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ON SEMIOPEN FUNCTION
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, \ bs l r ' ac t
ll lllis work wc strxly ir,ductivcly opcn functions, ancl lvc inlrorlLroc a :rc\'i

corrct l l  of Inductivcly scrri  opcn Iunctiorls, mult i luncl ion and provc thc now r '  rr l l

i rL,)ut inductivcl), S-ofcn l ir lcl ion also wc givcs a rcrl1lrk:; rurd cxallDlcs lo shov Llr i : ;

r rsLrlt .

l -  ln t lo t luc t ion
'lhc corrccpl ol luoclion is

, ) l thcnriLi ics,  cspcc;xl ly i t l  gcncral

i rs in( lucl ivcly opcn iunct io s.- .

considcrcd as on of lhc inrporlant contcl) t  l l l

tofoloLty. 
'l 

hcrc lllc scvcfal lypcs of lLnlctiolls rjLrclr

S-qrcn fLrnctions [Singlc valLtcd and ntult i-valucd].
In sccl ion two lvc sludy soorc Ll lcofics abotrt irrductivcly scni ol)cn luncLro : l

r. ,  ich alc vl l id I 'or I ldlrct ivol) 'ol)cn l imclion lvi l l  bc l lso truc for i lductivcly S_opt' l l

1irIct ion (5oorctinlc with cxtr 'a condit iorls)

t- I)cl ini l ion ,uld thc col lccl)t of inductivcly
l. l  I)cf i I | i t i (Dr

l,cl 1':  X- >Y bc l l  l trncl lon,
;ct in X is S-opcn in Y.

1 .1  l ) c l i l l i l i ou
A rnuli i l i rrct ion Ir: X->Y is a sct vairrcd funcliorr, lhrl  l ls si l lgs cnrply sul)r;r( ol

1 . I  I ) r ' l i t ' i l i ( , ' l
Lc t  f :X  >  Y  bc l s ing l c  va lucd  fL rnc t i on  [ I r :  X - ]  Ybccmr r l t i  l i r nc l i o r r l  r " ' '

: , .ry lhxl lTIr l  i :r  iDduciivoly S opcrr I 'uncl ion hrul l i  l i rnctionl i f f lhcrc cxists rL sul):r l

,  X, sLrch t lrat (X') : f  (X) Ll(X') = f(X) and l* ' :  , \ i  > (X) is Sopcn l irnctiorr 
' ,

.r '  :  X' > I:(X) is S-opcu nlult i i i rnctiol l ] .

l . . l  l lcmxrl(s
i l lvcry siDglc vxluc(l lunction is a mull i l i rnction' Lut thc col lvcrsc is not lrrr i :  i l

l lcncrxl.
i i -  i lvcry hdLrctivcly S-opcn ol l to lunction is I l lducl ivcly S-opcn nlult i funcl ion

2- i Iductivcly sctui opcn htnctiol ls
2.I l)cf i f l i t ion

I-cl f: X tY bc a nlultilinclioD, Lct 4+ A q X , lLlld 'l / ll e Y, thcn

i- Ir(A) : { l(x): xcA}
i i -  I r (B)  = {xex: | (x)eB}
i i i- Fii i- F (B) = {xex : f(\).\B I rl} and
iy- li'(D) = {xcx | |(x) .B = {l)} aralicl

I l l  lhis rvork, in sccl iol l  ono \rc study Inductivcl l 'sclniolcn wc arc sylr l l )ol  bY

\ !c sry that I is S opcl i f f  thc iDllr l ,c of cvcry rpc'r
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3.? Thcolcm

_ 
Ifl<--f: X+ Y is inductivcly S,opcn function and lct (| * Tqy, thcn f1.: fr6' r T bc also inductivcly S-ofcn function
Proof
Sincc f: XrY inductivcly S-olcn firnction, thcn thcrc cxisls a subsct

$rch as that f(Xr) = Y and { X1 :X1 +y is S-opcn function.
Norv, to provc f1 : fllD ->l'is iuductivcly S-opcn functioD.

.  .  l c r  X ' j  I ' c  i t  subsc t  9 f  f ' - .  such  r l n t  X ' |  X1n f i 61  wc  nccJcd
'  

) " ' '^ , , t .  
' i l  

^ ' l . I  l ,  - ' -  ] '  
' r  is upcn Fi{X' , t

ixr.-rl r( rt = f(Xrl.\ ' l '- Y.\ T= f

Lct X'r bc a subsct of fr

Norv, lct rv' bc opcn sct in X'1
Ilcrrcc, thcfc cxists an opcn sct w in xr, such that rv' :  w n x',
1 ( ! v ' ) : 1 (w , , . r x ' r ) - f [ r vn  x r  n  f r64 ]  - f f  r vn f r61 l

= f(w) ^ 1'
Sircc rv is bpcn in xl and f1J ;1, :  X1 -> y is S_ofcD, thcrcforc (rv) is S_opcrr in

