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Abstract: 
        By using the definition of generalized Lyapunov –Like function and some  

types of stability , we  give a new  bounds  for  Lyapunov function , which is lead 

to getting some types of  stability  depending on  some  hypothesis which is depend 

on this function . we proved that  those bounds  and hypothesis on Lyapunov  

function satisfies the conditions where the using  nonlinear systems will be stable 

,also the type of stability of the system depends on  those  bounds  and  hypothesis 

.  We  got four  types  of  stability  which  are (globally  stable,  globally  

asymptotically  stable,  exponentially  stable  and  uniformly exponentially stable). 

 

 
 بؼـض أًْاع ألأســـتقسازيَ للأًظوة اللاخطيــَ باستخـدام

The Generalized Lyapunov-Like Function)) 

 

 شِـيـــد ًاصــس حســيي

ســن الحاســباتق -  كـليـــة الـؼـلـــْم -جاهؼـــة ذي قــــــاز  

 

 

    :                                                                                        الوســتخلص                               
(   The generalized lyapunov- like functionػلاام هووْػااة هااي التؼااازيو ػااي ه ِااْم   بالاػتوااا                              

ٍ رسااطتِا الحلااْى ػلاام ُااّبؼااض أًااْاع الاسااتقسازية   قوٌااا بْلااغ بؼااض القيااْ  ػلاام  الااة ليااابٌْ  ّالتاا  يو ااي بْا

ٍ الدالة . ّقد بسٌُاا يا  هووْػاة هاي رالأًْاع  هي الاستقساية بالاػتوا  ػلم بؼض ال سليات الت  تؼتود اساساً ػلم ُ

ٍ القيْ  ّال سليات ػلم  الة ليابٌْ  تؤ ي الم تحقا  الراسّا التا  توؼان الٌظاام الوساتخدم هساتقساً رالٌظسيات بأى ُ

   تلك القيْ  ّال سليات ّقد حللٌا ػلم أزبؼة أًْاع هي الأستقسازية ُ  : ّبأًْاع هختل ة باختلا

                                             Globally stable , globally asymptotically stable , exponentially stable and 

 uniformly exponentially stable ).                                                                                                                
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Introduction:1. 
     

      Among many forms of performance specifications used in design ,the most 

imp-    ortant requirement is that the system be stable .An unstable system is 

generally conside- red  to  be  useless.  When   all  types  of  system  are  

considered (linear,nonlinear,time- invariant, and  time-varying) the definition  of  

stability can  be given in many different forms [5].                                                      

    It is  recognized  that  the  Lyapunov  function  method  serves as a main 

technique to reduce a given complicated system into a relatively simpler system 

and provides useful applications to control  theory [6,9,11,12,18]. There  have 

been a number  of interesting development in searching the stability criteria for 

nonlinear differential system[1,4,7,13].                                                                           

   The use of Lyapuvov functinals is  certainly the main approach for deriving  

sufficient conditions for the asymptotic stability[17].                                                   

    The  result  of A.M. Lyapunov  has  come  into widespread  usage  in many  

topics of mathematics. In  particular, it continues to be of great  importance in 

modern treatments   of the  asymptotic  behaviour  of the  solutions of differential 

system. In the language of dynamical systems ,one wishes to  determine  the 

nature of the global attractor. In doing this ,one  often  uses  special  properties of 

 functions  in the  equations or,indeed, of the nature of the model itself [2,14].         

     A fundamental  notion in the stability analysis of dynamical systems is that of 

global asymptotic  stability  (GAS)  which  characterizes   systems  for  which  all  

trajectories converge to  some  equilibrium in a reasonable  manner. When 

considering differential equations, there are two equivalent definitions of the GAS 

property. The more common definition is that a system is GAS if it is both              

     (locally) stable and satisfies an attractivity property [3].                                        

       The exponential stability for nonlinear system ,in general may not be easly 

verified. Only a few investigations have with exponential stability conditions for 

nonlinear time-varying system[15,16].                                                                            

 

2.Basic facts: 
          Consider the nonlinear system described by the time-varying differential 

equation: 

                        
0,)(

0),),(()(

000 



txtx

tttxftx
                                                           (1) 

Where 
nn RRtx ()(  is the n-dimensional Euclidean vector 

space),
nn RRRtxf  :),( 

 is a given nonlinear function satisfying 0),0( tf  for all 
 RRt ( is the set of all 

non-negative real numbers).we shall assume that the conditions are imposed on 

system (1) such that the existence of its solutions is guaranteed.                              
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[10]Definition(2.1): 

     A function RRRtxV n  :),(  is Lipschitzian in x (uniformly in )Rt  if 

there is a number 0L such that for all Rt , 

                        
nn RRxxxxLtxVtxV  ),(,),(),( 212121 

 

Where  is the Euclidean norm. 

