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Abstract

This paper aims centered around the product of hypersolvable arrangements by using the
hypersolvable partition analogue by proving that each of A and B are hypersolvable if Ax B
is a hypersolvable, also each of A and B are supersolvable if AxB is supersolvable.
Moreover, this paper show how to prove that the dimension of the first non-vanishing higher
homotopy groups of the complement M (Ax B) is p(Ax B) = min{p(A), p(B)}.
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List of symbols: rk(A) = rank of A, T(A) = maximal element of central A, M(A)= complement
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1. Introduction:
Let A={Hl,..., Hn} be a complex

hyperplane I -arrangement, with complement

M (A) =C"\ U Hi . The cohomology ring for

i=1
the complement M (A), with arbitrary constant
coefficients was given by Arnold [1] and Brieskorn
[2].
For a given total order <l on A, if

C < A is a minimal (with respect to inclusion)

dependent set, we call C a circuit of A and
C=C \{H} a broken circuit of C , where H

is the smallest hyperplane in C via < and by

NBC base B < A we mean that B contains no

broken circuit.

The hypersolvable class of hyperplane
arrangements were originally introduced by M.
Jambu and S. Papadima [3,4], as a combinatorial
generalization of the supersolvable class of
hyperplane arrangements and they showed that all
the major results on the topology of the
complements together with their algebraic and
combinatorial aspects, may be extended and refined
in this new framework. The hypersolvable class of
hyperplane arrangements contains the supersolvable
ones, the generic ones and many others.

We wused the hypersolvable partition, the
hypersolvable ordering which are defined by Ali and
Al-Ta'ai [5], and their study of the NBC bases of a
hypersolvable arrangement to complete the study of
the product of hypersolvable arrangements which is
studied by Mahdi in [ 7 ] he suggested a conjecture ,

namely ,
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if (AX B,V @W) is a hypersolvable

arrangement , then Aand B are hypersolvable
arrangements . This conjecture is proved under some

condition, namely, all the exponents of AxB are
equal to 1. In section three we prove this conjecture
without any condition, also we prove that the

dimension of the first non-vanishing higher

homotopy groups for complement M (AX B) is
P(Ax B) =min{p(A), p(B)}.

2. A hypersolvable partition of an

arrangement
A hypersolvable class of arrangements was
originally introduced by Jambu and Papadima ([3],
[4]) Ali and Al-Ta'ai redefine this concept by using
a partition which is called a hypersolvable partition

as follows:
(2.1)Definition: [5]

Let Abe an essential central complex I -

arrangement(i.e. ﬂin:l Hi =T (A) =T # ¢and

rk(A) = k(T (A)) = codim((),_ H=r=

dim(C")). A partition IT=(IL,...,I1,) of
A is said to be a hypersolvable partition of A
with length L(A) =/ denoted by HPp, if
ITL,|=1, Gie. TLis a singleton), and for fixed

2< j < 1, the block HJ- satisfies the following
properties:
( j -closed of 11 J-) each

property For

Hl,H2 EHlU"'UHJ., there is no
hyperplane

tat Tk(H,, H,, H) = 2.

H EHjJrlU"'UHfsuch
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(j-complete property  of I j) For each

Hl, H , € IT i there is a  hyperplane

such that

Her,U--UIl,
rk(Hl, H2, H) = 2. Note that, from the closed

properties of the blocksHZ,...,H the

-1

hyperplane H is unique and it is denoted in this

case by H 12

( ] -solvable property of I1 ) If
H11H21H3 EHJ-, the hyperplanes
H1,2’H1,3’H2,3enlu"'unj_l are

equal or rk(Hlyz, H1'3, H2,3) =2 Observe
that, if rk(Hl, Hz' H3) = 2, then from the
closed properties of the blocks H2 yeooy I1 jo1> We
have H1,2 = H1,3 = H2’3.

