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ABSTRACT
In this paper, the concept module with Zariski topology have been

investigated .Also, we give some results and some properties of it.
Moreover, some properties of prime fuzzy submodule have been

given which are needed in this research.
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INTRODUCTION

The present paper introduces and studies module with fuzzy Zariski topology.

In section one, some basic definitions and results are recalled which will be
needed later. Several results about prime fuzzy submodules of R-module M and
maximal fuzzy submodules of R-module M are given which are necessary in proving
some resultes in the following sections.

In section two, we introduce the definition about fuzzy spectrum of R-module M
and we give and prove some properties about fuzzy spectrum of R-module M .

Section three is devoted for studying module with fuzzy Zariski topology, where
R-module M is called module with fuzzy Zariski topology, if T is closed under finite
intersection.

Throughout this paper R is commutative ring with unity and M is an unitary R-
module . Finally, A (0) =X (0), for any fuzzy submodule A of fuzzy module X of R-
module M .

S.1 PRELIMINARY:

In this section some basic definitions and resultes which we will be used in the next

section.

Let (R, +,* ) be a commutative ring with identity. A fuzzy subset of R is a function
from R into [0, 1], ([1], [2]).
Let A and B be fuzzy subset of R. We write A c B if A(x) <B(x), forallx e R. IfFAcB
and there exists x € R such that A(x) < B(x), then we write A < B and we say that A is a
proper fuzzy subset of B, [2]. Note that A = B if and only if A(x) = B(x), for all x € R, [1].
Let I be a subset of a set R. The characteristic function of I denoted by X | which define
by X, (X) =1ifx €  and X, (x) =0 otherwise, ([1],[2]).
Let Ar denote the characteristic function of R defined by Ar (X) =1 if x € R and A (X) =
Oifxe R ,([31,[4]).
Let f : R— R' ,A and B be two fuzzy subsets of R and R' respectively ,the fuzzy subset
f(A) of R" defined by : f(A)(y) = sup A(y) if f(y) # 0, ye R" and f(A)(y) = 0, otherwise .It
is called the image of A under f and denoted by f(A) . The fuzzy subset f * (B) of R
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defined by : £ (B)(y) = B(f(x)) ,for all x eR .Is called the inverse image of B and denoted
by f*(B).[2].

Let R, R be any sets and f: R— R' be any function .A fuzzy subset A of R is called f-
invariant if f(x) = f(y) implies A(x) =A(y), where X, y €R, [3].

Foreacht € [0,1], theset Ai={x € R| A(X) >t }is called a level subset of R and the
set A~={x e R|A(X) =A(0) },
and A=Bifandonlyif A =B; forallte [0,1] ([2],[4]).

Letx e Randt € [0, 1], let x; denote the fuzzy subset of R defined by xi(y) =0 if x #y
and x((y) =tif x =y for ally e R. x. is called a fuzzy singleton, [4].

If x; and ys are fuzzy singletons, then x; +ys = (X +y)» and X¢ o ys= (X .Yy , Where
A=min{ts},([1].[4]).

Let IR = {Ai | i € A} be a collection of fuzzy subset of R. Define the fuzzy subset of R
(intersection) by (Nie A A) (X) =inf{Ai(x)|ie A} forallx e R,([2],[4]). Define
the fuzzy subset of R (union) by (Ui e A Aj) (X) =sup{AixX)|i € A}, forall x e R,([ 3]
[41)

Let ¢ denote ¢p(x) = 0 for all x e R, the empty fuzzy subset of R, ([1], [5]).

Note that throughout our work any fuzzy subset is a nonempty fuzzy subset.

Let A and B be a fuzzy subsets of R , the product A-B define by : AoB (x) = sup{
min{A(y), B(z2) }Ix=y-z}y,ze R, forallx e R, [6] .

The addition A + B define by (A + B) (x) = sup {min {A(y),B(2) [ x=y+2z}y,z e R,
forallxe R, [6].
Let A be a fuzzy subset of R, A is called a fuzzy subgroup of R if for all x,y € R, A(X
+y) = min {A(x), A(y)} and A(x) = A (-x), [6].
Let A be a fuzzy subset of R, A'is called a fuzzy ringof Rifforall x,y e R,
A(x—y) = min {A(x), A(y)} and A(x - y) =2 min {A(x), A(y)}, ([5].[6]).