Y : jo (w),,r ' l ' is S-opcn in'f .  I Ioncc f1 : frr l  > T is inductivcly S_opcn function
2.3'fhcorcDl

I-ct f: X > Y bc a function, X: Wr U W, with f(rv|) anrl (wr) afo opcn in t(X),
il ll \y' : rvl _) Y ilnd I W2: w2 -> Y arc inductivcly S-opcn lunctious,lhcn l: _.i > y
i irductivcly S-of cn l iroctiorl .
I ' r ' { ,of

Surcc ll 1y, : wr -> Y inductivcly S-opcn lunction. .l.hcn, 
thcrc

X] q w1 I f(X1): f(rvj) and 4 Xr : Xr -)f(wr) S-opcn l lDction also
]lr lLrct ivcly S-olcn l inction, Lhcll ,  thctc cxists i t  subsct X2 !: w2 ) (x?)
1; : X2 >(rv2) S-qrcn lirnclion.

Nur r ,Tus l ros  t :  X  ,Y  i j ) , L j c t i v f l yS .o l ) c  t unc t i on
I c r  X '  \ r  I  X l ,  X . t i X ' r  l t X l U X / ,  t i X r j  I r t ( X r )

r(w,) U f (w, : (wrurvl) :f(X)
So 1(x*) - l(X) and to jholv l lx. : x* > f(x) S_opcn functio| lct T ofcr^ in X*

rr, I : l irX* -'t n (XrU X, - (1.\Xr) U (T^Xr)
So I(1) - 1I0^Xr)U ('r.rxr)l = f(T^Xr) U t(Tr.\X,
Sincc'f is opcD i l l  X+, so 1'nX1 is opcn in Xl and lX1 : X1 _>

llrJn l(-l'r'rxr) S-opcn in (X). Similarly f(TnX2) S-opcn in (X).
( f) = f(f , .Xr) U (T n Xr) S-opcn in (X) i lX'1 : X'1 +I1X;isS_opcl

lirirction. l hcroforc I X,> Y inductivcly S-opcn functior.
2..J l{cDlxrl$ a,rd crtrmplcs

If |:.Y is arr inductivcly S-Opcn multifunction and ifT E y tltcn
Ir : lr (T) -> T is not ncccssary inductivcly S_opeu multifunction. ftut ifwc

li riLrmc-lhnt 'I 
has thc follorving cxtra property

. . j.(o - F'o (io this casc wc wrilc F'o) = | (D = Ir+(T) al1d wc can say in thi,r c.sc(1l,lt T is a good subsct oli y) Norv we crur jhoru ilii, 
"oi"' 

uy tne fottowlirf cxa,,,pr":,
Lct X = {a, b, c} aad T*= {{, X, ia}, {b,c}} bc a topology dcfincd o"n ) i .

. .  .  
L"l y_= {d, c, f ,  g) and Tv= {4,, Y, {d}, {c}, {d,c}} bc a topotogy dcfi  ncd on

Y. A multilunction F: x -> y dcfincd by:
r fa)  = { t  F(b)={tg}  ,F(c)= {d,c} .Now,tctB= 6s}
ir.(B) = f- ({f,c}) = (a,b} fiB) = F1{f,s}) = {a,b}

to sho .v th: l t
= f(x'r)

cxists l t : iLLbscL

{ . u ,  :  r " 1  > Y
= I(n;) lrrrJ 1l

f ( rv1) S-opcn,
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So F"(B) = tr '(B) = {a,b}

-,., .f,I:l.u;,]:" .on ptuvc rhc tollowi|g rhcorcm for a rnultifunctioD.

"a:l,l ' ' ' l  :r-/" :: :,:l,rcr,t 
ciy S-ofcr onro n)utrirrncriorr r,d .r bc I rooJ s-1,...:r  r . \ \ r  l r  r , n - _  X . l h ( n . t t n L t l t i f u n ( t i o n l  :  F .('t) )'f is inductivcly S_ofcnLrul l inlDctiol] .

-r 'oof

S i r , c .  I :  X  ,  y  i n J u , r i v , . l y  S _ o p c l l  o r r t o  r n u r l j t r j n r l i o l l
t o  , i t  s r j b c c r  X t  . :  \  ,  r  l i \ t ,  [ , x  j  -  y  i  t L i  t r x r  : X  j : y  i s  S - o l . . t r .

