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for lhc anaJy:;i:; of
thc cyci jc bclr l l l  iol

I)cfinilion: A lN is i lour-tLrplc (P, T, F, W, Mo)
\vllcrc

P -. {pl,  p2, p3, .. . ,  pn} is a sct ofpleccs
T: {11, 12, 13, ---, tm} is a sct of lransit ions
Ic(P x l) !-/(T x l,) is thc sct of arcs from placcs to

lransitions nnd from transitions to places in lhc grirphi
W: I L, O + { l ,  2, 3,.. .} is thc wcight funcl ion on thc aicsl
I ) n ' l  - ( | l l n d P \ - / ' 1 ' + ( ,
i t , f":  i '  -  {0, | ,2,3, . . . . . . .  } is rhc jnit i l l  mirrking.

FUTZY PETRI NET MODEL ANALYSIS USING
PIVOT AND INVARIANT METHOD

Abcd Al-IIamza Mnhdi IInmzn
Uni|ctsity of Kufa, Collcgc ofSciences.

Abstract
In this scarch, pivot, invrriant and fuzzry logic arc uscd

|rzzy Pctri Nct (FPN) modcl, in ordcr to delcct and climinatc
l'hich occurs in thc fuzry Pctri nct modcl

Iicl'rvords: Pivof, Invitrilrnt, fluzry Iogic, Pctri nc(s,

1- Fuzz-y Pctri nct
I)ctri Nct.moalcls havc cmergcd as a vcry pronrising pcrformancc motlliing

tool lbr systcms that cxhibit concurcncy, synchroniz:rt ion, tnd randonrncss. I. jr i :r
scrlrch uscs lctri Nc(s as a modcling lool lor knowlcdgc rcfinemcnt. Ncurill ncl:t r:r.Lt
as lcaming tool, bccnuso lhc wcakncss ofPctri  ncts lcarning capabil i ty.

l'ctri Ncts (or placc-lransition ncls) arc bipirtitc graphs and provi(lc an clcrlrut!
ar( l  malhcmatical ly r igorous modcling framcwork 1_or discrclc cvcnt ( lvna|)ici l l
systcnls []  1. 

' lhcy 
nlxni lnrlatc cvcnts according to ccrLriD rulcs. TIr is scctiun c\i . i i l lns

sonrc of thc nrain conccpts of a Petri Nct and how thoy can bc uscd to nnalyzc sr. ;lcnt
cohcrcncy and coordination [3], [12].

( t . l )

I hc set ofinput (output) placcs oftransitjoD tj:
.t: I(! )= [ pr €1, :(pi,tj ) eF ] J. - O(! ): { pr €p :(rj ,pi) cf }
Similflr notation can bc uscd l(pi),O(pi).

Pictoriaily, placcs are rcprcscntcd by circlcs and transitions by blrs. In:;olltc
rxodels, places rcprcscnt conditions or rcsource in the systctn while trxnsitions ntorlcl
thc activitics in thc systcm, whilc other modcls usc the oppositc rcprcscntalion. l)lilccs
rLnd transilions are conncctcd by arcs. PIaces rcprescnt an,.OR,, situation, rvhcrc ()nly
onc of thc atcs starting fronl it can be activatcd. Transitions rcprcscnt an ,i\ND,,
iituotion. \Vhcn a transition fires, all the atcs starting from thc transitions 8cr
lctivatcd. Figure (1.1) shows a Pctri Nei wilh five placcs and four tmnsitions. ID ris
L']clr i  Nct.P = {p1, p2, p3, p4, p5} is rhe sct ofplaces, and T = {11, t2, t3, r, l}  is ihc scr
cf lr insit ions [4],[1 6],[1 8].



f.0 : r" r:Jl /r :.L.ll ./ 4Frrtrlts ail_j F:lHl ,i JLr d!,b it.!

. i  j . ,  i . t l .

r :lii
. . . . .
.:tt.

