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Abstract
In this Paper, we use modified F-expansion method to construct new exact traveling wave

solutions of nonlinear partial differential equation, The (2+1) — dimensional zoomeron
equation, The obtained solutions include soliton — like solutions, trigonometric function
solutions, rational solutions and exponential solutions.
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1- Introduction

Nonlinear partial differential equations are used
to describe many phenomena in physics and other
domains. The investigation of the exact solutions of
Nonlinear PDE plays an important role in the study
of physical phenomena.

In applied mathematics, it has importance to
obtain and search the exact solutions of these
equations. Therefore, recently, a lot of efficient and
accurate methods to find exact solutions for
Nonlinear PDES submit by many authors includes
the(G' /G) — expansion method [3].
Homogeneous Balance Method [6], Darboux
transformation method [8], the inverse Scattering
method [1], the F-expansion method [9], the sine-
cosine method [7], Jacobi elliptic function [5],
homotopy perturbation method [2] and several
powerful methods which have been employed to
obtain exact solutions.

2 — Description of the Method

Consider a general nonlinear partial differential
equation, with two variables x , t

P(U, U, Usy Unepy Ugy ) =0 .. (2—-1)
Where u = u(x, t) is the solution of (2-1)
Step I: The transformations which are used are as
follows:
u(xy, %z, ..., x,t) =u(6)
6=k + kyxy + -+ kg —At) .. (2-2)
Where k4, k,,...,k; ,Aare  constants to  be
determined Inserting (2-2) into (2-1) change the
NPDE to ODE for u (&)

p(u,%,%,..)=0 ~(2-3)

Step 11: According to the modified F-expansion

method,

u (8) = ao + LI, qiF (5)+ZIL, biF(5)
w(2-4)

Where a,,a;,b; constants to be determined are

F(6) satisfies the following eq. :

F(8) = A+ BF(8) + CF*(8) ..(2-5)

Where A, B and C are constants to be determined.

Integer N can determined by considering the

homogeneous balance between the governing

nonlinear term(s) and highest order derivatives of

V(8) in (2-3).Given different values of A , B and

C , the different Riccati function solution , F (§)

can be obtained from (2-5) (see Table 1).

Step I11: Substitute (2-4) into (2-3) and using (2-

5), and collect coefficients of Fi(§) (i =

—N, ..., N), then set each coefficient to zero.

Equating each coefficient of F(8) to zero yields a

system of algebraic equations for a;( i =

N,...,l,O), bl(l = 1,...,N ),kl(l =

1,..,m) and A.
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Step 1V: Solve the system of algebraic
equation,a;, b; , k; , A can be expressed by A, B, and
C (or the coefficients of ODE (2-3)). Substituting
these results into (2-4), we can obtain the general
form of travelling wave solutions to Eq. (2-3).
StepV: From Table 1, and the general form of
travelling wave Solutions, we can obtained a series
of Soliton — like solutions, trigonometric function
Solutions and rational solutions of Eq.(2-1).

Tablel. Relations between values of A, B, C and
corresponding F (&) in Riccati equation
F(8) = A+ BF(8) + CF%(5)

A B |C F(6)
0 1 |-1 1 1 1

g + gtanh(g 5)
0 101

575 COth(E 6)
1 (O coth(&) + Csch(6)
? ? tanh(8) + i sech(5)
1 0 |-1 tanh(&), coth(6)
1 0 |1 sec (&) + tan(9)
2 2

Csc(8) — cot(d)
—tojo |2 sec (6) — tan(6)
’ ’ Csc(8) + cot(d)
1- [0 |1(-1) tanh § (cotd)
1)
0 0 |#0 -1 . .