, ', , ,':::',',"rl''"i :irl;l;.i::i'"Til{,Ycn n.rrtirlr'ction cor''i'r..r x' x, .i
I u s h o r v l 1 : l '

, c , r s u D . . c l o l  I  r D  I - u c h c c k l ,  r X '  t : - t
l ' r  ( - \ ' r )  l ; { X ' i t = t  ( \ r  n F i l ]
' : ' ] , " , 1 i 1  ^ , '  

,  
'  

, 1 . ' * l ' ^ t  
l :  t I t w c I r c ' : r l c c l  r u  l . o w f i r : ' r . \ r  , rt  J ( r i r ) , . \ 1 .  L r t \ ,  € l . t \  n  J ' . , , ! s , , : r.  : r l  l L . l . t  O I c . l L  l c l l t  \  i  \ |  n  l . 'l . ' \ l ' ( r ) ) y ct ( ' )

I . . ! i  I r , t r '  i i \ l . . t j { \ i ,  t . \  - t i \ l
. I ( l  r ,  I r ' m . S i r ( . j  F { x r .  l i \ l , . r J r L l  l j t x )e  1  So  hy  t l r f i n i r i r , , r

l l r . | l y , . l r ( x r r / r  t . l t r r r , . . . f r r r , . . \ l r ' r , r  -  l i \ r J  n  1 . . .  .  .  . . .r \ , . \ r l r i . . t r ! w , { \ t ) ,  l  .  I . r r 1 .  I r ' . r r l c t y ,  l . r X r l ^  1 .

,l.l:l l.:.nt:l:',,9 c r ar lcasr onc olcmcnr x cxr, such rt,3r y
I  L:  r( !  ^ l .  So |(r<) .r ' t  7 ,1,  . . .  xc l r( j )  = I , .' l -hcrcibrc 

x c X, / r  l ; ' , - t ; r . \  -  I r / - .  ^ ,

l : ( \ ) ^ 1 . S o |  / . . , . , \ ,  t , t .  I ; r n : r r r u s r  v ,
J l r , r c l i , r c . r ,  \ 1  

, .  
l . ' . . , t . r r r  F r s , n l : . , , , 1 u 1 1 . 1  1 .  1  1 i , ;

r r r l l y '  t ( \ t ,  I  . ) S o l { \ r r ^  l ,  I . r \ , ^  t . r . ,)  S o  l , { \ r r , ^ . 1  ,  
l ( ^ ,  n  t . , , ,  , . . . . . . . . .  { J )Ar r , l  l ' 1  r2 t  , r r r J  r J  r  s . .  ̂ - . t  l l r c  t ( l J t i u r  I  I  I

So f(xr ̂  tirt : |(x,).,t.= y n.t. =,.t.
Nory, to show l i t ]  yl,  :  X1' > l- is S_ opcn l-ct W opcn sct in X,1
; u ,  r : r ' o t \ : j r  i r r  \ r ' . , \  w ' . . ) . { , ' : n J , * r  l r r r j  . . r . 1
r ' l \ v  . r . r  I r  r l  l . l u i o l . ' , 1 1  F l r r v l . r  ,  t J i s S  r 1 . c r r . r r  I

,  , , ; , i , lJ , ; ,  
I  . , .  r  I  i .  i r r r t r r ,  t ivc t ,  S_, t  cn n,u l r i r ; r l r . . r io , .

So, ! xl q rv11 I:(12: |(w2) and Fi X2: X2 + F(rv2) is S-opcn .
Nu\v. to sl low l. :  x > y i t  Juctivrly S_opcrr ntultrfLrnctiotr.

.,$"r ]i"Y.li,' i,]"'i;ilrlli:i,,:;J;ll,;-' ' 
F r/'unJ'r

' : f \ , t r  U l r ( q 2 )  J r r r r .  U r 1 . r y = p , * , 1 ! o w .  L c l  T o l ) c n s c l  i u X ,
I = I n ^-= l r.) (\r u xr) = (Tr-) x1) U (T n x2) So T n xr opcn in xr atru^ ri: ol)cn in x2 .Thcrcfor.c f11 = i:[(T n x1) U (T n x)l

... . ^ 
: Ir (T n xr) U F (T n xr) F(T^xr) S_opcniri l1u,l; ana l(u,1) S_opcn ir,|.r), So Ir (l .r xr) S-opcn il l  f(x)

J -c t  |  :  X  +  Y  bc  amu l t i l i r nc t i on ,  l c tX .
v " ,  ,  :  .  - .  r .  .  .  .  ,  :  ,  .  .  ,  

= wl u wl and | l  ivr :  \vt >Y, Ir i \ \ , ' :

. \  '  )  D f  j  r j  , ( l t v ( t y  l ; . o l , r l r  n t L l l i l u n ( l i u . r
L  oo f

Srrcc l j j  ,", :  rv1 -> y inductively S_opcn nrult i functjon.

il;,] ll.: l]:", l1-1, 
r,(rv1) and rrl 1,: X1 + r,(w,) is s-opcD a,,d rrl w,: wjl ' ,  iurlucti , , ,cly S-opcr1 nlult i l ixrct ion.

(2)

c |(x),

1'
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.-_. .Simil l l r ly f  (T ̂  x.r) S-opcn in F(x), So F11= l(T^xr)f (T.\ x2) S_opco in
l i(x). fhcrcfore l . l1' :  X'+ tr(x) js S-opcn So t: X-> y inductively S_op"n 

'

nrLrl l i funct;on.
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