' ,, jjriii
'  ,:. .,ri t

. , .t,::

' ' - ' l n ' "
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' ll: ,li:1,,;iin 
'i:r.,;:,,i:,i.,"J':;r"i,,lT,jl:::iil, "il;jllil,:*;i;.;,1,,,, ;

. Irlitcc invaliants a_rc scts ofplaccs, ::; ll ilisl:1.;'Jjiil",*{ril#i.*,i,}i",Iit,tl J :l,il:,.:,;il j.: }t li;:
,,,i.j,il;:il1l.Ul ;;;; ;;;;;:":l"".lii:$:i,,"t:; i::lJil:lt,l:,1::l;11::,il:
.  . .r , , / . , .  r, .  

(t .)

,:: /r, ,iJ thc nct's irtitial nrarking, rvhilc /.Joprcscnts ry subscquclt ruarlixr]1,

.:11:.'i ii:::,:::'J:ilii';li*;"i,li:1]:rt rr'oi d'" po";L'1v *"i1rr";.',"',""i'r'"
..r,,,i,,.a L,y lr" i,,iri,J;;;;il ;;;:'i'" 

consta't at all markinss arrrt this sum is

.r.uu,1". ".io,, ,,.r,i.i, ;;-li.|;"r"";"il:I; fi,l 

'I'hc placc ilrviuia'1s arc dclincd L,r

wllrc .,t is rhc (, x ,r) c.Jmpositc ciaDgr.nrarrix t,1-rhc l,crri lrcl;'ri?n , 0.,",,. nur,!cL ofptarcs aud 'r tlc 'urnbcr ofrraaii,iu," 
"r,1," 

,,",.-lijl ;:";;;ii:ii,;:,,",
)  . . r t , r r  - o n r b i l l J t i u t r  u t  p l r ! ( i j l v i u i u l j t s i s a l - o r l ) l r ( c  r \ r l i . r n t l u r t l r c I l ( r .

I l: :',.,,,.,,.,ll ltJit'iilffi':":i::,;:|"ilii,?,l1i'',li,fi.'"",.1"f tiillilill;l
:::'ir'li "r':::;:li:,1ll:,'.""'ilij|*'itions concsponding r""'r" 

"'Ji,",,tu u,,ury tur". ttr" *rr"-"-ponii,,i oi*i,i"'"t 
cvcr] r,]lcrc cisc 'rltc 

intcccrs dcr ''u

,;,. ,;r,J""J.11,"r.". ffi;il1":;:,,*l,JiJi,li,"#;'f"Tj:'u" ''irial ma,k. ,g

:: 1 :riil'#i,iiffi ii;#,,tl.i"ti1,i,,:it":1l,,:,;::";| .x:,ffi il,iiJl:ii:"lli':1ri rict dcDotcs a clcrc bchavior.
I ' l luc atrd rrcl)sit io:t irrv.rrimrs:uc .

cc thcy a ow for thc ict,s .,,..,"rur" ,'ltl:'tTl 
mcarrs {or rnrlyzi'g Pclri i')ts

rarnrc proccss [7],[0],[13]. 
to oc rnvcstrgutcd ittdcpcndclrtly of ruy
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Anotllcr cclvaltagc ofthc invilriants is that analyscs caJi be pcrformcd on locxl
subDcts lvitltout considcling thc wholc systcnl. I[varialts arc also uscd fof nto(la]
vcrif ical ion n4l,[1l] .

Nct invariant analyses comprise all p.ocesscs wllich aim at thc solution of
systcrrs o[firlal cquations dcrivcd from thc incidcncc nutrix oflhc nct.

. A nct is covcred by placc invariants, ifthcre cxists a p-inviriant Nhich assigrrs ir
posit ivc valuc to cach placc [15], [17]. A nct is covcrcd by trolsit ion jnvarinnts, i l -
thcrc crists a t-inviuiant which assigns a positivc v^luc to cach lransition,

lhc placc or transition itrviuiaits of a nct oic thc intc,tcr solutions of ll)c
ItoDrogcnous syslcm of liucar cquations l1r - 0 or,,l .1, : 0, 1g.;csdvcly, whcfc ,,1 i:j
thc inci( lcncc malrix ofthc nct.'l hc cotnponcnls ofp-iovariants arc intcrprctcd as wcights oi tilc rcspcclivc placc

ll. lhc wcigbtcd amorrnt of tokcns is invariant with rcspcct to firing. .t.hc

componc0t of ?-invariants can bc intcrprctcd as firing numbcrs of lhc rcspcctivc
tfansrrtirision (ncgntivc valucs concsponclto thc rcvcrsc liring).