A fuzzy subset A of R is called a fuzzy ideal of R if and only if for all x, ye R, A(X - y)
2 min {A(x), A(y)} and A(x - y) =2 max {A(x), A(y)} , ([51.[6]) -
Let X be a fuzzy ring of R and A be a fuzzy ideal of R such that A < X. Then A is a fuzzy
ideal of the fuzzy ring X [6]. But let X be a fuzzy ring of R and A be a fuzzy subset. A is

3
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called a fuzzy ideal of the fuzzy ring X if A < X (that is A(a) < X(a), for all ae R) , A(b-
c) >min {A(b) , A(c)} and A(bc) >min {A(b),A(c)},for all b ,ce R, [5].And A is a fuzzy
ideal of the fuzzy ring X of R if A(b-c) >min {A(b),A(c)} and A(bc) >min
{max{A(b),A(c)},X(bc )} ,([3].[5]).

Let X be a fuzzy ring of R . A be a fuzzy subset of X is a fuzzy ideal of X if and only if
A: is an ideal of X; ,for all t € [0,A(0)], [5].

Let A be a fuzzy ideal of R. If for all t € [0, A (0)], then A is an ideal of R is an ideal of
R, ([3]. [4D).

Let A and B be two fuzzy set of R ,then : (A U B )(x) = max {A(x) ,B(x) } and (A NB )(x)
=min {A(x) ,B(x) } forallx e R.

In general, if {Ai|i € A} is a family of fuzzy ideals of R. Then ﬂ A is afuzzy ideal of R,

ieA

(151, [61.[71).

Let A and B are fuzzy ideals of R ,then A0 B is a fuzzy ideal of R, [5] .

Let A and B are fuzzy ideals of R, then A N B, A + B are fuzzy ideals of R, ([7],[8] ).
A non empty fuzzy subset A of M is called a fuzzy module of M if and only if for all x, y
€ M, then A(x - y) 2 min {A(x), A(y)} and A (rx) > A(x) and A(0) = 1,(0 is the zero
element of M), [10].
A and B are fuzzy modules of an R-module M , B is called a fuzzy submodule in A if
andonly if Bc A, [10].
Let A be a fuzzy subset of an R-module M . A is a fuzzy submodule of M if and only if
A is a submodule of M, forall t € [0, 1], [11] .

PROPOSITION 1.1 (I8].[9]) :
Let A and B be two fuzzy subsets of R-module M .Then:
1- A°Bc ANB.
2- (A° B){=A¢ B, te [0, 1].
3- (ANB) (= A;N B, te [0, 1].
4- (AUB)=A.UB;y te [0, 1] ,by [6] .
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PROPOSITION 1.2 [5]
Let X:R—[0,1], Y : R—[0,1] are fuzzy rings f : R > R"be homomorphism

between them and A : R — [0,1] a fuzzy ideal of X , B : R'—= [0,1] a fuzzy ideal of Y,
then :

1. f(A)isafuzzyideal of Y.

2. f7(B)is afuzzy ideal of X.

PROPOSITION 1.3 [9]
Let A and B be two fuzzy subsets of R-module M and f is inverse image function

of B .Then:
1-f (AN f(B)=f(ANB). 2-f(A) o T (B)=f(A°B).
3-f(A) = (A). 4-FHA) = FH(A).

We give concepts of a maximal fuzzy ideal and a prime fuzzy ideal . We give some
basic properties of these concepts .
DEFINITION 1.4 [7]:
Let A be a fuzzy ideal of R .Then A is called a maximal fuzzy ideal of R if either
A= g oOr
1- Alis not constant , and
2- For any fuzzy ideals Band C of R ,if BoCc A, theneitherBc A orCcA.
DEFINITION 1.5 971,117 :
Let A be a fuzzy ideal of R .Then A is called a prime fuzzy ideal of R if A(xy) =
A(0) ,then A(x)=A(0) or A(y)=A(0) .
In [12] , the authors explain the suitability of Definition (1.4) ,(1 .5) over the one

which requires A(xy) = max {A(x) ,A(y) }.
DEFINITION1.6 [13]:
Let P be a non constant fuzzy ideal of R . P is said to be a prime fuzzy ideal of R if

and only if for all fuzzy ideals A ,Bof R, AcB c P implieseither AcPorBcP,
[11].
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PROPOSITION 1.7 [14]
Definitions ( 1.5)and (1.6 ) are equivalent .
PROPOSITION 1.8 [15] :
A fuzzy ideal A is a prime ideal if and only if 0; is a maximal fuzzy ideal of A .
PROPOSITION 1.9 [15]
A fuzzy ideal of prime ring is prime fuzzy ideal.
REMARKS and EXAMPIES 1 .10 [15]
1- Every fuzzy ideal of the Z, Z, is a maximal fuzzy ideal if and only if nis a

prime number.
2- Every fuzzy ideal of Q as a Z is a prime fuzzy Z-module.
3- Every fuzzy ideal of the Z , M=Z @ Z is a maximal fuzzy ideal .
PROPOSITION 1.11 [15]
(1) Ais a maximal fuzzy ideal of R if and only if A; is a maximal ideal for all t
[0.A(0)] -
(2) Ais aprime fuzzy ideal of R if and only if A is a prime ideal for all t € [0,A(0)]

