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Abstract.

This paper presents a branch and bound algorithm for sequencing a set of jobs on a single
machine scheduling with the objective of minimizing total cost of flow time and number of
tardy jobs, when the jobs may have unequal ready times. Lower bound; efficient solutions,
dominance rules for this problem and a computational experience will also be included.

Computational experience with instances having up to 40 jobs shows that the lower bound
is effective in restricting the search.
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1. Introduction:

The problem of sequencing n jobs on one machine under different assumptions and

multiple criteria are considered extensively. The objective function to be minimized consists of

two criteria with unequal ready times: sum of flow time denoted by Z F, plus total number of
late jobs denote byZui . We assume that the two criteria have the same importance. Denote
this problem by 1/r, /> (F, +u;).

Problem 1/r, :OIZFi is well known and can polynomially solved (Smith 1956). For

1/, /Z F. problem was shown NP-complete by Lenstra et al. (1977)[8]. Mason and Anderson

(1991)[10] examine the static sequencing problem of ordering the processing of jobs on a single
machine so as to minimized the average weighted flow time. It was assumed that all job had
zero ready times, and that the jobs are grouped into classes. Kellerer et al. [6] provide an

approximation algorithm for the correspondingl/r, /ZFi problem, with a ratio guarantee of
O(\/ﬁ). Zghair (2000) [15] used un efficient branch and bound technique with a suitable lower
bound and proved some dominance rules for 1/r, /ZFi problem

For 1/, /Zui problem has been shown NP-hard [2]. Several special cases yield

polynomial algorithm. The 1//2ui problem can be solved in O(n log n) steps by using Moor's

algorithm [11]. Peter and Mikhail (1996) [12] studied the single machine scheduling problem to
minimize the weighted number of late jobs. Shao and Milan (2003) [13] considered a single
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machine scheduling to minimize the number of late jobs under uncertainty. They proposed a
rather general model based on an algebraic approach. Greogorio et al. (2004) [5] used a
scheduling techniques to minimize the number of late jobs in workflow systems by
organizations to control and improve business processes. Their work present some of the
problems of using scheduling results in ordering cases in a workflow and tackles two of them:
the uncertainties on the cases, processing times and routing. Marjan and Han (2008) [9],
present a new model to deal with the stochastic completion times, which is based on using a
chance constraint to define whether a job is on time or late. They have studied minimizing the

number of late jobs problem for four classes of stochastic processing times. The

1/, /Zui problem can be solved if there are agreeable due dates (i.e. there is a renumbering of

thejobsothat r, <r,,and d, <d., (i=12, ...,n-1)in O(n?) steps by Kise et al. [7].

For the composite criteria, Emmons (1975) [4] considered a multiple criteria, in which the
primary criterion is to minimize the number of tardy jobs while the secondary criterion is to
minimize the sum of completion times. The computational experiments he carried out indicated
that the additional computational effort to continue to optimality to be remarkably little. Van
Wassenhove and Luda (1980) [14] consider the problem of single machine schedule to
minimized the flow jobs and maximum tardiness. Abdul-Razaq and zghair [1] considered the
total cost of completion time and the number of tardy jobs. They assumed that all jobs
available for processing at time zero (i.e. ri=0 for each job), and they solved the problem with
up to 20 jobs.

In this paper we extend the work in [1] and [4]. The aim in this study is to minimize the
total cost of flow time and number of tardy jobs with unequal release dates, that is we assume

that the jobs are available for processing with difference times(i. e. r, = 0). Then our problem is

strongly NP-hard, since the 1/ /Z(Ci +u;)problem NP-hard [1, 4].

2. Problem Formulation

To state our scheduling problem more precisely, we are given a set N of jobs, N={1, 2,
..., n}is to be processed one job at the time, on a single machine. For each job i, the processing

time p; , the due date d; and the ready time r; are given. For a given processing order of jobs the
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completion time C;, for job i, (i € N) be computed. The objective is to find a processing order

of the jobs that minimizes the sum of the total cost of flow time Z F, and the number of tardy

jobs > u; , with release dates. This is denoted by 1/r, /) (F, +u,).

Let o : the set of permutation schedules (o] =n1).
0 : a permutation schedule, (6 e o)
F, : the flow time of job i, (i € 9).
C(0) : the total completion times of schedule &, (C(5) = Zci )

ied

F(5)): the total flow times of schedule ¢, (F(0) = Z F)

ied

U (5) : No. of tardy jobs of schedule s, (U (o) = Zui ).

ied

Where C,=r,+p,, C;=max{C_,, r}+p,,i=2..,n

F=C —r
{1 if C, >d
u, =
0 0. W.