| ir inq al l  tr ibs;t ions as ntany t imcs as lhcir l i r irrg nulnbcr indicatcs lc: lcls to
tbc sanrc nrerking as bcforc.

l jor lhc nratr ix shorvs bclorv

I 'r l !
t 1
l )
tr
tr
l5

'lhc cDtry -/ nrcurs tlut thc lmnsilion (//) subtracts a tokcn 1;orr flacc Vr,t.'lllc cnlry / trcans, olr thc othcr halld, that liring thc (raosition (, adds x to]icn rrt,,
t l .r lr ' (  c rr)).

.  1\tr ycctor r (nt-vc(tor /]  of intcgcrs is crl lcd a .P-iuvariant (7-invarianl) i f
r t ' t-  (t  (,4" 0). lhc srl  of f ' l iccs (trrnsit ionsr corrc\ l \o Jrnu lL, nol lzcto c lr ics rJr . l
/-ir)vrriiurt,r > 0 f/- ;nvariantl/>0) is callcd rc support ofthc invlriant. A support i:j
said to bc lninilnill, if it cannot bc rcprcscntcd as a lincar conlbir)xLion oi ourrr
jnvrriflnt. 'fllc 

sulport Sup (i) of a f-invariant is tlc sct ofplilccs that hirvc non-zcro
wcigl$ in thc invariants. Thc wcightcd numbcr of tokcns on thc sufport of a 1r-jnvafiturt is constx[t for all rcachablc marking.

3- Pivot Mcthod
Analyzing a Placc-'fransition (PO nct by calculating iis invarinnts is in ntort

cascs mor-c lilnc and spacc efficicnt thrur inspccting thc rcachability sct, sincc thc
complcxitylS],u] ofthis kind ofanalyses dcpcnds only on the rlunlbcr ofplaccs and
transitions rnd not on the sizc ofthc rcachabilily sct.

This scctioll introduces the opcration ofpivoting and ccnsiders svstcr]lj
ofliDcar cqLrations rvhich don't havc unique solutions, [12], [13], [9], and l2l.

Roughly spcaliing, drc Gaussian climination mcthod applicd to a trrirliix
procccds as follows: Consider thc columns onc at a timc, from lcft to right. for clch
colurun usc thc cicmcntafy row opcrations to transform thc appropriatc cnlry to oDc
and lhc rcl]lailring cntrics in the colunn to zelos (thc "appropriatc cntry;s thc fifsl

- 1  1 0  0  0
- l  0  0  0 1
0 - 1  - 1  I  0
0 0 1 - 1  - 1
1 0 0 0 0
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cntry iD thc first column, the sccond cntry in thc sccond column, and so fo(h) . .fhis

i::l::':::^::^:1:r*"ry 
rorv opcrarions pcrformcd for each colunnl, Jr"J 1ri.",i"g.r\;orc plcclsciy:

\ lcthod: To pir ot .r mrlr ix rbout a givcn nonzcro cntry:' l-Transfotur thc given cnrry mro a onc.
2-TraDsform all other cntrics in thc sane
colunlll into zcros.

l,ivoting is thc basis for thc simplcx mcthocl of solvirg lincar progra;;rr ingproblcnrs.

_,,_. -_ 9:u.,iall "lirrination 
mcthod [9] tansforms a systcm of lincar cquntionri intorlal lonal lorm

L  Wr : r r i JowI  l l j . .  l t ) r l r i x  co  cspo rJ in l , t o  t hc  I i l l ca rsys tcn l .

i. ^T;lll l"ll, 
llnt 

.rhc firsr. cr)rry .i rhc first colurmr is nonzcro. Do rtris byl l i :^r . ' [ . luglnJ] thc l l rs l  row \vi l l t  oDc ol  l l tc rorvs bclorv i t .  i I  ccc:s.Lry.
J. Pivot thc matrix about thc first cntry in thc first colunut.