PROPOSITION 1 .12 [15] :
Let | be a ideal of R-module M and let A, be the fuzzy ideal of R .Then 1 is a
prime ideal of R if and only if A, is a maximal fuzzy ideal of R .
DEFINITION 1.13 [14]:
Let P be a non constant fuzzy ideal of R . P is said to be an L- prime fuzzy ideal of
R if and only if for all x .,y € R, either P(x y)=max {P(x) ,P(y)}.[8] .
PROPOSITION 1.14 ([11].[12]):
1- P is a prime fuzzy ideal of R if and only if Im(P)={t,1} with0< t<1land P; isa

prime ideal of R .
2- P is an L- prime fuzzy ideal of R if and only if Py is a prime ideal of R ,for all t
€[0,P(0)]
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PROPOSITION 1.15 [15][14]:
Let X be a fuzzy ring of aring Ry and Y be a fuzzy ring of R,. Letf: Ri;— R, be an

epimorphism such that the fuzzy ideal 0, of X is f-invariant. Then Y is a prime fuzzy
ideal , if X is a prime fuzzy ideal .
REMARKS 1.16 [15]

The converse of proposition (1.15) is not true in general, the condition (0, is f-

invariant) is necessary for example:
Let f: Z — 7Z/<8> = Zg defined as: f(a) = a ,f is an epimorphism .
Let X: Z — [0, 1] defined by:

1 ifae2Z

0 otherwise

X (a)={
Thus X is a prime fuzzy ideal . LetY : Zg — [0,1] defined by :

y (a)={ 1 if ae{O,-2,4,6}
0 otherwise
Then Y is not prime fuzzy ideal since 21, 041, c 01 . But41, 2 0;and 23, < F-Ann'Y
since 21 ©21,=41;,  01.
Moreover, note that 0, is not f-invariant since f (8) =f(0) ,but 0, (8) =0, # 0,(0) = 1.
PROPOSITION 1.17 [14] [15]:
Let X be a fuzzy module of R-module M; and A and B be two fuzzy submodules in

X and Y be a fuzzy module of R-module M, and C and D be two fuzzy submodules
inY. Letf: M;— M, be ahomomorphism . Then:
1. f(ANB)= f(A)N f(B) , where fis a monomorphism .
2. frcnp) =t Cc)ynti(D).
PROPOSITION 1.18 [14] [15]
Let X: M —[0,1],Y : M'> [0,1] are fuzzy modules . Let f: M — M’ be

homomorphism between them and A : M — [0,1] a fuzzy submodule in X , B : M'—»
[0,1] a fuzzy submodule in Y, then :
1. f(A)isamaximal fuzzy submodule inY.

2. f7(B) is a maximal fuzzy submodule in X.
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Now we give the concept of the maximal fuzzy module . We give some basic
properties of it .
DEFINITION 1.19 [16] :
A fuzzy module A of a R-module M is called a maximal fuzzy submodule (module)

of an R-module M if and only if A; is maximal module of M, for all t € (0, 1] .
PROPOSITION 1.20 [16] :
Let N be a submodule of R-module M and let Ay be the fuzzy module of M

determined by N . Then N is a maximal submodule of M if and only if Ay is a
maximal fuzzy submodule of M .
PROPOSITION 1.21 [16]

Let A be a maximal fuzzy module of R-module M; and B be a maximal fuzzy

module of R-module M, . Let f: M;— M; be a R-epimorphism . Then :
1) f(A)is a maximal fuzzy submodule of M, if f is f-invariant .
2) ! (B) is a maximal fuzzy submodule of M; .
PROPOSITION 1.22 [16]
Let X be a fuzzy module of R-module M; and Y be a fuzzy module of R-module

M, . Letf: M;— M; be an epimorphism. If O; is amaximal fuzzy submodule in X
, then Y is a maximal fuzzy module , if F-Ann X is a maximal fuzzy module .
REMARKS 1.23 [16]
The proposition (2.7) is not true in general , the condition (0 is maximal fuzzy

module ) is necessary for example:
Letf:Z — 7/ <8> =73 defined as f(x) = x, f is an epimorphism , let X : Z — [0,1]
defined by :

1 ifae2z

. . Thus X is a maximal fuzzy module of Z.
0 otherwise

X (a)={

1 ifa €{0,2,4,6}

AndletY :Z 0,1] defined by : Y (3)= )
e = [0,1] defined by : Y (a) { 0  otherwise