517 (n is anarbitrary

Ais|0 |0 Ad
arbit-
rary
cons-
tant
Ais|£00 exp(BS) — A
arbit- —
rary B
const
ant

3-Exact solutions to zoomeron equation
In this section we apply this method to Construct
exact solution of the (2+1)— dimensional zoomeron
equation (see [4])

(m)“ _ (”ﬂ)xx +Que =0 ..3-1)

u u
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Where function u ( X, vy, t) is the amplitude of the
relevant wave  mode. This highly nonlinear
equation play an important role in describing the
evolution of a single Scalar field and is a
convenient model to display the noval phenomena
associated with boomers and trapons. If y=t, the
(2+1) — dimensional zoomeron equation reduces to
its (1+1) — dimensional form which can be regarded
as a sub case of the boomeron equation.
By using the transformation:

u (x,y,t) =u(s) and
S=x+y—At ..(3-2)
Where A is arbitrary constant.
Substituting Eq. (3-2) with Eq. (3-1), the change
will be:
PC)-()-22w?) =0 ..(3-3)

Now integrating (3-3) with respect 2 twice, we
get:
P -Dh-2Au*+ku=0
Where Kk is an integral constant.
Considering the homogeneous balance between
ugs and u® in (3-3),
The Solution to ordinary Eqg. (3-3) can be expressed
be
U(6)=ay+aF(&) +bF 1) ..3-5)
Where ay,a, and b, are  constants to  be
determined. By Substituting (3-5) with (3-3) and
using (2-5) the left — hand side of Eq.(3-5) can be
converted into a finite series in F/(8) (j=
-3,..,3).
Equating each coefficient of F/ (&) to zero yields a
system of algebraic equations for ay, a; , b, and k.
F3:(2-1)2bA%) - 223 =0
F~2: (22 = 1)(3b;AB) — 2A( 3a,bh?) =0
F~1: (A% = 1)(2b,AC + b,B?) — 2A( 3ay2b, +
3a;b?) +kb; =0
F%: (2 = 1)[a,AB + b;BC] —2A(al) + ka,

+ 6aga.b; =0
F: (% —-1[a;B*+ 2a,AC] — 2A[ 3ada,
+3a?b; ]+ ka, =0
F?: (22 —1)(3a,;BC) — 24(3a,a,2) =0
F3: (2 -1)(a,C?) —2M(a;3) =0
..(3-6)

Solving the algebraic equations (3-6), we have the
following solutions of ay, a,, b;and k

Case I:a0=0 a1 = ¢ ‘1_% ab1=
1
A /ﬂ—z

k = —4AC + 22( 4AC — B?)

~(3—4)
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Casell: a, =B /A—%,alzC /a—%
= _1
by =A /,1 2
2

CB
k= (1-2*)(~4AC +—— - 6B%)

2_
Caselll: q, =22=

a]_:C vlz—l,b1=0
* -1
22

k =

(—4A%AC + B?)

The solition - like solutions to

Zoomeron equation:

1)When A=0, B=1, C=-1, from Table 1,

F(5) = § + gtanh(é 5)

By Case I, the exact Solution to equation (3-1) is
given by:

up = = [A-2(1 +tanhGx + 2y —2t)

By Case Il, the exact solutions to equation (3-1) are
given by:

1
u; = - /A—%(l—tanh(;x+%y—%lt))

By Case Ill, the exact solutions to equation (3-1)
are given by:

Vaz-1 ,1-2 1 1 1
Uz = T (T - tanh(zx + Ey - E At))

2) When A=0, B=-1, C=1, from Table 1, F(§) =
~—~coth(;6)

By Case I, the exact solutions to equation (3-1) is
given by

A
By Case Il, the exact solutions to equation (3-1) is
given by

up = - //1 — = (1= cothGx + 2y —2At))

us = = //1—% (1—cothGx + sy — A1)

By Case I, the exact solutions to equation (3-1) is

given by
Jaz-1 -1 1 1 1
Ug = — (T—coth(5x+ 2y = EM)))

3)When A = % ,B=0,C= ;,from Table 1,
F(6) = coth(§) £ Csch(6)

F(5) =tanh(§) £ isech(5)

By Case I, the exact solutions to equation (3-1) is
given by

U, = _71 A —%(coth(x +y —At) + Csch(x +

y —At)

