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Abstract

In this paper , we have dealt with the concept of fuzzy strongly connected set in fuzzy
topological spaces .Throughout its definition ,we have defined the fuzzy regular strongly connected set and
found that the every fuzzy strongly connected set is a fuzzy regular strongly connected set . We have also
defined the concept of fuzzy regular locally connected by means of which we have defined fuzzy regular
strongly locally connected where we have proved that every fuzzy regular strongly locally connected space
Is fuzzy regular locally connected .

Introduction

Throughout the present paper X and Y always denote fuzzy topological spaces on which no
0

separation axioms are assumed unless explicitly stated .For a fuzzy set A in X, A and A denote the
fuzzy interior and fuzzy closure of A respectively . By 0, and 1, we will mean the fuzzy sets with constant

function 0 ( Zero function ) and 1 ( Unit function ) respectively. This paper includes three sections. In the
first section we have dealt with the concepts "fuzzy regular connected set *, and " fuzzy regular connected
space” .In the second section we have discussed the concepts "fuzzy strongly set" and "fuzzy regular
strongly connected" and their relation with each other ,we have also dealt with the concepts " fuzzy RT, -
space™ and "fuzzy RT,-space" and shown that fuzzy RT, -space is fuzzy RT, -space . Finally ,in

the third section ,we have dealt with " fuzzy regular strongly locally connected" and some theorems related
toit.

1. Prilimeries

1.1 Definition [1]
A fuzzy subset A of a fuzzy topological space X is said to be fuzzy regular open if and only if

o
A= A and its complement is said to be fuzzy regular closed set .
1.2 Remarks

1) A fuzzy subset Ais fuzzy regular closed if and only if A= A°.

0
2) If Ais any fuzzy subset of a fuzzy topological space ,then (A ) is fuzzy regular open .

1.3 Remark [3]
Every fuzzy regular open set is a fuzzy open set , and every fuzzy regular closed set is a fuzzy closed set.
The converse of remark ( 1.3) is not true in general as the following example .

1.4 Example
Let X ={x, y}beasetand T ={0, ,{X,7, Yos}{Xos: Yos}{Xo7s Yo} {Xos: Yos}1x Ftopology on X .
Then A={X,,,Y,s}isafuzzy opensetin X, butitisnot fuzzy regular openand B ={X,,, Y,s}isafuzzy

closed set in X but it is not fuzzy regular closed .

1.5 Remark [4]
Let A and B are two fuzzy sets in the fuzzy topological space X . Then
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1) If Aand B are fuzzy regular open sets , then (their intersection) A A Bis a fuzzy regular open set .
2) If Aand B are fuzzy regular closed sets , then (their union) Av Bis a fuzzy regular closed set .

1.6 Definition
A fuzzy topological space X is said to be fuzzy regular disconnected if and only if it is the union of two

non-empty disjoint fuzzy regular open sets, otherwise is said to be fuzzy regular connected .

1.7 Lemma
A fuzzy subset A in a fuzzy topological space X which is both fuzzy open and fuzzy closed is fuzzy

regular open and fuzzy regular closed in the same time .

Proof :

Let A is both fuzzy open and fuzzy closed setin X .
0

o
A= Abecause A is fuzzy closed, and since A is fuzzy open ,then A= A=A .
Then A is fuzzy regular open .
Similarly
0 o
Since A=A ,because A is fuzzy open ,and since Ais fuzzy closed ,then A= A = A° then A is fuzzy

regular closed .

1.8 Theorem

The following statements are equivalent.

1) X is fuzzy regular disconnected space .

2) There are two non-empty fuzzy regular closed A, Bsuchthat AAB=0,,and AvB=1,.

3) There exist fuzzy regular open and fuzzy regular closed A in the same time such that A=0, ,A=1,.
4) There exist fuzzy subset Ain a fuzzy topological space X such that A= 0, ,A=1, and b(A) =0, .
Proof :-

1 =2

Since X is fuzzy regular disconnected ,then there are two non-empty fuzzy regular open sets A, B such
that AAB=0,,and AvB=1,.

Then A°vB® =1, and A° AB°=0,.
Since A and B are fuzzy regular open, then A° and B° are fuzzy regular closed .