Thus Y is not maximal fuzzy module of Zg. Moreover , 0; is not maximal since
f(8) = f(0) , but 0,(8) = 0,#0,(0)=1.
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PROPOSITION 1.24 [16]
Let A and B are fuzzy ideals of R, then (A:B) is a fuzzy ideal of R .
PROPOSITION 1.25 [16]

Let A be maximal fuzzy submodule of a fuzzy module X of R-module M and let |

be a fuzzy ideal of R such that I (0) =1, then (A:x 1) is a maximal fuzzy module of R-
module M .
S.2 FUZZY SPECTRUM OF MODULES :

We give the basic concept about fuzzy spectrum of modules and we give and prove

new results.
Also, we introduce the definition about fuzzy spectrum of R-module M and we
give and prove some properties about fuzzy spectrum of R .
DEFINITION 2.1

Let R be a ring. The collection of the set of all maximal fuzzy submodules of an R-

module M is called the fuzzy spectrum of an R-module M and denoted by F-spec(R)
.That is : F-spec( R) = { A I Ais a maximal fuzzy submodule of an R-module M } .
REMARKS 2.2
Let R be a ring and M be a module of R .

1. X={A 1 Aisamaximal fuzzy submodule of an R-module M } = F-spec(R), (for
simplicity).

2. The variety of the fuzzy ideal B denoted by V(B ) and it is defined by : V(B )
={A eXIBcA}

3. X (B) =X-V (B), the complement of V (B ) in X .

We shall give in the following some properties of the variety of fuzzy ideals.

PROPOSITION 2 .3 :

Let A and B be two fuzzy submodules of an R-module M .Then:

1. IfAcB thenV(B)cV(A).

2. VA) UV(B)c V(ANB).

3. If{A; 1ie A} is a family of fuzzy submodules of an R-module M , then :
VU{AlieA}D=NV{A lie A}.
4. V(¢)=XandV(XRr)=¢.
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PROOEF:

1. Itiseasy.
2. LetC eV(A)U V(B ). ThenC eV(A)or Cev(B).If C eV(A) ,thenCis a

maximal fuzzy submodule of an R-module M and A cC . But A NB ¢ A, which implies
that A NB =C .Thus Ce V(A NB).

Similarly, If CeV (B), which implies that Ce V(ANB) . Therefore , V(A) UV(B) c
V(A NB).
3. LetC e V(U{Ai 1ie A}).Then U {A; |ie A }c C, where C is a maximal fuzzy
submodule of an R-module M .Thus A; < C ,for all ie A . Implies that CeV (A)), for all
ie A.Therefore C e NV {Ajlie A}.

Similarly ,we prove that N V{A; 1ie A}c V(U{A; Iie A}). Therefore , V(U {A; |
ieAD=NV{A lieAl
4. We must prove that V(¢ )= X, where ¢ is an empty fuzzy set of an R-module M . But
V(o) ={Ae X1 ¢ A} and ¢(x)= 0 < A(x), for all xeR and for all Ae X. Thenpc A
for all Ae X .Therefore V(¢ )= X.

Also ,we must prove that V( X r ) = ¢ ,where X r is a characteristic function of R
defined by Xgr(x) =1 ,forall xe R. ButV(Xgr)= {Ae X | Xrc A}since Ac Xg, for
all Ae X .Therefore, V(Xgr) = ¢.

DEFINITION 2.4 [4]

Let B be a fuzzy set of an R-module M and <B> the intersection of all fuzzy

submodules A of an R-module M such that B ¢ A .Then <B> is called the fuzzy
submodule of R generated by B. Thatis: <B>={ A1 Bc A, Ais a fuzzy submodule of
an R-module M } .
It'sclear that B <B>and ifB<c C,then<B>cC.
PROPOSITION 2 .5 :
Let B be a fuzzy submodule of an R-module M .Then : V(B) = V(<B>) .

10
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PROOF:
We must prove that V(B) ¢ V(<B>) and V(<B>) < V(B) .If C €V(B) ,then C is a
maximal fuzzy submodule of an R-module M and B ¢ C .Thus C €V(<B>) .Since B¢
<B>. Then V(<B>) ¢ V(B) by proposition (2.3(1)) . Therefore V(B) = V(<B>) .
COROLLARY 2.6 J17]:
Let A and B be two fuzzy submodules of an R-module M .Then V(ANB) = V(A) U
V(B).
PROOF:
It's clear by proposition (2.3(4)) .
COROLLARY 2 .7
Let {Ai I ie A} be a family of fuzzy submodule of an R-module M. Then:
Uie A X(Aj)=X(<Uie A A; >).
PROOF:
Uie A X(Ai) =Uie A (X-V(Ai)) =X-Nie A V(A;)) =X-V (Uie A A;), by
proposition (2.3) = X-V(<U ie A A;>), by proposition (25) Uie A X(A;j) = X(<U

ie A A >).
PROPOSITION 2 .8 :
Let A be a fuzzy submodule of an R-module M and B be a maximal fuzzy
submodule of an R-module M. Then B € V(A) if and only if B; € V(Ay) , foreach t
(0.A0)] .