The vector of integers d= (d11 ceey d/) , 18
called the exponent vector of 11, where di = ‘HI ‘ ,

i 21,...,6. The rank of Hi is defined to be

rk(IT,) = rk(IL, U---UTL) =k H)

Hel‘[lu---Ul_li

, forl <1< /. We call the blockI1;, a singular

block of TT if TK(IT,) =rk(IT, ,)and we call
it non-singular block otherwise. Notice that, in
general rk(l'[l) < rk(Hi_l) +1.
(2.2) Proposition: [6]

Let A be an essential central complex

I' —arrangement. A is hypersolvable if, and only

if, A has a Hp HZ(HI,...,H{{).
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(2.3) Definition:[5]
A be a hypersolvable
arrangement with Hp H = (H1’° . '7H4)' For a

fixedl < </,

Let r—

the  properties of  the

hypersolvable partition give rise to a natural

partition H jas follows:

1- Let Hj*l Z{Hil Yooy Hik} such that
rk(Hil,...,Hik)ZZand

2- Let Hj*z :Hj\Hj*l'

Define the hypersolvable ordering of A thatis

denoted by < as follows:
1- He Hi and

such  that

H ell,
1<i<j</.puH<H.

2-Forafixed 1< J </, give the hyperplanes of
the block l_lj,(l Of HJ- an arbitrary total order
with preserving the order of Hi in H for each
1<i< j —1 and preserving the order of Hj*z

H,, H,,H, eIl,
rk(H,,H,,H,) =3, pu H, <H, <H,

as if with

{H, H, H3={H,H,H}

if, and only if, H.. <H. . <<H. . such that
Wl g — hl3

Observe
that, since TK(H,, H,, H,) =3 then there is at
least one of H, H,,H, €I1,,.

(2.4) proposition:[3]

Let A be a hypersolvable arrangement.

Then A is said to be supersolvable if, and only if,

U(A) = rk(A).
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3. The Product of Hypersolvable

Arrangement
(3.1) Definition:

Let (A,V) and (B,W) be two
hyperplane arrangements. Define the product
(AxB\V ®W) by

AxB={H®W:HeAlU{V ®K:K

Note that, ‘AX B‘Z‘A‘-F‘B‘ If we

{H®W :H e Aland
V@®K:KeB}by AOW and V ®B

respectively,

denote  the  sets

then one can ecasily denote the

AxB
AxB=(A@eW)U(\ @B).
(3.2) Proposition: [7]

Let (Ax B,V @W) be the product of
(AV) and(B,W) such that, rK(A) =T and

rk (B) =K . Then we have the following:

hyperplane arrangement by

1. If each one of A and B is a
hypersolvable arrangement, then
(AGW,V W),

(V @B,V @W) and
(AX B,V @W) are hypersolvable
arrangements.

2. If each one of Aand B is a supersolvable

arrangement, then (A @W,V @W),

(V @® B,V @W) and
(AX B,V @W) are supersolvable
arrangements .

eB}
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(3.3) Remark:
Suppose (A,V) and (B,W) be

hypersolvable arrangements with hypersolvable

I = (I12,....TT%)
HB = (HlB,...,HZ) respectively. From [7],
then (AX B,V @W)

arrangement with a hypersolvable composition

partitions and

say;

is a hypersolvable
[1'ew < (I UIT;) W < ...

< ([} U...UIT}) @W = (A@W)
c (A®W)UV @T1? <

.S (AGW)UV @ (I} U..UII})
=(A@W)U(V @B).....(3.2)

From

[5], AxB has a hypersolvable partition

1~ = (HlAXB ,...,H?jz ) induced ~ from

the composition series (3.1), as follows:

e ror 1<Kk Sfl, HkAXB :HkA W

and;

° For
. TTA<B B

€1+lSkS€1+€2, Hk :V@Hk,gl-

Ali in [5] showed that such partition forms a

hypersolvable partition.
(3.4)Remark:[7]
There are no collinear relations among the

hyperplanes of A@W and V @ B. Thus, for
each H,H, € A, there is no hyperplane
KeB such

rk{H, ®W,H, @W,V @K} =2

that

and
for each Kl, K2 S B, there is no H &€ Asuch

hat Tk{H ®W,V ® K,V ® K.} =2.
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(3.5) Lemma:
Every broken circuit C in ADW has the

following property; there is no hyperplane K in

B such that C U{V S K}forms a circuit in

Ax B. As well as, for any broken circuit C'in
V @ B, there is no hyperplane H in A such
that C' U{H @W}forms acircuitin - AX B.
Thus,