2 —>3
Since there are two non-empty fuzzy regular closed A and B such that AAB=0,,and AvB=1,.

Since AAB =0, ,then A<B®,andsince Av B=1, then B <A.

Then A=B°.

Since B°is fuzzy regular open, then Ais fuzzy regular open and fuzzy regular closed in the same time.
If A=1, since AAB =0, ,then B=0, ,this contradicting.
Then A=0, ,A=1,.

3 —>4
Let Abe fuzzy regular open and fuzzy regular closed in the same time such that A= 0, ,A=1, .

Since A is fuzzy regular closed ,then A is fuzzy closed, so b(A) A A=0, .
Since Ais fuzzy regular open, then A° is fuzzy closed ,so b(A°) A A° =0, .
Then b(A) =b(A°®) thus b(A) =0, .
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4 —>1

Since b(A) =0, , then A is fuzzy open and fuzzy closed in the same time, so A is fuzzy regular open
and fuzzy regular closed in the same time by (1.7) .

Since A=1, ,then A°=0,, and since AAA°=0, ,and Av A° =1, .Then X is fuzzy regular
disconnected .

1.9 Theorem

A fuzzy topological space X is fuzzy regular connected if and only if it is fuzzy connected .

Proof :-

Suppose X is fuzzy disconnected ,then there are fuzzy open sets A and B such that AAB =0, ,and
AvB=1,.

Then A® AB® =0, ,thus B <A.

Since AAB =0, ,then A<B®.

Then A=B° thatis A is both fuzzy open and fuzzy closed .

Then A is fuzzy regular open from (1.7)

Similarly ,we can prove that B is fuzzy regular open .

Then X is fuzzy regular disconnected .
The converse it is clear ,since every fuzzy regular open set is fuzzy open .

Now ,we introduce the following definition
A fuzzy subset A of a fuzzy topological space (X,T)is said to be fuzzy regular connected if the fuzzy

subspace (A, T,)is fuzzy regular connected ,otherwise Ais regular disconnected .Then from (1.9), we
have the following results.

1.10 Proposition
A fuzzy subset A in a fuzzy topological space X is fuzzy regular connected if and only if it is fuzzy
connected .

1.11 Proposition

If {A /i e 1}is acollection of fuzzy regular connected sets from a fuzzy topological space (X,T)such

that A A =0, N A =1, .Then X is fuzzy regular connected .

2. Fuzzy Regular Strongly Connected Sets in Fuzzy Topology

2.1 Definition
A fuzzy subset A of a fuzzy topological space X is said to be fuzzy strongly connected if and only if
for each fuzzy open sets B and Csuchthat A<BvC,then A<B or A<C.

2.2 Theorem
If A is fuzzy strongly connected set ,then A is fuzzy connected.
Proof :-
Suppose Ais fuzzy disconnected set, then there are two fuzzy open sets B and C, such that A<BvC,

BAC=0,.
Since A<BvCand BAC =0, , then A notcontained in Band Anot containedin C .
Then A is fuzzy strongly disconnected , this contradiction , thus A is fuzzy connected .
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2.3 Definition

A fuzzy set A of a fuzzy topological space X is said to be fuzzy regular strongly connected if and
only if for each fuzzy regular open sets B and C such that A<Bv C,then A<B or A<C.

2.4 Example

Singelation set is fuzzy regular strongly connected in any fuzzy topological space .

2.5 Theorem

Every fuzzy strongly connected set is fuzzy regular strongly connected .

Proof:-

Let A be fuzzy strongly connected set and let B,C be two fuzzy regular open sets such that A<BvC.
Since Band C are fuzzy regular open sets ,then B and C are fuzzy open sets from ( 1.3) , and since A
is fuzzy strongly connected ,then A<B or A<C,So Ais fuzzy regular strongly connected.

2.6 Remark

It is easy to see that if A is fuzzy regular strongly connected ,then Ais fuzzy regular connected .

2.7 Theorem

If A is fuzzy regular strongly connected set ,then A is fuzzy connected .

The proof is clear from ( 2.6) and (1.9) .

2.8 Definition

A fuzzy topological space X is said to be regular strongly connected if and only if the only non-empty
fuzzy subset of X which is both fuzzy regular open and fuzzy regular closed in X is 1, .

