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Abstract:
In this paper, we deal with the basic concepts in topology on fuzzy normed algebra, such as the balls open and

balls closed. Next, we study their properties. Furthermore, the concept of derived and closure are discussed.
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1. Introduction spaces was defined first by S.Nanda [11] and

redefined by R.Biswas [12] . Also introduced the

The Theory of Fuzzy sets is introduced
y y apprehensible of fuzzy algebra over fuzzy field was

by Lotfi Zadeh [1], and the fuzzy topology defined first S,Nanda [13] and redefined by Gu and
is defined by Chang [2]. Many Lu [14]. Gu Wenxiang and Lu Tu [15] introduced
mathematicians have tried to extend to the notions of fuzzy vector spaces. In this papers, we

fuzzy set theory the main notations of will present new definitions in topology is called a

topoloai laeb d 3 fuzzy normed algebra over fuzzy field. Moreover,
opologies, algebras and groups see ([3; some of their characteristics are given in this work.
[4]) and others as in ([5]-[6]-[7]-[8]-[9]-[10]) .

The apprehensible of fuzzy fields and fuzzy vector
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2. Preliminaries:

In this section, we will recall some

definitions which are needed in this work.
Definition (2.1): [15]
Let Fbe a field . A fuzzy set S of F is called a
fuzzy field of F. If the subsequent prerequisites are
gratifying :
(1) S(a+ b) = min{S(a),S(b)},
Va,b € F.
(2) S(—a) =S(a),Ya€EF.
(3) S(ab) = min{S(a),S(b)},
Va,b € F .
4) S(a™) =S(a),va(+0) €F.
We dented by (S, F).
Definition (2.2): [15]
Let (S, F) be a fuzzy field in F. A fuzzy set A in a
vector space X over F is called fuzzy vector space in
X and denoted by (4,X).
properties gratifying :
(1) A(a+ b) = min{A(a),A(b)},
Va,b € X.
(2) A(—a) = A(a),Va€eX.
(3) A(aa) = min{S(a),A(a)},
Va€eX,anda € F.

If the subsequent

If S is an usual field then prerequisite (3) above will
be fungible by the subsequent axiom :
A(aa) = A(a),Va € FandVa € X .
Definition (2.3): [14]
Let (S,F) be a fuzzy field in F. A fuzzy set A in
algebra Xover F is called a fuzzy algebra (4, X)over
fuzzy field (S,F). If the subsequent prerequisites
materialized :

(1) A(a + b) = min{A(a), A(b)},

Va,b e X.
(2) A(aa) =min{S(a),A(a)},Va € F
a€X.

and
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(3) A(ab) = min{A(a), A(b)},

VYa,b e X.
(4) S(1) = A(a),Ya€EX.

Definition (2.4): [16]

Let (S,F) be a fuzzy field in F,X be vector space
over F,and let (4,X) be a fuzzy vector space over
(S,F). A norm on (4,X) is a function, [l X —
F gratifying the subsequent prerequisites:

@ SWral)=A(a) foralla€e X .

@2 llall=0 forallae X .

B lla ll=0 ifandonlyifa=0.

@laal=|alllal foralla € F
ande X .

G lla+bl<lal+Ibl

forall a,b € X.

The tuple (4, X, II-1) is called a fuzzy

normed vector space .

3. Fuzzy Normed Algebra

In this section, we will introduced and study the
concept of fuzzy normed algebra

Definition (3.1):

Let(S, F) be a fuzzy field in F,and let A be a fuzzy
set in algebra X over F.(A4,X,|I-Il) is said to be a
fuzzy normed algebra over fuzzy field (S, F) if:

(1) (A4,X) isafuzzy algebra .

(2) IMllisanormon (4, X) .

@ Mabli<lalllblforallabeX.
Definition (3.2):

Let (4,X,1I-l) be a fuzzy normed algebra and for
the open ball 8.(a,) inX of

radius r and amidst at a, is defined by

eacha, €X,0< 1.