Then the objective is to find a schedule 6 of the jobs (6 €o) that minimize total

costZ(o), where:
Z(0)=F(0)+U(9)

The mathematical form of our problem can be formally stated as:

Min{Z (o) } J
Subject to:

Ci=p ®)
p,,r,andd, >0/ P

For define such a sequence more precisely.
A sequence & € o isoptimal in problem (p) if there no sequence & € o such that:

Z(0)<Z(5)

Similarly, we say that a sequence 0 ; dominates a sequence 0 , when, Z(0)) < Z(562).

4
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3. Dominance Theorems.

If it can be shown that an optimal solution can always be generated without branching
from a particular node of the search tree, then that node is dominated and can be eliminated.
Dominance rules usually specify whether a node can be eliminated before its lower bound is
calculated. Clearly, dominance rules are particularly useful when a node can be eliminated
which has a lower bound that is less than the optimum solution [15].

Theorem (3-1)

For problem (p). If r; <r; ,p; <p; and d; =d; then i < j in optimal solution.

Proof:

Let 7 be a sequence of jobs in which the job i preceds job j, r, <r; p; <p; and d; =d;. Let

T be a completion time of job (i—1) in . Let z’ be a sequence has the same jobs order of =
except the job j precedind job i. There are three cases:
Casel: ri<rj < T
Let a=rj- ry and b=T-r;
(Fi+F); e, =a+2b+2pi+pj, (Fi+Fy), ;.. =a+2b+2 p; + pi

i, jer'
Fi+Fijer -(Fi+F)ijer =PFPi <0 ...u(1)

if job ie 7 is late, then job j ez is late and i, j € ' are late, then (1) is hold. If job ie 7 is
early and je x is late, that is, u; =1. If jobs i, je = are early, then j,iez’ are early also. So
(1) is satisfied.

Case2: r,<T<r,

Q) if T+p;>r;, then

(F, +FJ. )Ue” =a+p; +p;+c, (F, +Fj)i,je;z’ =a+b+p, +2pj

Where a=T-r,b=r-Tand c=T+p, —r;

(Fi+F )i (F+F)ijer =c=(pi+b) <0 ... ()

If job i ez is late then, job jex islateand i, je 7' are late also. In 7 ifiisearly and
j is late, then in 7z’ job j is either early or late and job i is late and (2) is hold. If i,je = are

early, then je ' isearly, i e 7' iseither early or late and (2) is hold.
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(i) if r; 2T + p;, then

(F +F )i,je;r-(Fi +Fj)i,je7r' = _(pj +b), where b= r (T +p).

In 7 if job i is late then job jis late and i, je ' are late. If job i € 7 is
early and job j ez is late, then jobs i, je " are late. If i, je z areearly,

then je ' isearly and i e ' either early or late.

Case 3
T<r<r,
Q) if b>p;, b=r;,—r,then
(F +Fj )i,je;r- (F +Fj)i,je;r' :_(pj +b)<0
Q) if b<p, ,then
(F +Fj )i,jezr- (F +Fj)i,jezz’ = P _(pj +2b)<0

Since p;,p;, 1, andr; integers and u; €{0,1}, then the theorem is hold.00 0

Theorem (3.2)

Let 6, be a partial schedule, k= N, for i,jek=N-k and C :C(5k):2ik:lci, if

C, <r;, then (5,,i) dominates (5, j) .
Proof:

Dessouky and Deogun [3] showed that if C, <r;, then (6,,i) dominates (o,,]) for
1/ri/12Fi problem.

n
Since C; <r;, then there exist the idle time (i. e. the machine will be waited until receive the job
J; we denoted by |;) in the case (6, j), I; > p;(because C, <r;. So (J,,i) dominates (o, j), for

1/, /Z:(Fi +Uu;) problem.[]

Theorem (3.3)

Let o, be a partial sequence, k = N, for i, jeE and C=C(o,) = Z:;Ci, ifC>r;, C=r,

and p;<p; ,then job i precedes job j (i.e. i < j).
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Proof:

Zghair [15] showes that i< j for the 1/r, /Z F. problem under the same conditions, since
pi<P; and u;e{0,1}.So i< j for 1/r, /> (F +u;).0

Theorem (3.4)

If for two adjacent jobs i and j, (i,je N) we have p, <p; and r, <r;, then we only
conceder schedule in which i< j.
Proof:

A proof by the method of adjacent pair wise interchange is analogous to the proof of
theorem (3.3).010J

Let I;, Idenote to idle times of jobs i and j respectively then we can state the following
result.
Theorem (3.5)