2.9 Theorem

A fuzzy topological space X is regular strongly connected if and only if is fuzzy connected space

Proof :-

Suppose X is fuzzy disconnected ,then there exists a fuzzy subset Asuch that A=0,,A=1, ,and Ais
both fuzzy open and fuzzy closed in the same time.

Then by (1.7), A is both fuzzy regular open and fuzzy regular closed in the same time, which contradicts
being X is fuzzy regular strongly connected .
The converse proof is trivial .

2.10 Definition

A fuzzy subset A of a fuzzy topological space X is said to be fuzzy regular weakly disconnected if
and only if it is not fuzzy regular strongly connected .

2.11 Definition [ 2 ]

Let f be a mapping from fuzzy topological space (X,T)into a fuzzy topological space (Y,T'),then f is

said to be fuzzy regular continuous if the inverse image of any fuzzy regular open (fuzzy regular closed )
in Y is fuzzy regular open ( fuzzy regular closed ) in X .

2.12 Theorem
If f:(X,T)—(Y,T") isfuzzy regular continuous and if A is fuzzy regular strongly connected in X ,then

f[A] is fuzzy regular strongly connected in Y .

Proof :-
Let f[A]be a fuzzy regular weakly disconnected set in Y ,then there exist two fuzzy regular open sets

B,Cin Y such that f[A]<Bwv C, f[A]not contained in Band f[A]not contained in C.
Thus A< f*(f[A) < f*(BvC)=f*(B)v f*(C).
Then A< f*(B)v f *(C), Anot contained in f *(B)and A not contained in f *(C).
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Since f is fuzzy regular continuous and since B,C are fuzzy regular open ,then f *(B), f **(C) are fuzzy
regular open in X .Then A is fuzzy regular weakly disconnected .

2.13 Definition

A fuzzy topological space (X,T)is said to be fuzzy RT, if and only if for each pair of fuzzy points x,,y,
such that x = yin X ,there exists a fuzzy regular open set in X which contains one of them and not the
other.

2.14 Example

Let X ={a,b}and T ={0, ,{a,:}.{a,5,b,5}.1«} be fuzzy topology on X, then(X,T)is fuzzy RT,.
2.15 Definition

A fuzzy topological space (X,T)is said to be fuzzy RT, if and only if for each pair of fuzzy points x,,,y,
such that x=y in X ,there exists AB be two fuzzy regular open sets such that
X, eA,yﬁ & A X, eB,y/, eB.

2.16 Example

Every discrete fuzzy topological space is fuzzy RT, -space .

2.17 Theorem

Every fuzzy RT,-Space is fuzzy RT,-Space .

Proof :-

Let (X,T)be fuzzy RT,-Space and let x,, y ;are two fuzzy points such that x =y in X.

Since X is fuzzy RT, -Space ,hen there are fuzzy regular open sets A,B such that
X, eA,yﬂ ¢ AX, eEB,yﬂ eB.

Then there exists fuzzy regular open set in X which contains one of them and not the other .

Then (X, T)is fuzzy RT,-space .

2.18 Remark

The converse of the above theorem is not true in general ( see example 2.14 ) .

2.19 Definition

A fuzzy topological space (X,T)is said to be regular totally weakly disconnected if and only if fuzzy
singelation sets are the only fuzzy regular strongly connected sets .

2.20 Theorem

A fuzzy topological space (X,T)is fuzzy RT, ifand only if it is fuzzy regular totally weakly disconnected .

Proof :-

Fuzzy singelation sets are clearly fuzzy regular strongly connected .
Now

Suppose Ais a fuzzy subset of X with two or more points .

let X, Yp are fuzzy points such that x =y in A ,then {Xa} and {yﬂ} are non-empty disjoint fuzzy

regular closed subsets of A.then A s regular weakly disconnected .Then X is fuzzy regular totally
weakly disconnected .

Conversely

Let x,,Y, are two fuzzy points ,such that x =y inX.

Then A={x,,y,}is not fuzzy regular strongly connected .Thus there are two fuzzy regular open sets
B,C suchthat A<Bv C, Anotcontained in Band Anot contained in C.

Since A<BvCthen x, esBvC.
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If x, eBtheny,#Band y,eC,x, ¢C .
Then X is fuzzy RT,-Space .