Br(ap) ={a€X:lla— aol<T,
Slla— ay 1=z min{A(a),A(ay)}
and closed ball 8, (a,) in X of radius r and amidst at

X, is defined by
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B (ay) ={a€X:la—agl<T,
Slla— ay 1= min{A(a),A(ay)}
Theorem (3.3):
Every open and closed balls in fuzzy normed space
are convex .
Proof:
Let (4, X, I-II) be a fuzzy normed algebra .
(1) Leta,b € B (ap)and0<a <1
Slla—qgyll<r, Ib—agli<r.
We must to prove
aa+ (1—a)b e B.(ay)
aa+ (1 —a)b— a,
=ala— a)) + (1 —a)(b— ay)
laa+ (1 —a)b— agll
=l ala— ag) + (1 —a)(b— ay)
<lallla=—ag Il +1—alllb— agll
<ar+(1-a)r=r.
Inasmuch|l —a|=1—-a,|a] = «a because
a,l—a=>0.
AndSllaa+ (1 —a)b— ag
>A(aa+ (1 —a)b— ay)
= A(ea+ (1 —a)b + (—ay))
> min{A(aa + (1 — a)b), A(— ay)}
> min{A(aa + (1 — a)b),A(ay)}
(since A(—ay) = A(ay))
= aa+ (1 —-a)beB.(ay)
= Br(a,) is aconvex.
(2) Now to prove 5, ( a,) is a convex .
Leta,b € B,(ap)and0 <a <1
Slla—agylI<r, Ib—qgylIST.
We must to prove
aa+ (1 —a)b € B.(ay)
aa+ (1 —a)b—a,
=a(a—ap) + (1 —a)(b—ap)
Il ea(1 —a)b —aq
=lad—ay) +(1—a)(b—ay)ll

<lallla—ag I +|1—a| I b—aqy |
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<ar+(1—-a)r=r.
Inasmuch |1 —a|=1—a,a| =« because
,(1—a>0.
AndS llaa+ (1 —a)b—ag
=>A(aa+ (1 —a)b—ay)
= A(aa+ (1 —a)b + (— ay))
> min{A(aa + (1 — a)b), A(— ay)}
= min{A(aa + (1 — a)b),A(ay)}
(since A(—ay) = A(ay))
= aa+ (1 —a)b € f,(ay)
= B,(a,) is a convex .
Definition (3.4):
Let (4, X, 1) be a fuzzy normed algebra and B ©
X. B is said to be an open set in X if for any a € B
there exists r > 0 such that B.(a) € B. And B is
called a closed set in X if B€ is an open setin X .
Theorem (3.5):
(1) Each open ball will be an open set.
(2) Each closed ball will be a closed set.
Proof:
()Let (A, X, lI-Il) be a fuzzy normed algebra and let
a, € X, r>0 (1) We must to prove B,(ay) is an
open set .
Leta € Br(ag)=lla—ag lI< T
=r—lla—aylI>0.
Butry =r—lla—ayll=nr, >0,
we must to prove g, (ao )< Br(ag ) -
Letb € B, (ap) =l b—all<n
=lb-al<r—lla—agl
=Slb-al+la—al<r.
Inasmuch Il b —aq |l
SIb—al+lla—agll
=lb—ayll<r.
And Sl h—ay =AM —ay)
= min{A(b), A(ay)}
= b € Br(a,)
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B-(ay) is an open set .
(2) We must to prove B, (a,) is a closed set . And let
B = (B, (a0))*
Inasmuch
Brlay) ={a€X:lla—ayl<T,
Slla—ay 1= min{A(a), A(ay)}}
=B={a€X:lla—ayl>r,
Slla—agll< min{A(a),A(ay)}}
letaeB=lla—ayll>r.
Butr, =lla—agll -r=r, >0,
we must to prove g, (a,) € B.
Letb € B,,(ap) =l b—al<mr
>lb—al<lla—ayll -1
Sla-a ll-llb—al>r.
Inasmuch Il a — aq I
<la—=bll+Ib—ayl
=lla—ayll—=llb—all<llb—ayl
=lb—a,ll>r.
And S|l b—aq 1= A —ay)
= min{A(b), A(ay)}.

