت الوساراث الوٌبثقت هي هخغيز عشىائي. كذلك قوٌا بذراست هفهىم الٌقاط 

يكيت العشىائيت حيث قذهٌا الشزطيي الكافي و الضزوري  الذيي بوىجبهوا يكىى هخغيز الذوريت العشىائيت للٌظن الذيٌاه

عشىائي ًقطت دوريت عشىائيت كوا وقذ بزهٌا اى هجوىعت كل الٌقاط الذوريت )الوسخوزة( ححج شزوط هعيٌت, حكىى 

 هغلقت.  
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