1l:Y..ll:\ ' l::.:,1", 
rhc scco d.clrrry iD thc sccond colurnn is nonzclo. I)o lt,rs byr 'r :cr. ' t l iurgIlU u)c sccon.l row wil l t  .rnc of t lrc rorvs bcluw ir. i Irrccrssrry.

5. I)ivot thc mitrir( about thc sccord cntry in thc sccoDd column.
6. C0 t inuc in t l is manncr.
,l- Writ,J thc c(luations concsponding to drc last Dratrix lca(l;
5 Spcri ly_vrlucs (1. 0) for t lc i .dcpcDdcnt variablcs,:urrl  conrpulc thc dcDcnclcnl
\,ruirt, tcs; t ;of l I  t l lc inv:l f i ints \! ,hich atc obt: l incd l iorD rj i f fcicnt vi l lucs ol l l rc\,;!lialtcs (dcpcndcnt urd inclcpcndcnt); thc obtaiDccl ir[rrrant
l]1lrst satisly-thc lbl lowi g cquation: A. y = 0 {using 1.- lnviLriant} or

A  .  i  0  {us i r r l  l ' - l j r v i r f i j  r t l  y  r r r t l  x  r r c  i nvv i , r r r r s .

I lxaruplc :
ln lhc filrirc (1.2) sho\n bclolv llnd thc scts ofinvlriurts.

tr'igurc (1.2): Iuzzy PctIi nct rnodel nnrlysis
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lroblcm solving stcps:

1-Dcfinc thc trarNposc incidcncc matrix AT

pl p2 pJ pr ps

t r
t7

t{
_ t 5

- 1  l 0  0  0
t - 1  0  0  0
0 - 1  - l  I  0
l 0  0  - 1  1
0 0 1  0  - 1

Stcl) :r  of  usirg pivot ncthods
Stcp; : l'incl an clcnrcnt a (1, l) + 0, iuld usc it as a pivot point;

I l ivot
clcnlcnt

- - r  
- r  o  o  o

1 - 1  0  0 0
0 - 1  - l  r 0
1  0  0  - l  1
{ } 0 1 0 - 1

Stcl).t: Tri slorn illl olhcr cnhic5 in thc samc colunrn illto zcros;
- l  1 0  0 0
0 0 0 0 0
0  - l  - 1  1  0
0 I 0 - t l
0 0 1 0 - l

Slcl)r: R0lcitt stcpt and stcp2 until no other pivot clcmcnt is obtaincd;
- l  1 0  0  0

I i "t_,--+-t_
o o I o _l .\_-.-____ 

rr,o,

- l  0 - 1  1 0
0 - 1  - 1  1  0
0 0 _1 <&_l--_ t)ivor
0 0 1  0  - 1  -  

- - - -

- 1  0  0 1 - 1
0 - 1  0  1 - 1
0 0  - 1  0 1
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St, p,r: Thcrc arc no othcr pivots obtaincd. Now construct thc following cquations:- ) i t  -  x 5  ' l -  ) q  =  0  . . . . . . , . , . . . ( 1 )  r l = x 4 _ x s
- r r -  1 5 - l - x {  =  0  . . . . . . . . . . . . ( 2 )  x 2  -  x { _ x s
_j ,  l - : \ '5  = 0 . . . ' . . . . . . .  (3 )  x r  =  xs

Sl lr5:, l iol low back lrackints by using binarJ logic to givc valucs (0, 1) to indcpcndcntv:r r: lrJr(\ rJ. nj tnd comllr(L v.t luc ofJcncndcnl v3l iJblcs (.r/ .xr,IJJ as fol lo\s:

lli3

0
I
I

Sl,rp6: Irinally thc following thrcc ilvariints arc obtaincd:
r . .  l l  1 0 1 0 1
2 =  l 0  0 l  I  t l
3 .  l -1  -1  r  0  u
. .r. 