PROOF:
Since A is a fuzzy submodule of an R-module M and B is a maximal fuzzy submodule

of an R-module M , then A is a prime submodule of an R-module M ,for each t €
(0,A(0)] by (proposition (1.11) and proposition (2.3)) .
BeV(A)»AcB
«— A c B¢, foreacht € (0,A(0)] .
— Bie V (Ay), foreacht € (0,A(0)].

11
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PROPOSITION 2 .9

Let I be an ideal of R-module M and J be a prime submodule of an R-module M.Then

J e V() if and only if Q; € V(A)) .where Q; and A, are the fuzzy submodules of an R-
module M determine by | and J respectively .That is :

A (X)=t xe l and A, (X) = s otherwise and Q; (X) =t xe J and Q; (X) = s otherwise
,where t,s € [0,A(0)]andt>s.

PROOF:

IfJ e V(I), then I < J .And Q, is a maximal fuzzy submodule of an R-module M by
proposition (1.11) and proposition (1.12) .We have to show that A, < Q; .

Letx € R, theneitherx e lorx e l. Ifx ¢ I, then A; (X) =tand Q; (X) =t (since I c J).
Ifx ¢ I, theneitherx e Jorx ¢ Jimpliesthat Aj(x) =sand Q; (X) =t and A; (X) =s
and Q; (x) =s. Hence A (x) £Q; (x), for all x € R .Therefore A; < Q,;.Hence Q; € V(A)) .

Conversely, if Q; € V(A)) ,then Ajc Q; . Thus A; (x)<Q; (X),forallx e R.Ifx e I
implies that A; (X) =t =Q; (X) .Hence | ¢ JimpliesthatJ e V (1) .

S.3 A MODULE WITHFUZZY ZARISKI TOPOLOGY :
In ([17] ,[18]),the collection of all V(K) , K is a submodule of an R-module M is

denote by T . M is called a ring with Zariski topology if:

1. Theemptysetand MareinT.

2. T closed under arbitrary intersection.

3. Tisclosed under finite union.

Our concern in this section is to introduce the concept of a ring with fuzzy Zariski
topology.

We put T = {X (B) | B is a fuzzy submodule of an R-module M } ,then each of the
empty fuzzy set and X are belong to T . Also T closed under arbitrary intersection
and T closed under finite union .

However T need not be closed under finite intersection in general . This lead us to

introduce the following definition.

12
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DEFINITION3.1

R-module M is called a module with fuzzy Zariski topology, if T is closed under finite

intersection.
That mean for any fuzzy submodules B and C of an R-module M , there exists a fuzzy
submodule D of an R-module M such that X(B) N X(C) = X(D).

DEFINITION 3.2 [18]

1. Ansubmodule I of R-module M is called semiprime if I is an intersection of prime

submodule.
2. A prime submodule J of R-module M is called extraordinary if whenever | and K
are semiprime submodules of an R-module M with | N K < J, then either | c Jor K
cJ.
In order to get necessary and sufficient conditions for a module to be a module
with fuzzy Zariski topology we introduce the following concepts .
DEFINITION3.3 :

A fuzzy submodule A of an R-module M is called semiprime fuzzy submodule of

an R-module M if A is an intersection of prime fuzzy submodule of an R-module M .
PROPOSITION 3 4

Let A be a fuzzy submodule of an R-module M .Then A is a semiprime fuzzy

submodule if and only if A; is a semiprime submodule of an R-module M, for all t
€(0, A (0)].
PROOF:
If A is a semiprime fuzzy submodule of an R-module M.A = Nie A Aj, where Ai is a
maximal fuzzy submodule of an R-module M, for all ie A.
Since A; = (Nie A A) ¢, for all t €(0,A(0)]. But (N ie A Ai)= N ie A (A ) by
proposition (1.1(3)).
Thus A;= Nie A (Aj)and (A;i)+ is a prime submodule of an R-module M,for all t
€(0,A(0)], then At is a semiprime submodule of an R-module M by definition (3.2) .
Conversely, let t €(0,A(0)] , A; be a semiprime submodule of an R-module M . Then