If 5, be a partial sequence, k = N , for i, je k, such that I; < I; and
ri+pi <rj+pj. Then i< j inoptimal schedule.
Proof:

With the same conditions [15], shows that i < j for problem1/r, /Z F. . Existence the idle
times I and 1; means that r;>C (6,) and r;>C(J,). Since I, <1;,and r, <r;, Hencein (&, ])
the job i is waited. Let a; be denote to the wait i, since a, >1 and the number of late jobs is the

same in (o,,1)and(d,,]),then i<jinl/r /Z(Fi +U;) problem. ]

4. Optimal Solution:

In this section we shall gives optimal solutions for our problem (p) when the data of
problem satisfy some conditions.

Theorem (4.1)
For 1/r,/) (F, +u;) problem:

If r=r and d, =d, forevery i e N. Then SPT rule give an optimal solution.
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Proof:

Let 7 =(o,i, j,o") be a schedule where o, o' are tow partial schedules and i, j are tow jobs
withp, < p,. Let z'=(o,} i,0") be another schedule has the same job's order as in 7 except

the jobs i and j, and let T be a completion time of jobs in subschedule o .
Let G, =F +U,

First: if r<T,thenleta=T-r

(M if d<T+P, we have

> .G =2a+2p;+p; +2 (iand j are late)

> »Gi =2a+p; +2p; +2 (iand j are late)

Zi,jezzGi _Zi,jEﬂ"Gi - pi - p] <O

) if T+p, <d<T+p;,then
Zi,je;r _ZIJEH i pJ -1<0
(m if T+p; <d<T+p; +p;, then

Zi,jen i _leeﬂ' i pl <0

(1IV) if T+p; +p;<d, then the jobsiand j are early in

T and 7', the theorem is hold.
Second: if r >T, then in the same way above we show that the theorem is true (integral) by
puttingg a=0 and t=r. So SPT rule gives an optimal solution for

probleml/r, =r, d;=d/> (F +u;).0

Theorem (4.2)

Moor s algorithm (MA) gives an optimal solution for problem 1/r, =r, p,= p/Z(Fi +u,).

Proof:
Since all jobs have constant release date r and constant processing time p. Then any

sequence give minimum sum of flow time, and

>R = —nr, where Cizzjzlpjzip, i=1,2,...,n
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Then the minimum of objective function depend only on Zui , but MA gives minimum for
Zui [11]. So MA gives an optimal solution for problem 1/r, =r, p,= p/Z(Fi +u,).0

Let ERD be denoted to the earless release dates rule, according to this rule, jobs are

sequenced from beginning to end on the basis of an ascending order of their ready time.

Theorem (4.3)

If foralljobieN, p, =p andd, =d” , Then ERD schedule gives an optimal solution for

problem (p).
Proof:

A proof by the method of adjacent pair wise interchange is analogous to the proof of
theorem (3.1). [

5. Branch and Bound Algorithm:

We now give the main feature of our branch and bound algorithm and its
implementation. Prior to their application, the ERD schedule as a heuristic is used to generate
an upper bound on the total cost of an optimal schedule. Also, at the root node of the search
tree an initial lower bound on the total cost of an optimal schedule is obtained by modify the
lower bound in [1].

Lower Bound:

Let S1=Y"" C, which is obtained by SPT rule and S2=Y"" u, which is obtained by
Moor's Algorithm. Abdul-Razaq and Zghair [1] prove that _Z1=S1+S2 is a lower bound for
1/r, =0/ (C; +u;) problem.

Since problem 1/r, = O/Z(Ci +uU;) is a spatial case of our problem P, then Z = Zl—Zri is a
lower bound for problem (P) because F, =C, —r, , but this lower bound is a weak. To modify it,
we shall use the relaxation method as follow:

Relaxed the release date by assumed that all jobs have the same release dater’,

wherer” = min{r.}, and problem P reduce tol/r, =r" /Z(Fi +u;), and

LB =nr"+Z isa lower bound of the original problem (P).

9
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Our algorithm uses a forward sequencing branching rule, for which nodes at level L of
the search tree correspond to initial partial sequences in which jobs are sequenced in the first L
positions. Before the branching we see that: if the data of problem satisfied the conditions of
any theorem in section (4), then this problem has an optimal solution and not need to branch in
search tree of the branch and bound method. If the lower bound LB equals the upper bound
UB, then UB is optimal solution and not need to branch. If not equals the following attempt is
made to eliminate nodes which are based on (i) the dominance theorems which are stated in
section (3) are applied from level one. (ii) from the second level the dominance theorem of
dynamic programming is applied, an adjacent jobs interchange to compare the total cost for
the two jobs most recently added to the final partial sequence with corresponding total cost
when these two jobs are interchanged in position: if the former total cost is larger than the
later, then the current node is eliminated, while if both total cost are same, some convention is
used to decide whether the current node should be discarded.
For all nodes that remain after the dominance tests are applied, a lower bound is
computed. If the lower bound for any node grater than or equal to smallest of the previously
generated upper bounds, then the node is discarded.