= b €B = B,(a) cB
= B isan open set .
Hence B¢ = B,.(a,) is a closed set.
Theorem (3.6):
In any a fuzzy normed algebra (4,X,|-I) each
single set is a closed and hence finite set is a closed .
proof:
Let B be asingle set.
Suppose B = {b}, we must to prove B is a closed.
Leta€eB = a+b

=lb—-al>0.
But r=||b—al=1r>0.
Sincellb—al=r
=bepf.(a) = B(@NB=0
= B,.(a) € B = B isan open set
= Bisaclosed set .

Now to prove each finite set is a closed .
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Let C be a finite subset of X if C = @ the proof
ends .

Eitherif = @ .
Suppose € = {c;, ¢y, -, Cp }

inasmuch {c;} is a closed for each

i=1,2,..,n

= C = U~ {c}isaclosedsetinX .

Definition (3.7):

Let (4, X, II-ll) be a fuzzy normed algebraand € X .
(1) The pointa € X is called a limit point to set B if
for every r > 0 there exists

b € B such thata # b and if

la=bl<T,

Slla—>bll=min{A(a),A(b)} . Set all limit point
of set B is called (Derived) of set B and denotes by
B’

B'={a€eX:vr>0,3beB 3b+a,ifla—-D>l
<r,

Slla—>b = min{A(a), A(b)}}.

(2)The point x € X is called a closure point to set
B if for all r > 0 there exist
b€ Bsuchthatlla—-bl<T,
Slla—>b = min{A(a),A(b)}.

elements all point closure of set B is called

The set whose

(Closure) of set B and denotes by B
B={a€X:Vvr>0,3beB
Sla—-bli<r,

Sl a—b lI= min{4(a), A(b)}}.
Theorem (3.8):

Let (A4, X, ) a fuzzy normed algebra and let
B cX.

()B' cB.

(2B=BUB'.
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Proof :
(1)Let a € B' =for all r > 0 there exists
b € B such that b # a and
la=bl<r,Sla->bl=A(a—D>b)
> min{A(a), A(b)}
=for all » > 0 there exists b € B such that b # a
andlla—=»bl<r,
Slla-bll=A(a—b)
> min{A(a), A(b)}
=a€B=PB cB
(2) From (1) we consider that B’ < B. This implies
that U B’ € BuU B. But
BU B =B (since B c B) and hence BU B’ c B.
Conversely, suppose a €B there are two
possibilities
@UfaeB=a€BUB
= B cBUP'
(b) If a & B inasmuch a € B = for all r > 0 there
exists b € B such that b # a and
la-bl<r,Sla->bl=A(a—-b)
> min{A(a),A(b)}
inasmuchb € B=b+a=a€B’
=a€BUB = BcBUB'

Hence B=BUB'.
Theorem (3.9):

Let B convex set in fuzzy normed algebra (4, X, Il

), then B convex set .

Proof :
Let,beB,0<a<1.
We must to prove that
aa+ (1 —a)b € B.
Inasmuch a,b € B = a € B
there exists sequence {a,} in B such that
a, — a

and b € B there exists sequence {b,}
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in B such that b, — b.
Letz, = aa, + (1 — )b, .
Inasmuch a,,, b,, € M for all n
=aa,+(1—a)b, €M
anda, —»a,b, — b
= aa, +(1—a)b, m aa+ (1 —a)b
=aa+(1—-a)b€B
= B is a convex set .
Theorem (3.10):
Let M subalgebra of fuzzy normed algebra (4, X, lIIl
), then M subalgebra in (4, X).
Proof:
Let,bEM andu,B EF .
We must to prove that ua + b € M .
Inasmuch a, b € M = a € M there exists
sequence {a,}in M such that
a, — aand b € M there exists
Sequence {b,,} in MSuch that
b, —b.
Let z, = pa, + Bb, .
Inasmuch a,,, b,, € M for all n
= ua, + fb, €M
anda, — a,b, — b
= pa, + b, — pa+pb.
Hence a + Bb € M, then M subalgebra
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