A: =Nie A (I;), where |; is a prime submodule of an R-module M , for all ie A

13
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Now , for all ie A ,define A;; :R — [0,1] by : Aj X) =tifx e l; and A;; (X) =5
otherwise , wheret,s e [0,1]]andt>s.
Then A,; is a maximal fuzzy submodule of an R-module M , for all ie A by proposition
(1.11).
Clearly A)i = I; ,for all ie A .Therefore A= Nie A (A);):=(Nie A A);)implies that A
=(Nie A Ayi). Hence A is a semiprime fuzzy submodule of an R-module M .
DEFINITION3.5 :

A maximal fuzzy submodule A of R-module M is called extraordinary if whenever

B and C are semiprime fuzzy submodules of an R-module M with B N C < A, then
eitherBc AorCcA.
PROPOSITION 3 .6

Let A be a fuzzy submodule of an R-module M.Then A is an extraordinary fuzzy

submodule of an R-module M if and only if A; is an extraordinary submodule of an
R-module M ,for all t €(0,A(0)] .
PROOF:

If Ais a extraordinary fuzzy ideal of R . Let for all t €(0,A(0)] , suppose that I NJ <
A: ,where | and J are semiprime ideal of R .Let s, k €[0,A(0)] with s #k, s <k and k
<t.

Define A;:R — [0,1] and Aj:R — [0,1] by : A} (X)=tifx el and A; (X) =5
otherwise and A; (x) =tifx € J and A; (X) = k otherwise .

Then A, and A; are fuzzy submodules of an R-module M .Clearly (A)) (=1 and (A;)
+=J . Therefore (A;) tand (A;) ; are semiprime submodules of an R-module M and by
proposition (3.4) implies that A, and A; are semiprime fuzzy submodules of an R-
module M.

Now, (A))+N (Ay)t < A:¢. Hence (AjN Ay) ¢ < A¢ by proposition (1.1(3)) . Therefore
AN A; < A .Since A is a extraordinary fuzzy submodule of an R-module M , then
A c Aor A;c A. Hence (A) i< At or (A;) : < At which completes the proof.

Conversely, let A be a maximal fuzzy submodule of an R-module M such that A is

an extraordinary submodule of an R-module M,for all t €(0,A(0)] .

14
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Suppose that B N C c A, where B and C are semiprime fuzzy submodule of an R-
module M . (BN C); < A implies that B;N C; < A by proposition (1.1(3)) . And

according to proposition (3.4) , B and C are semiprime submodules of an R-module

M and since A; is an extraordinary submodule of an R-module M ,for all t €(0,A(0)]

by hypothesis .
Then either B; c Ator Cic A;. Hence B Aor C c A by ([8].[9]) .

Thus A is a extraordinary fuzzy submodule of an R-module M .

DEFINITION3 .7 :

Let A be a fuzzy submodule of an R-module M. The prime radical fuzzy of A

denoted by F-rad (A) is the intersection of all maximal fuzzy submodules of an R-

module M which contains A.
PROPOSITION 3 .8

If A and B are fuzzy submodules of an R-module M, then :

1.

PROOEF:

=

Ac F-rad (A).

2. F-rad (A) is a semiprime fuzzy submodule of an R-module M .
3.
4. V(A)cV (B) ifand only if F-rad (B) c F-rad (A).

V (A) = V (F-rad (A)).

It's obvious.

Since F-rad (A) is the intersection of all maximal fuzzy submodules of an R-
module M which contains A .Then F-rad (A) is a semiprime fuzzy submodule
of an R-module M, by definition (3.3) .

LetB € V (A), then B is a maximal fuzzy submodule of an R-module M and A
< B implies that F-rad (A) < B by definition (3.3) . Thus B € V (F-rad (A) ) ---
-(1) .

Now, let B € V(F-rad (A) ), then B is a maximal fuzzy submodule of an R-module
M and F-rad (A) < B . Since Ac F-rad (A) by part(1),then AcB.ThusBe V
(A) . Therefore V (F-rad (A) ) c V (A) ---(2).

From (1) and (2) , we have V(A) = V(F-rad (A) ).

15
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4. Suppose V (A) < V(B), then N{C IC € V(B)} = N{C IC € V(A)}. But F-rad (A)
=N{C IC € V(A)} and F-rad (B) = N{C IC € V(B)}. Thus (F-rad (B)) < (F-rad
(A)) .

Conversely, Since F-rad (B) < F-rad (A), then V(F-rad (A)) < V(F-rad (B)) by

proposition (2.3(1)) . Therefore V (A) c V (B) by part (3) .