+% A —%(coth(x +y—2At) £ Csch(x+y—
A7,
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Ug = _?1 A—%(tanh(x+y—/1t)iisech(x+
y—At)
+% A—%(tanh(x+ y— At) tisech(x +y—

AL

By Case Il, the exact solutions to equation (3-1) is
given by

Uy = ;m(COth (x+y—At) + Csch(x+
y — A1),

Uy = _?1\/,12 — 1(tanh(x +y — At) + i sech(x +

y —At)

4)When A=1, B=0, C=-1, from Table 1, F(6) =
tanh(6)

F(8) = coth(8)

By Case I, the exact solutions to equation (3-1) is
given by

Uy = — A—%(tanh(x +y—At) +
/,1 — > (tanh(x +y — A) ™
Uy = — l—%(Coth(x+ y—At) +

A== (coth(x +y — At))™"
By Case I, the exact solutions to equation (3-1) is
given by
Uy = — A—%[tanh(x +y—At)—
(tanh(x +y — At))™1]
Uy = —\/T—%[Coth(x +y—-At) -

(Coth(x +y — At))_l]

By Case Ill, the exact solutions to equation (3-1) is
given by

Uz = — A2 — 1(tanh(x + y — At)

U = — VA2 — 1(Coth(x + y — At)

The Trigonometric Function solutions to
Zoomeron equation:
1)When A = % ,B=0,C= % from Table 1,
F(8) = sec (8) + tanh(6)

or F(6) = Csc(8) — cot(9) .
By Case |, the exact solutions to equation (3-1) is
given by

Uyy =% ’A—%[(Sec(x%—y—/lt)+tan(x+y—
)+ (Sec(x +y—At) +tan(x +y — At )71],

1

Uig =3 ’A—%[(Csc(x+y—lt)—Cot(x+y—

At)) + (Csc(x+y—At) — Cot(x +y—At) L.
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By Case IlI, the exact solutions to equation (3-1) is
given by

Ugg = %\/AZ —1(Sec(x+ y —At) +

tan( x +y — At)),

Uyg = %\//12 —1(Csc(x+ y—At) +

Cot( x +y — At)).

2) When A=1, B=0, C=1, from Table1l,

F(6) = tan( 5 )(cot(5))

By Case I, the exact solutions to equation (3-1) is
given by

Uyy = /A—%tan(x+ y —)(Cot(x +y —2A)) +

/,1 —=[tan(x +y — )(Cot(x + y — )]

By Case I, the exact solutions to equation (3-1) is
given by
Uy, = VA2 —1Sec(x+ y — At)(Cot(x +y —
D)

The rational solution to zoomeron

equation:
1) When A=B=0, C # 0, from Table 1, F(§) =

prye (n is an arbitrary constant)

By Case I, an exact solutions to equation (3-1) can
be written as:

-c [a—3

Uzz = C (x—At)+n

By Case Ill, the exact solutions to equation (3-1)
can be written as:

—CVaz -1
Cx—At)+n
2) When A is an arbitrary constant, B=C=0, from
Table 1,F(8) = A8,
By Case Il, the exact solutions to equation (3-1)
can be written as:
=
A

(x—=At)’

Ups =

Ups =
The exponential Solution zoomeron
equation:

When A is an arbitrary constant, B#0,C =
0, from Table 1, F(§) = ZXRED=A

By Case I, the exact solutions to equation (3-1) can
be obtained that:

exp(B(x—At)—A)

Upe = A //1—%( )

By Case Il, the exact solutions to equation (3-1)
can be obtained that:

Uyy = BJA -2+ A\//l - 2 (@B

B
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4- Conclusion

The powerful modified F-expansion method was
employed of the (2+1) — dimensional zoomeron
equation. This method is an efficient way to solve
nonlinear PDES as it is used to solve differential
equations which can be integrated or non-
integrated. By using this method , we have been
able to calculate many new exact solutions for

nonlinear partial differential equation include
soliton-like  solutions, trigonometric  function
solutions, rational solutions and exponential
solutions.
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