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Abstract

In this paper, I characterized the order of the best one- sided alpebrae
approximation to bounded measurable Function in terms of the average modulus of
stoothness of that function. For obtaining dircet statements, 1 constract simooth
[unctions close to the original function and after that Approximate one-sidedly the
sinoothing functions. As far as we know there are no simple definitions of operators
for one-sided approxination which works for any measurable functions in Ly nwetric
[0y cach (0 < p <@ ) This way one of the reasons Leading me to investigations of

epetator for one — sided approximation,

i- Introduction
we shall consider bounded and measurable real valued function f delined on |

0.1 Let Lol 0,17 be the space of all functions / such thah sup { |f(x | voe [U1]
y 2o and Ly [0,1] be the space of all bounded measurable functions f for wl mh :i /
1
: < it 111c;111(f ‘ f ‘p)}; < w0
& U
Let Py be the set of all algebraic polynomials of degree not greater i
wThen the best one - sided  approximation in L, metric for cach

(Uap=w)is

+
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For f ¢ L, we define the best approximation of f by the functions from Poas
DL (fy=inf{] /-5,

For a characterization of the structural properties for a given function f
from L, or Lewe shall use the following moduli
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and o= 0.
Hencelorth k and p ave fixed numbers, k natural standing for the order of the
soduli and 0 < p <. With C we denote positive constants and with CA, D, L)
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- constants depending only on the marked parameters. These constants may differ
al cach occurrence.

Fory e [0, 1] we sct

(1.5 D, () = J;m

Using Bernstein polynomial By (f ; %), we define our one — sided operator
which mapping any bounded measurable function f to on algebraic polynomial in p,, ;
as follows

. - k
Uﬁ)A(f;x)=&mf;x%tZ(f)JZShGQ )

i=0

{1-%)"" where % c[0,]]

2. Assertions
Now we shall intreduce some results and theorems which we make use of them
i our researcl.

Lemana 1(F, Bhayaa, [1])

If folyad0= & <85, then

(273w (/.0 =7y, (f,0)-

Lenvaa 2. (V. Bhaya o, [1])

Let f e Lyand 6, A be two positive real numbers then for any 0 0< P21, we

have
1

| / S

28 (S, A6), =(2[%]) 1 (S, 9 )ps

wher [¢] = min {u: u=>; uis an inleger }

Lemma 30 (K Ivanov. [ 2])

it A v > 0, then for cach ¢,y e [-1, 1Jand | x-y | <% A. () we have

@:9) (42 52) 7 By () <ha () (2 A+ %) B0
Lemma 4. ( B, Sendov and V. Popov, [3])
Let f e Ly and 8% be two positive real numbers then for any
17p <. Wehave
01 (28 )p Q@001 (f, By
Lesnna 5. (G Tachey,
{4] or every sequence { ag } with the property
gz 0,k=01, ...n
ag -0, otherwise, we have forcach O <p <1, that
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(2.11)f Z ak(ifjx (1-7) "l dX <c(p ~ Z
¢ k=0 N\ _ k=0
P
max aj ;

]_jfil’—-k/’?l{SGh\m(ki’f?)
wherey € (0,11 and j=0,1,...,n.
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3. The Main Results,

In this article I proved direct incqualitics concerning the best one sided
alpebraic  approximations and best algebraic approximations of the bounded
micasurable functions in Lp — spaces (0<p<e) .

Tleorem 1

For any bounded and measurable function fin [0, 1] and
(0 <p<w), we have
B2y AT (f)«e p, s

+

(’4[1)/\ (f)Y=/s A (f)foranyye[0,1];

f-
(I‘ I[') HA A (./)‘[;J < L([])YRU )p; and

E¢yccmny,

Theoreur 1.
I/ e L, [0, 1], then for any 0 < p < oo, we have

(= e ) e s —,] "

Proof of theorem 1

[
%)p-

Sinee B, ',1’) and xf('.l.— )”_i are algebraic polynomials of degree uot
preater than 71, so that' A* c P, the positively of x (l X)) ‘ ,xe{01]  and

J,»_\“ B (:‘/u)f(i/n): give (3.13). Then for0 < <1, using (1.3) and (2.11) we have

Wit
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‘i“/"* (/1) A—U',x)”i <c(p)f _};;)(uk (f,f/n,hﬁ (1’/7:)({_ J W1 —a)
' ! (H1=C

< L(u)i/u 3" max @] (f.j/n,(;hv,h-(j/n)),j =0,..,1

i di/n j/ri (JhJ—(I/“)
(2.9) implics

J‘ {fLx)- AT (fx)‘ <c(pl/n}4 w{(f:/n ¢l (/n)) L.
<clp)e} (f,l/x/n);.
Now whenever 1 < p <o, (1.3), Jenssens incquality, (2.9) and (1.4) give

/p
] 1 - .
1 (f,x)-A" x)l‘ < Z[L(o[k (f,i/):,}tﬁ(i/;l))é[:ljxf('l—x):mde

<27, (f,chv,;(x))‘v.
At the end, from {2.7) and (2.10) we get

|4t )= a(f = <o)l (7.1,
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sl
(1.1) implics
EU);J ..<_CZ')|\_ (f’l/‘\/g)p

Proof of theorem 1 :
Using (1.2}, (1.1) and theoreml we obtain

1), <E(7),
<ot (-
<er £,/ Vi)

P

[References

[1] E. 8. Bhaya, 2000, A study on the approximation of bounded measurable funciions
with some discrete series in Lp spaces for p<l. M.Sc. Thesis, Baghdad University.

2] Ko Ivanov, 1982, On a new characteristic of functions, Serdica Bulgarian
Mathematics Publications, Vol. 8,Sofia, p262-279.

3| B.sendov, V. Popov, 1983, Averaged moduli of smoothness, Sofia.

4] G. Tachev 1989, Dircet Istimation for approximation by Bernstein polynomial in
Lp spaces for p<IMathematica Balkanica, New Series, 3, p. 51-60.