THEOREM 3.9

Let R be a ring and M be a module of R . Then the following statements are

equivalent:

1. Mis a module with fuzzy Zariski topology.

2. Every prime fuzzy submodule of an R-module M is a fuzzy extraordinary.

3. V(A UV (B) =V (A NB) for any semiprime fuzzy submodules A and B of an

R-module M .
PROOF:

(1)— (2), let C be a maximal fuzzy submodule of an R-module M and A and B be
two semiprime fuzzy submodules of an R-module M such that A N B < C . Then by
(1) ,there exists a fuzzy submodule D of an R-module M such that V(A) U V(B) =
V(D) . Since A is a semiprime fuzzy submodule of an R-module M, then A = N ie A
A, for some {A; |ie A} of prime fuzzy submodule of an R-module M by definition
(3.3).

Now, for allie A, Aj e V(A) < V(D). SothatD c Ajforallie A. ThusDc Nie A
Ai=A

Similarly, D ¢ B. Thus D ¢ A N B. Therefore V(A N B) < V(D) by proposition (2.3
(1)) .Since V(A) U V(B) < V(A NB) , hence V(A) U V(B) < V(A NB) ) ¢ V(D) = V(A)
U V(B) . Therefore V(A) U V(B) = V(A NB) . But C is a maximal fuzzy submodule of
an R-module M containing A N B therefore C € V (A NB) =V (A) U V(B) . Hence
either C € V (A) or C € V (B). That is, either A ¢ C or B ¢ C . Hence the result
follows .

(2) — (3), let A and B be two semiprime fuzzy submodules of an R-module M .
Clearly V(A) U V(B) < V(A NB) by proposition (2.3 (2)) .To prove V(A NB) c V(A) U

16
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V(B) .Let C € V(A NB) , then C is a maximal fuzzy submodule of an R-module M
and (A NB) ¢ C . By (2) ,C is extraordinary fuzzy . Hence either A c C or B ¢ C.
That is either C € V(A) or C € V(B) . Therefore, C € V (A) U V(B) which implies (3) .

(3) —» (1), let A and B be two fuzzy submodules of an R-module M. Then F-rad (A)
and F-rad (B) are semiprime fuzzy submodules of an R-module M by proposition (3.8
(2)) and V(A) U V(B) = V(F-rad (A)) U V(F-rad (B)) by proposition (3.8 (3)) = V[(F-
rad (A)) N (F-rad (B))] by (3) which proves (1) .

PROPOSITION 3 .10

Let M; and M be two modules of R and f be a homomorphism from M; to M, .

If A is a semiprime fuzzy submodule of an R-module M , , then ™ (A) isa

semiprime fuzzy submodule of an R-module M ; .

PROOF:

Since A is a fuzzy submodule of an R-module M , , then ™ (A) is a fuzzy
submodule of an R-module M ; by proposition (1.2 ) .And since A is a semiprime
fuzzy submodule of an R-module M ;, , then A =Nie A A;, where A; is a maximal
fuzzy submodule of an R-module M ,, for all ie A .
fr (A =f! (NieA A) =Nie A (f* A) by proposition (1.17) . Butf * (A) is a
maximal fuzzy submodule of an R-module M , , for all ie A ,by proposition ( 1.18 ).

Therefore, f * (A) is a semiprime fuzzy submodule of an R-module M ; .

COROLLARY 3 .11

Any homomorphism image of a module with fuzzy Zariski topology is a module

with fuzzy Zariski topology.

PROOF:
Let f : M;— M, be a homomorphism image such that M; is a module with fuzzy
Zariski topology . We have to prove that f(M;) is a module with fuzzy Zariski
topology.

17
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Let A be a maximal fuzzy submodule of f(M;) and B, C be two semiprime fuzzy
submodules of f(M; ) such that BNC c A..

Now, f*(B)NfC)=f* (BNC)cf(A) by proposition (1.3,(2)) . By proposition
(1.18), f * (A) is a maximal fuzzy submodule of an R-module M ;. And by proposition
(3.10) , f * (B) and f (C) are two semiprime fuzzy submodule of an R-module M ; .
Therefore, f * (B) = f * (A) or f * (C) = f * (A) since Ry is a module with fuzzy Zariski
topology.

Then B < A or C < A by [19] ,which proves that f(M;) is a module with fuzzy Zariski
topology by proposition (3.9) .

PROPOSITION 3 .12
Let | be a submodule of an R-module M. Then | is a semiprime i submodule of an

R-module M if and only if A, is a semiprime fuzzy submodule of an R-module M.

PROOF:
Since | is a submodule of an R-module M, then I = N ie A I;, where |; is a prime

submodule of an R-module M , for all ie A by definition (3.2) . Since A,; is a fuzzy
submodule of an R-module M , for all ie A by proposition (1.12) . Note that:
Nie A Aji(xX)=inf{Aji(x)|ie A },foreachx e R .

t if xeli
= ) ,forsomeie A
s otherwise
t iIf xe ﬂ li
= ieA
s otherwise
= A (X).