NBC(A®W)(NBC(V @ B) = ¢.
Proof: directly result of proposition (2.4) and
remark (3.3).
(3.6) Proposition :
Let AX B be a hypersolvable I+ K —

arrangement. Then;

NBC(A®W) < NBC(AxB) and
NBC(V @ B) = NBC(Ax B).
Proof: forl<k <r,
S,={H, ®W,...H, ®W} e a k-

By  contrary, let

section of | 3 such that

Sk S NBC(A@W)and
Sk & NBC(AX B) Then Skbe a broken

circuit in AX B. That is, there exists a hyperplane

H'e AxB
HIIZHij @®W ,1< <k and {H}USk
form a circuit, i.e. rk{H U Sk}z K. Ttis clear
that, H ¢ AOW ,
Sk € NBC(A@W) On the other hand,

such that

since

H' ¢V @B as shown in lemma (3.5) above.

Therefore, Sk must be an NBC base of Ax B.
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Similarly, it is show  that

NBC(V @ B) = NBC(Ax B).
(3.7) Theorem:

easy to

Let AXB be a hypersolvable I' + kK —

arrangement then;

NBC(AxB)={C e AxB|C=C,UC,

:C, e NBC(A®W) and C, € NBC(V @ B)}
Proof: By that

Ce NBC(AX B), such that C cannot be

written as a union of an NBC base of AW
and NBC baseof V @ B , 1.e. either;
C ﬂ (A(‘BW) & NBC(A(‘BW) or

CN(V ®B) g NBC(V ®B).
irf C ﬂ(A(‘DW) & NBC(A(‘BW), then there

exists a hyperplane H'e AxB
H’ U{C ﬂ (A (‘BW)} forms a circuit in

contrary, suppose

such that

Ax B. But this contradicts our assumption that
Ce NBC(AX B) By the same way, we

deduce that

CN(V @®B) e NBC(V ®B).
(3.8) Corollary :

Let AXB be a hypersolvable I + Kk —
arrangement then p(A) = p(A (‘BW) and

p(B) = p(v ©B).
(3.9) Theorem :

Let AXDB bea hypersolvable I+ K —

arrangement then
p(AxB) =min{p(A), p(B)}.

Proof: In general, deduce that
P(AxB) < p(A) and

P(AxB) < p(B). So by contrary suppose
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that,

P(AxB) <min{p(A), p(B)}. so

suppose that, there exists a section S e Sp( AxB)H

such that S is a ( p(A X B) + 1) -broken circuit

and from our construction of I1”®then
S=S AW U SV®B where

SA®\N =S ﬂ ADW and
SV®B =S ﬂV ®@B. 1t is clear that

S**" ¢ NBC(A®W )and

$V°® « NBC(V @ B)since

P(Ax B)+1<min{ p(A) +1, p(B) +1}.
Now, let H be the minimal hyperplane of Ax B
such that {H}U'S forms a (P(Ax B) +1)-

circuit. If S AW e ¢ , then H minimal than H'

via the hypersolvable ordering [D>on the

hyperplanes of AX B, for each H eS"".

Thus, {H}USAeW is a circuit and this

contradicts the fact that S AGW isan NBC base of

ADW . On the other hand, if S AW — ¢ then

S =S""® That is, the hyperplane H minimal

than K via hypesovable ordering > for each

K eS'®® , thus {H}U SV®Bis a circuit which

contradicts that $'*® € NBC(V @ B). This ends
the proof.
(3.10)Theorem:

If AX B be a hypersolvable I + k —
arrangement, then each of ADPW andV ©B

are hypersolvable.
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AxB be a

r+k —arrangement, hence A X B has an Hp,
AxB
H = (Hl,- . ‘11—[4) . From lemma (3.4), the

partition I1%® splits into two partitions as follows:

[ =11"°" c A®W . for

Proof: Since hypersolvable

o Let

1<i</,1<j <], <..<j, </

and;

° HIB ZH?XB gV ®B s for

1<i</,1<j <], <.<]j, </,

whereﬁl-i-fz:f.
Deduce that HAZ(Hf,...,HZ) form a

partition of ADW . We need to show that HA is

a hypersolvable partition as follows:

A .
1. If Hl contains two hyperplanes say

H1 ®W and H2 ®W , then there exists a
hyperplane H € l_IlAX ® U . U Hf:f such that
rk{Hl (‘DW, H2 (‘BW, H}= 2, from the

complete property of block HixB. Therefore,

He AW,

see lemma(3.4). But this

contradicts our assumption that HﬁxB is the first

block of HAXB such that HfB C ADW .
A

Thus, ‘Hl ‘ =1

A
For 2< k < fl; it is clear that the block Hk

satisfies the closed , complete and solvable

properties since it is a block from an Hp. Thus
ADW is hypersolvable since it is has an Hp. In

the same way V®Bisa hypersolvable.
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(3.11) Corollary : A is a hypersolvable arrangement in C ° since we

can find a hypersolvable Hp as follows:

" = (11,11, 11,1, I, T, T, T, )

The product I' + k -arrangement AxB

is hypersolvable if, and only if, each of A and B

{H.}{H,. H 1 {H, {H:H:{H }.{H,},
{HQ}’{HlO}’{Hll' H12’ H13}) where

are hypersolvable.
Proof: 1t is known that, if A and B are

hypersolvable, then AxB is hypersolvable (see

[7]). Conversely, If AxB is a hypersolvable Hl = {(X1’ ACTRATRITRY Xe)' X +X = O}
arrangement, the canonical projections

H, =X, X, X5, X, X, X )i X, — X, =0
qA:VXW —>V defined as 2 X0 X X X Xs 6) % 3 }

qQ,(H®W)=H and g, :WxV >V H

(
(X1’X2'X31X4’X5’X6):X1+X2:0}
defined bqu(V @® K)Z K preserve the (

dependent and independent relations. Therefore, 4 X Xar X0 Xy X1 X ) X, = 0}
cach one of Aand Bare hypersolvable H5 = (X1' X, X5, Xy Xg s Xs): X, =X = O}
arrangements.
(3.12) Corollary: He = {(Xl’ AOTRA TR Xs): X, = 0}
Ax B is supersolvable if, and only if, H7 = {(Xl’ X,y Xgs Xy s Xo o Xg ): X -|-3)(6 = O}

ecachof A and Bis supersolvable.

Proof: 1t is known that, if A and B are H _{(X1’X21X31X41X5’X6):X5+2X6 =}
g =

supersolvale, then AxB is supersolvable (see 0

[7]). Conversely if AxB is supersolvable then H9 — {(Xl’ X2 , X37 X4, XS’ Xe): X5 — 0}

K(AXB)=€:r+k where r:rk(A)
and k:rk(B), since Kerk(A):r and

H10 :{(X1’X21X3’X4’X5’X6):X5 — X :O}

0, 21k(B) =K, then £ =0, +0,>r+K, Huy = 1060501 %5 00 %61 %5 ): %5 =0}
Xy Xy Xgy Xy Xy Xg ) o Xg — X, +
but€=r+kwhichmeansglandfzcannotbe lez{(l 21731 TS 6) > 4 }
Xe =0
greater than I and k respectively. Hence, each of
X Xoy Xgy Xy Xy Xg )2 Xy + X +
A and B is supersolvable. Hls:{( S 6) 4 ° }
Xe =0

(3.13) Example:
F h; lvable orderi it
Let A be central complex 6-arrangements, rom new iypersofvable orcering we Tewrtie @
defining polynomial as

Q(A) = (Xl + Xs)(xl - Xa)(xl + Xz)Xz
(Xz - Xl)X3 (Xs + 3X6)(X5 + er)xs (Xs - Xe)xe
(X — X4 + Xg)(X, + X5 + Xg)-

define as follows:

Q(A) = X X3 (Xl - XS)(Xl + X3)(X2 - Xl)
(Xz + Xl)(XS + SXG)(XS + 2X6)X5 (Xs - Xs)
Xs (X4 + X5 + X5 )(Xs — X, + Xg)
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Note that by applying our construction we can split
A into two arrangements Aland A2 where:
QA) = (X +X3)(X; = X3)(%; + X3)X,

(Xz - X1)X3
and
Q(A,) = (X + 3%, )(Xs + 2Xg) X5

(Xs o Xe)xe (Xs Xt Xe)(x4 X5+ Xe)-

Observe that both of A1 and Az are hypersolvable

3-arrangements since they have Hp as follows:
I—[A1 = (Hlynzsng’n4) = ({Hl}!
{H,. H - {H,}.{Hs, H})

HA2 = (Hl!HZlH?,’Hll) = ({Kl}!

{K KK 3 {Ks, K, K7 })

Where;
H, ={(x,X,,X,): X +X, =0}

H, ={(00, %, %,)): % —x, =0}
H, ={(x,X,,X,): X, + X, =0}

H, ={(x,X,,x,):x, =0}

H, ={(x,%,,%,): X, —x =0}

H, ={(x,X,,%,):x, =0}

K, ={(x,,%,,%,): X, +3x, =0}

K, ={(X,X,,X,): X, +2x, =0}
K, ={(x,X,,%,):x, =0}

K, ={(x,,%,,%,): X, =X, =0}

K, ={(x,X,,%,): x, =0}

K, ={(X,%,,X,): X, =X, + X, =0}
K, ={(X,%,,%,): X, + X, + X, =0}

(3.14) Example :

Let A be central complex 6-

arrangements, define as follows:
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Q(A) = X2X1(X1 + X2)X3 (Xz - Xs)X4X5X6
(X4 - X5)(X4 + Xs)(xe - Xs)(xe + Xs)

. . 6 .
A is a hypersolvable arrangement in C” since we

can find a hypersolvable Hp as follows:
" = (I1,,11,, 1,11, , 11, 1, ) -
{H 3 {H, H}{H, H:}.{H}.{H-,
Hg, Ho}.{H,,, H,,, Hyo}) where

H1 :{(X17X2’X3’X4’X5’X6):X2 :0}

H, :{(X1’X2’X31X4’X51X6): X, :O}
H3 ={(X1,X2,X3,X4,X5,X6):X1+X2 :0}
H4 :{(X1’X2’X3’X41X5’X6):X3 :0}
Hs Z{(Xl,Xz,X3,X4,X5,X6):X2 =X :0}
H, :{(Xl’XZ’X3’X4’X5’X6): Xs :0}
H7 :{(X1’X2’X3’X47X5’X6):X4 :0}
Hs ={(X1,X2,X3,X4,X5,X6):X6 :0}
H9 Z{()(l,XZ,X3,X4,X5,X6):X4 — X :0}

H10 :{(X1’X21X3’X4’X5’X6):X4 + X :0}

H11 {(Xl’XZ’XB’XA’XS’XB):XG —X; :0}

H,, ={(X,%,, X, X,, X, X, ): X, + X, =0}

1777217731 7741 7751 6

Note that A is supersolvable arrangement since
/(A =1k (A) =6
From new hypersolavble ordering we rewrite the
defining polynomial of A as follow:

QA) = XXy (X + X, ) X3 (X, = X3)X,

X5 (X4 - XS)(XA + Xs)xe (Xe - Xs)(xs + Xs)
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Note that by applying our construction we can split

A into two 3-arrangements Aland A2 where:

Q(A) = xX(X +%,)X (X, — %) and
Q(A,) =X, X% (X, — X, ) (X + X, ) Xg

(Xs - Xz)(xs + Xz)
Observe that both of A1 and Az are supersolvable

arrangements since they have Hp as follows:

% = (I, 11, 115) = (H 1 {H, Ho},
{H. H})

HAZ = (Hl,H21H3aH4) = ({Kl}’{KZ'
K3 K 3K, Kg, K 3) '
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