3. Fuzzy Strongly Locally Connectivity

3.1 Definition

A fuzzy topological space (X,T)is said to be fuzzy locally connected if and only if for each fuzzy point
a, € X and for each fuzzy open set A in X such that a, € A there exists a fuzzy connected open set B
suchthat a, e B<A.

3.2 Definition

A fuzzy topological space (X,T)is said to be fuzzy regular locally connected if and only if for each
fuzzy point a, € X and for each fuzzy open set A in X such that a, € A there exists a fuzzy regular open
connected set B such that a, e B<A.

3.3Theorem
Every fuzzy regular locally connected space is fuzzy locally connected .
Proof :-

Let (X, T)be fuzzy regular locally connected topological space, and let a_, be fuzzy pointin X , Ais fuzzy
open set such that a, € A.

Since (X,T)is regular locally connected ,then there exists fuzzy regular open connected set B such that
a, eB<A.

Then X is locally connected ( because every fuzzy regular open connected set is fuzzy open connected ).
3.4 Definition

If x, € X be a fuzzy point ,the largest fuzzy regular connected subset C,  of g fuzzy space X containing

X, Is said to be the fuzzy regular component of x, .It exists being just the union of all fuzzy regular
connected subsets of X containing x,, .

3.5 Proposition

The fuzzy regular component of a fuzzy regular connected space are fuzzy regular open ( fuzzy regular
closed ).

Proof :-

Let (X,T)be fuzzy regular locally connected space.

Then X is locally connected space by theorem (3.3) .
Then the proof is complete by theorem (1.9) .

3.6 Theorem
Let (X,T)be a fuzzy topological space, then the following statements are equivalent .

1) x is fuzzy regular locally connected
2) If Cis fuzzy regular component of a fuzzy regular subspace Y in X ,then b(C) <b(Y).

3) Every fuzzy regular component of a fuzzy regular open subspace in X be fuzzy regular open .

Proof :-

11— 2
Let Y < X ,and C be fuzzy regular component of a fuzzy subspace Y in X .

Let a, eb(C) then a, eC =h(C)v C.
Since C<Y then C <Yand a, eV ,thus a, eb(Y)vY°.
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Suppose a, ¢b(Y) then a_, Y°.

Since Y° e T and X is fuzzy regular locally connected ,then there is a fuzzy regular open connected set
A'in X suchthat a, e A<Y°.

Since a, €b(C) then AAC #0,.

Since A and C are fuzzy connected ( because every fuzzy regular connected set is fuzzy connected ).
Then Av C is fuzzy connected ,but C is fuzzy regular component ,then C = Av C thus A<C.

So A e C? this contradicts, then a, e b(Y) and b(C) <b(Y).

2 —>3

Let Y be fuzzy regular open subspace in X ,and let C be fuzzy regular component of Y .

Then we have b(C) <b(Y) from 2.

Since C <Y ,then b(C)AC <b(Y)AY <b(Y)AY° =0, .

Then b(C)AC =0, .Thus C =C° hence C is fuzzy regular open .

3> 1

Let x_ be a fuzzy pointin X ,and A isa fuzzy open setin X such that x, € A.

Let C,  be afuzzy regular component of x, in a fuzzy subspace (A,T,).

From (3) C, is fuzzy regular open connected set and x, e C, < A.

Then X is fuzzy regular locally connected.

3.7 Corollary

Every fuzzy regular component in a fuzzy locally connected space is fuzzy regular open .

3.8 Definition

A fuzzy topological space (X,T)is said to be fuzzy regular strongly locally connected if and only if for
each fuzzy point a, € X and for each fuzzy open set A in X such that a, € A there exists a fuzzy regular
strongly connected open set Bsuch that a, e B<A.

3.9 Theorem

If x is fuzzy regular strongly locally connected space , then Xx is fuzzy regular locally connected .
Proof :-

Let a, be a fuzzy pointin X and A be a fuzzy open set such that a, € A.

Since X is fuzzy regular strongly locally connected space, then there is a fuzzy regular strongly connected
openset Bsuchthat a, e B<A.

Since every fuzzy regular strongly connected is regular connected ,then (X,T) is fuzzy regular locally
connected .
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