[10]Definition(2.2): 

     A function RRRtxV n  :),(  is called a generalized Lyapunov-Like 

function for system(1) if ),( txV   is  continuous  in Rt and Lipschitzian in 
nRx (uniformly in t ) 

and there  exist  positive  functions )(),(),( 321 ttt   and there  exist  positive  

numbers ,,,, rqpk  such that : 

                     
 0/,0,)(),(

),(,)(),()(

3

21

ntr

nqp

RxtkexttxV

RRtxxttxVxt












                          (2) 

 

3.Globally and globally asymptotically stable: 

 

[8]Definition(3.1): 
               Let the origin be a solution of the system (1) , the system (1) is said to be : 

a. globally stable if there exists a function  such that for each 
nRx 0 all 

the solutions ),( 0 txx are defined on ),0[   and satisfy: 

              0),(),( 00  txtxx  

b. globally asymptotically stable if there exists a function  such that for 

each  

      nRx 0  all the solutions ),( 0 txx are defined on ),0[  and satisfy : 

           ),(),( 000 txtxx  

 

Theorem(3.2): 
     The system (1) is a globally stable if it admits a generalized Lyapunov-Like 

function 

),( txVwhich is bounded as:                                     
qttmpttm

xetxVxe
)(

2

)(

1
00 ),(


                    (3.2.1)                  

)()(

3
00 .),(

ttmtrttm
ekexetxV


                 (3.2.2) 

Where  ,,,,,, 321 rqp and k are positive constants. 

And the following condition is hold: 

t
ttm

q

mr

qr eetxVtxV  



))((

/
0

),(),(:0                                                   (3.2.3) 
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Where 
qr

m
/

2

3




  

For all  RRtx n),( 

 

Proof: 

Let 
)( 0),(),(

ttm
etxVtxQ


 

 
)()( 00 ),(),(),(

ttmttm
etxmVetxVtxQ


 

 

From (3.2.2)we obtain: 
)(

3
0),(),(

ttmtr
etxmVkextxQ


  

From the right hand of(3.2.1),we obtain: 

)(
/

2

0),( tt
q

mrqr

r
e

txV
x














 

Hence: 

)(
)(

/

/

2

3 0
0

),(),(),(
ttmt

tt
q

mr

qr

qr
etxmVkeetxVtxQ












 




 

             
tttm

ttm
q

mr

qr

ttmt
tt

q

mr

qr

keeetxVtxVm

etxmVkeetxmV





























)(
))((

/

)(
)(

/

0
0

0
0

),(),(

),(),(

 

From the condition (3.2.3),we obtain: 
tttmt keeemtxQ    )( 0),( 

Since  0tke , then: 
)( 0),(

ttmteemtxQ
  

Multiplying by 00 
t

e


,we obtain: 
))(( 0),(

ttm
emtxQ


  

 1),(),(

),(),(

))((

00

))((

00

0

0

0














ttm

t

t

tsm

e
m

m
txQtxQ

dsemtxQtxQ











 

            
))((

00
0),(

ttm
e

m

m

m

m
txQ


















 

Since  ),(),( 0000 txVtxQ    and  0
))(( 0 



 ttm
e

m

m 




 , then: 

m

m
txVtxQ






),(),( 00 

From the right hand of (3.2.1),we obtain: 
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m

m
xtxQ

q






 02),( 

Setting: 0)( 002 


 x
m

m
x

q





 

Hence : 

)(),( 0xtxQ  

From the left hand of (3.2.1),we obtain: 

p

p

ttm

txQ
x

e
txV

x

/1

1

/1

)(

1

),(

),(
0


























 

p

x
x

/1

1

0 )(













 

Therefore the system (1) is a globally stable. 

 

Lemma (3.3): 

     In theorem (3.2) if the left hand of (3.2.1) is 
pmt xe

1  and mtetxVtxQ ),(),(  , 

then the system (1) is a globally asymptotically stable. 