'lllc 
corrcctncss of lhcsc invariants crn bc pro t ccl by thc lo llowing cqualiu i r:

I .rorn invariantx:1-l,  i ,  / ,  e I
i i rr ncSirt ivc s;gD donotcs that placc pt aIrdp2 arc on cyclc bchilvior.

l rour thc nct givcn il iigurc (1.2), onc cal lind thc lransitions tvhich arc on cycl(rj as
fol iorv:
I l lcf inc thc i lrcidcncc nralr ix A

Irt
l)r

P{
ljs

1 0
-l -l
0 - 1
0 1
0 0

I
0
t)

I

-t
I
0
0
0

U

I
0

-l

)i1'u:ing pivot rurd invariant ulcthods, thc follorving thrcc invarianfs ffc obtrinLd:
1 -  I l  I  0  0  0 l
: - l l  0 1 1 1 1
3 - 1 2  1  1  I  1 l'i l1c corrcctncss of thcsc invariants can bc provcd by thc followiDg cquation:
r i y = g

|rom ilvariut U1000] and thc matrix l, oDc find from figurc(l.2), rhat (4,
/r) .lrc olr cyclc, such ut frorn thc tuatrixl, I/ is input top? and it is output to27 , 1.7 is
irprrt to p7 and it is out put to p2 (pr ,trfl2,t2,pt).

lrrom invadant U 0l I ll and thc incidcncc matrix / , onc find lrom
fitLrrc(l.2), that (Q tj tr), (rt Jt /r) arc on cyclcs, such that (tr->
Pt '1t112-)lt-)pr)/r) Iorn)s )c cyclc nct for (ta,tLt), (r)pr)tJth)t j21+,a)
roi l r rs lnc cycte nct lor ( / . / , /J, / r) .
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Fuzzy Pctri Nct Modcl Analysis using T-Invariant
Thc incidencc matdx (uansition matrix), idvariant solution for thc rrrodcl

shorvs in fi 1.3) are shown in Fi t.4).

u.r{sJl

t l6: l(1.) P1?r5(5.1

lrD'{lLs)

l i :5R(n.J)

I igurc (1.3): I l 'N nrodcl
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Ir igurc (1,,1): IDci{ lcnl rDttr i l  :rnd iuvrrianl soluti() l l ,

. . , , . . . , .-.1:,"1" 
f igLirc {,1.,1),.on( crn usl imatc lhat tr .u t,  arc o,r cyclc. Thc nrci lrod to.,,r, ' i :rLc cyclL's ls rc i tL!rsLrnc, ' t  uf thrcshold oftral lsi l ions on cyclc. . fhc 

t luc:lroki

i i,.]l:::: ::^:: jlly ll|.*r .ftr/./y bcticfor rhcrcasonidg palh riu,,r rr," o*tu,,,,, ir.1.,r ' ;  I ]r olrr lroposcJ s)slcm lo t lrc srlcclcJ trrursit ion 1tq,,.llris is achicvccl by sc[iDg thc tfucshold lbr tr;rsilion tre lo 0.9.

' l-  Conclusions

, . . . . . . . , . . ' 1 , ' . .  
i Jv l l n t . rgc  o t  . r r r r l l z i r rg  : r  I  uz t y .  pc t r i  NL1  (1 .1 , \ r  Ly  . . . r Jcuh r i r -  r r ;lnvl lrarls rs rn most cascs rnorc t inc ard spac,.: clf iuicnt i l r"n ;,"p""i i , ,8 l t ,"rcr.hxbilily sct, sincc rhc conplcxiry [8] oI rhis kind of anJlyJ. j;;;r;;,";;',, ,, 

".: .:.rLcrufphccsrnLl rriur5irio;s l.1rol'on rl".i." 
" 
ri i," ,""'.i"ujil; ;i 

- '
1Ic major rvcakncss ofpctri ncts is the 

"onrpl"riry 
p,oUilnl,-il"l"t,i u....irlscd rnodcl tcnds 10 bcconc too largc foa analysis.

5- Iauturc Work
1- Dcsigning a rcasoDing modci of fuzzy tin1c pctri Dcls lllat caD ixr( cfizzincss of timc tokcni;
2- Dcsigning lrolcrties oI a fuzzy pctri nct by lvhich you can say that 1l,c nLr

^.. rvill cxhibit limit cyclc for somc rangcs ofiriti"t ilzzi"rr"f iJ.,"'" """ ""
3'Using pivot and invarialt mct.hod jn rhJanaly.i" offrt p;(;i.- rclmr,rl.
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