Therefore, A, is a semiprime fuzzy submodule of an R-module M.

Conversely, if A, is a semiprime fuzzy submodule of an R-module M, then A, =N ie
A Aj, where A; is a maximal fuzzy submodule of an R-module M for each ie A .
Therefore (Aj): is a prime submodule of an R-module M for each ie A with te(0,A(0)]
by proposition (1.11) . We claim that :

18
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I=Nie A(A)=(Nie A A= (A):. Thus I is a semiprime submodule of an R-

module M.

THEOREM 3 .13
Let R be a ring and M be module of R . Then the following statements are

equivalent:
(1) M is a module with Zariski topology.
(2) M is a module with fuzzy Zariski topology.
PROOF:

(1)— (2), let A and B be two semiprime fuzzy submodules of an R-module M. Then A;
and B; are semiprime submodules of an R-module M , for each te(0,A(0)] by
proposition (3.4). By (1) , M is a module with Zariski topology , therefore V(A ) U V(B+)
=V(A: NBy) by [18] .But AN B =(A; NB), for each te(0,A(0)] by proposition (1.1(4))
.Hence V(A U V(B =V(A: NBy)---(*)
We have to prove that V (A) UV (B) =V (A NB). Let C € V (A) UV (B), then C €V (A)
or C eV (B).

Therefore, Ct eV (A or C; eV (By)., for each t €(0, A (0)] by proposition (2.8) .
Thus, Ci eV (Ay) UV (By)., for each t €(0, A (0)] implies that, C; eV (ANB);, for each
te(©, A©O)]by (*).,Hence CeV (ANB), (1.1(3)) . Therefore V(A) UV B)c V (A
NB).

Similarly, we prove that V(A NB)c V (A) UV (B) .

Hence V (A) U V (B) =V (A NB) which implies that M is a module with fuzzy Zariski
topology.
(2)— (1), let I and J be two semiprime submodules of an R-module M, we have to prove
that VUV @)=V A NJ) .

Let A;and B; be the fuzzy submodules of an R-module M determined by I and J

respectively , such that :

t if xel g t if xeld
A=Y ¢ otherwise and Ba=) ¢ otherwise
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, foreach t,s €[0,A(0)] andt>s.
By proposition (3.12),A, and B; are semiprime fuzzy submodules of an R-module M .
Now , if C eV (I) UV (J), then C is a prime submodule of an R-module M and C €V
(DorCeVv(@).

Let Qc be a fuzzy submodule of an R-module M determined by C, then Qc is a
maximal fuzzy submodule of an R-module M by proposition (1.12) and according to
proposition (2.9), Qc eV (A)) or Qc €V (B ) .

Thatis Qc eV (A) UV (By) =V (At N By) by proposition (3.9) .Note that:
t if xelNJ
(A NB)6x) = { s otherwise
Which means (A; NB;) = (A NB )iny .Therefore Qc (A NB )iny and by proposition (3.
8), we get that CeV (INJ ). Hence V(D UV (J) = V (I N J).
Similarly, we prove that VI NJH) cV (1) UV (J).
Hence V (I) U V (J) =V (I NJ) which implies that M is a module with Zariski topology

by [18] .

COROLLARY 3 .14
Let M be a multiplication module .Then M is a module with fuzzy Zariski
topology .
PROOF:
Since M a multiplication ring . Then M is a module with Zariski topology by

([18],[20]) -
Therefore, M is a module with fuzzy Zariski topology by proposition(3.13) .

COROLLARY 3 .15

Every cyclic ring is a module with fuzzy Zariski topology.

PROOEF:

It's clearly.
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COROLLARY 3 .16

If M is a finitely generated module .Then M is a module with fuzzy Zariski

topology if and only if for all prime submodule 1,J and K of an R-module M with INJ
cKeitherlcKorJcK.
PROOF:

Let M be a module with fuzzy Zariski topology. Then M be a module with Zariski
topology by theorem (3.13) .

Let I ,J and K are prime submodules of an R-module M such that INJ c K either | ¢
KorJc Kby [18].

Conversely, let I, J and K are prime submodules of an R-module M with INJ ¢ K
either | ¢ Kor J c K. Then M is a module with Zariski topology by [19]. Therefore M
be a module with fuzzy Zariski topology by theorem (3.13).

COROLLARY 3 .17
If M is any finitely generated module such that every prime submodule of an R-

module M is irreducible, then M is a module with fuzzy Zariski topology.
PROOEF:

It's clearly.
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