 

of:Pro 

mtmt

mt

etxmVetxVtxQ

etxVtxQ

),(),(),(

),(),(




 

From (3.2.2),we obtain: 
mtmttmtr

etxmVekeextxQ ),(),( 00

3   

From the right hand of (3.2.1),we have: 

)(
/

2

0),( tt
q

mrqr

r
e

txV
x














 

Hence: 

000
0

),(),(),(
)(

/

/

2

3 mtmttmt
tt

q

mr

qr

qr
etxmVekeeetxVtxQ 







 

Since  00 
mtteke ,then: 

mt
t

q

mr
m

q

mrt

qr etxmVeetxmVtxQ ),(),(),(
0)(

/ 

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mt
ttm

q

mr

qr

mt
t

q

mr
mtm

q

mr

qr

eetxVtxVm

eeetxVtxVm



































))((
/

)()(
/

0

0

),(),(

),(),(

 

From (3.2.3) we obtain: 

dsemtxQtxQ

emtxQ

t

t

sm

tm










0

)(

00

)(

),(),(

),(









 

tmtm
e

m

m
e

m

m
txQtxQ )()(

00
0),(),( 







 





 

 

Since 0)( 


 tme
m

m 




 and 0),(),( 0000

mt
etxVtxQ   , then: 

00 )(

00 ),(),(
tmmt

e
m

m
etxVtxQ





 


 

From the right hand of (3.2.1) , we obtain: 

0)(

02),(
tmqmt e

m

m
xetxQ






 


 

Setting : 0),( 00

)(

02
0 





txe

m

m
xe

tmqmt 



 

 

From the new left hand of (3.2.1),we obtain: 

p

mtp

e
txV

x

/1

1

),(











 

      

p

txQ
/1

1

),(











 

       

p

tx
/1

1

00 ),(













 

Therefore the system(1) is a globally asymptotically stable. 

 

 

ly stable:4. Exponentially and uniformly exponential 

 

[10] Definition (4.1) 

     The zero solution of system (1) is exponentially stable if any solution ),( 0 txx  of the 

system(1) satisfies: 

                          0

)(

000 ,),(),( 0 ttetxtxx
tt


 

Where   RRRth :),( is a non-negative function increasing in Rh , and  is a 

positive constant. 
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If the function (.) in the above definition does not depend on 0t , then the zero solution 

is called uniformly exponentially stable. 

 

Theorem (4.2): 

     The system (1) is exponentially stable if it admits a generalized Lyapunov-Like 

function ),( txV  which is bounded as: 

                           
qttmpttm

xetxVxe
)(

2

)(

1
00 ),(


                                      (4.2.1) 

                            tr
kextxV  

3),(                                                        (4.2.2) 

Where  ,,,,,, 321 rqp ,and k are positive constant. 

And the following two conditions are hold: 

a. t
tt

q

mr

qr eetxVtxV  





)(

/
0

),(),(:0   , where 
qr /

2

3




  

b. km   , where 
qr

m
/

2

3




 

for all  RRtx n),( 

Proof : 

Let mtetxVtxQ ),(),(             
mtmt etxmVetxVtxQ ),(),(),(      

From (4.2.2) we obtain: 
mtmttmtr

etxmVekeextxQ ),(),( 3   

From the right hand of (4.2.1) we have: 

)(
/

2

0),( tt
q

mrqr

r
e

txV
x















 

Hence:  

mttm
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q

mr

mtqr

qr
etxmVkeeetxVtxQ ),(),(),( )(

)(
/

/

2

3
0









 









 

             mttm
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q

mr

mtqr etxmVkeeetxmV ),(),( )(
)(

/
0

 



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tmmt

tt
q
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qr keeetxVtxVm )(
)(

/
0

),(),( 


















 

From the condition (a) we obtain: 
tmmtt keeemtxQ )(),(    

             
tmekm )()(   

dsekmtxQtxQ

t

t

sm




0

)(

00 )(),(),(  
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                              tmtm
e
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 
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
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
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Since  0),(),( 0000
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


 

From the right hand of (4.2.1) we have: 
q

xtxV 0200 ),(  

Hence: 
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e
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 , then: 
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From the left hand of (4.2.1) we have: 

)2(
/1

1

00

)(
/1

1

)(
/1

1

0

0

0

),(

),(

),(

tt
p

mp

tt
p

mp
mt

tt
p

mp

e
tx

x

e
etxQ

x

e
txV

x
















































 

Therefore the system (1) is exponentially stable. 

 

Lemma (4.3): 

     In theorem (4.2) if 
)( 0),(),(

ttm
etxVtxQ


  , then the system (1) is uniformly 

exponentially stable. 

Proof: 

     
)()(
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00

0

),(),(),(

),(),(

ttmttm

ttm

etxmVetxVtxQ

etxVtxQ




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
 

From (4.2.2) we obtain:  
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3
000 ),(),(

ttmttmtttmr
etxmVekeextxQ


  

From the right hand of (4.2.1), we obtain: 
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From the left hand of (4.2.1),we obtain: 
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Therefore the system (1) is uniformly exponentially stable. 
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