6. Computational experience:

In this section, we report results of computational tests to assess the effectiveness of the
branch and bound algorithm. Algorithm was coded in Fortran Power Stations(FORTRAN 90)
and runs on Pentium IV HP. Compag Computer with a 2.8 GHz processed and 256 Mb of
RAM memories. Whenever a problem remained unsolved with in time limit of 100 seconds,
computation was abandoned for that problem.

Test problems with 5, 10, 15, 20, 25, 30, 35 and 40 jobs were generated as fallows. For
each job ieN, an integer processing time p; was generated from the uniform distribution [1,
10]. An integer den date d; was generated for each job i in the same way as those of [1]. And an
integer ready time r; was generated for each i from the uniform distribution [0, PR], where P

=> P andRe{0.2,05,0.81.1}.

n
i=1

10



Journal of Thi-Qar University number2 Vol.6 March/2011

Twenty problems were generated for each value of n, results comparing the initial lower
bound(LB), and upper bound (UB) with the optimal solution on the total cost for n=35 are
given in table 1. Average computation times in second are given in table 2.

Table 1 gives the result of computations at the root node of the search tree for the 35 jobs
test problem. One lower and upper bounds are given for each for each problem, together with
the optimal solution value. We observe from table 1 that the lower and upper bounds were
deviations from the optimum are very small for the other problems.

We observe from table 2 that problems with (5, 10, 15 and 20) jobs are solved satisfactory,

average computation times and numbers of nodes become large for n=25, 30, 35 and 40 with
one problem not solve for 30 and 35 jobs and two problems not solve for n=40.
Also table 2 shows average computation times, number of unsolved problems and the numbers
of solved problems that require not more than 200 nodes, that require over 200 nodes and not
more than 500 nodes, that require over 500 and not more 1000 nodes and that require over
1000 nodes.

Table (1)
Compare the lower bound and upper bound with optimal solution for n= 35.
No. LB UB Opt
1 1944 2632 1977
2 2558 3392 2589
3 1921 2725 1951
4 1919 2933 2020
5) 2036 3254 2111
6 2213 3348 2334
7 1718 2880 1841
8 1887 3210 1946
9 1766 2423 1808
10 2065 2655 2111
11 2025 2905 2109
12 1809 2732 1849
13 1886 2537 2013

11
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14 2267 2890 2347
15 1629 2466 1665
16 1892 2769 1965
17 1954 2862 2034
18 2037 2423 2133
19 1790 3121 1842
20 1615 2694 1615

Table 2

No. of problems solved with out branching; unsolved in limit times and No. of nodes

in search tree.

No. of nods
N OLB (0]V]:] NB UN -200 |-500]| -1000 1000-
5 14 3 11 B 9 B B _
10 . _ _ _ 20 _ _ _
15 _ _ 1 _ 18 1 _ _
20 _ _ _ _ 10 6 1 3
25 _ _ _ _ _ 14 1 5
30 _ _ _ 1 _ 7 3 9
35 _ _ _ 1 _ 1 13 5
40 _ _ _ 2 _ 1 9 8

OLB: lower bound gives optimal solution

OUB: upper bound gives optimal solution

NB: problems solved with out branching

UN: problems unsolved in the limit time

-200 problems required to solved not more 200 nodes

-500 problems required to solved over 200 not more 500 nodes
-1000 problems required to solved over 500 not more 1000 nodes

1000- Problems required to solved over 1000 nodes.

12
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7- Conclusion

In this paper, we have presented a branch and bound algorithm for single machine
scheduling with a composite objective.
The sum of flow time and the number of tardy jobs with release dates.1/r, /Z(Fi +u;). Our

branch and bound is able to solve problems, with up to 40 jobs.

Although we decompose the problem in to subproblems with simpler structure and
modify the lower bound in [1] by using relaxation method. Our results indicate that problems

with a composite objective and unequal release date are still much harder to solve. This bound

is valid lower bound forl/r, /Z(Fi +Uu;) problem which is a general case of our problem.

Prospect for the future are fairly optimistic that more effective and new lower bound

techniques and dominance rules are being developed for such NP- hard problems.
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