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ABSTRACT :-

In this work , I introduce a new definition for 9 ™-connectedness in
tritopological space . Also i study the basic specifications for the new
definition of & *-connectedness and .

INTRODUCTION :-

Throughout this paper | adopt the notations and terminology of [1]
, [2], [3], [4] and [5], X and Y are finite sets . And let (X,T,Q,p) be a
Tritopological space , a subset Aof X is said to be 9*-open set iff
AcT-int(Q—cl(p—int(A)). ['], and the family of all 9*-open sets is
denoted by &* .O(X) . The complement of J*-open set is called a
5*-closed set , 6* .C(X) denoted to The family of all &* - closed sets
of X .The relative tritopological space for Y is denoted by (Y,T,,Qy.py)
suchthat Ty, ={GnY:GeT} , Q=GCGNY:GeQ} and
py ={ G nY : Ge p } then (Y,T,,Qy,p,) is called the subspace of



tritopological space (X,T,€2,p) . And the relative tritopological space for
Y with respect to 5*-open sets is the collection 5*.O(X)y given by ;

5 .0X),={GNY:Ge s .OX)}.Andlet Ac X .A pointx e X
is said to be & - interior point of A iff there exists an 5*-open set G
such that x € G — A, and the set of all 5™ -interior points of A denoted

by 5*—int(A) . And a point x € X is said to be 5" -exterior point of A

iff itisan & -interior point of the complement of A | that is , iff there
exists an 5*-open set G suchthat x € G < A°orequivalently x € G
and G A=¢ . And the set of all 5" -exterior points of A denoted
by s - ext(A) . And the intersection of all 5" -closed sets containing

A iscalled 5~ -closure of A , and denoted by 5*—CI(A) . And the point

x of a tritopological space (X,T,Q,p) is said to be a 5" -frontier point
(or 5*-boundary point) of a subset A of X iff itis neither 5 -interior
nor & -exterior point of A .The set of all 5™ -frontier points of A,

denoted by 5*-fr(A) :

1- 5 - separated sets in tritopological space .

1.1 Definition :
Let (X,T,Q,p) be a tritopological space , Tow non empty subsets A

and B of X are said to be 5*-separated iff And*- cl(B) = ¢ and
o*- cl(A) nB = ¢ . These two conditions are equivalent to the single
condition [ Ano*-cl(B)] u [0*-cl(A) nB]=¢




1.2 Example :

Let X ={ab,c,d} : T={X,0,{bcd}}
, Q={X,¢,{a}}
and p={X, ¢, {a},{cd},{c}.{bc},
{a,c,d} {a,c}, {a,b,c}, {b,c,d}}.
X, T), (X,Q2), (X,p) are three topological spaces on X, then (X,T,Q2,p)
IS a tritopological space , such that :

§7.0(X)={X, ¢, {a}{c}.{ab}, {ack{cd} {ad}, {bc} {acd},
{ab,c}, {ab,d}, {b,c,d}}
If we take A ={a} and B ={c}

Then [ And*-cl(B) Ju[6*-cl(A) nB]=({a}~{cHu({a}n{c}) =0¢
Hence {a} and {c} are 5 -separated sets .
Also ({a,b} and {c,d} ), ({a,d} and {b,c} ) etc. are s -separated sets .

1.3 Theorem :

Let (Y, T, ,Qy ,py ) be a subspace of a tritopological space (X,T,C2,p)
and let A, B be two subsets of Y , then A, B are 5*-separated iff

they are 5y*-separated :

Proof :
* *

% I(A)= & ~cl(A) nY and % l(B)= & ~cl(B) ~Y [1]

0 0
Now [ Y -cl(A) »B]Ju[A~ Y <I(B)]

[ -cl(A) AY ~ B]U[A S -cI(B) NY]

[5*-CI(A) NB]U[A m5*-cI(B)] [ because A, B <= Y]

S 5
Hence [ Y -cl(A) nB]U[A N~ Y cI(B)] = o  iff

[0 -cl(A) Bl U[A NS cIB)] = o

It follows that A, B are 5*-separated iff they are o *-separated.

y



1.4 Example :

Let X ={a,b,c,d} , T={X,0}
: Q={X, e {bcd} {ac,d}{cd}}
and  p={X,0,{c}, {d}, {cd}}
X, T), (X,QQ) , (X,p) are three topological spaces then (X,T,Q,p) is a
tritopological space , such that :

5”00 ={X, 0. {c} . {d}, {cd}, {b.c} . facd}, {abc} . fac},
{ad},{bd} {abd}, {bcd}}.

And let Y={ac,d}  then Ty ={Y, 0}
, Qy={Y, o {cd}}
and py ={ Y, o {c}{d}{cd}}

(Y, Ty) , (Y,Qy) , (Y,py) are three topological spaces then
(Y,Ty,Qy,py) is a subspace of a tritopological space (X,T,Q,p) , such
that :

5*-O(X)y ={Y, ¢, {c},{d}, {ac} {ad} {cd}}.

Ifwetake A={c}cY and B={d}cY
Then [ Andé*-cl(B) Ju [f*- cl(A) nB]={c}n{dp)u({c}n{d}) =0
Hence {c} and {d} are  -separated sets . And it is clearly that {c} and

0
{d}are Y -separated sets .

*

1)
And conversely ; it is clear that {c} and {d} are Y -separated sets
*
then {c} and {d} are O -separated sets .

1.5 Theorem :

If A and B are 5*-separated subsets of a tritopological space
XTQp) and Cc A and D < B , then C and D are also

*
o0 -Separated .



Proof :

We are given that And*-cl(B) =¢ and &*-cl(A) nB=0........ (1)
Also CcA = &*cl(C)cdé*cl(A) and
DcB = o&*cl(D)cdé*cB) ... (2)

It follows from (1) and (2) that C~é*-cl(D) = ¢ and &*-cl(C) nD=¢
Hence C and D are 5*-separated :

1.6 Theorem :

Two & -closed (5*-open ) subsets A , B of a tritopological space
(X, T,Q,p) are 5*-separated Iff they are disjoint .

Proof :

Since any two 5 -separated sets are disjoint , we need only prove that
two disjoint 5" -closed (5*-open ) sets are 5*-separated
If A and B are both disjoint and 5" -closed , then :
A~B=C , &*cl(A)=A and o6*cl(B)=B [1]
Sothat 6*-cl(A) nB=¢ and A n 6*-cl(B) =¢
Showing that A and B are 5*-separated :
If A and B are both disjoint and 5*-open , then A° and B°® are both
5" -closed so that ;
5*- cl(A®) = A° and &*-cl(B°) =B°
Also AnB=¢p = AcB®° and B°‘cA
= &*-cl(A) =8*-cl(B)=B° and &*-cl(B) c
5*- cl(A%) = A°
= o0*Ccl(A)nB=¢ and Ané*cl(B) =o
Hence = AandBare 5*—separated :



2- & -connected and s - disconnected sets in
tritopological space .

2.1 Definition :
Let (X,T,Q2,p) be a tritopological space, asubset A of X is said to

be & -disconnected iff it is the union of two non empty 5*-separated
sets . Thatis, Iiff there exist two non empty sets C and D such that
C ndé*clD) =9 , &*cl(C)nD=¢ and A=CuD , Aissaid

to be 5*- connected iff itis not 5*-disconnected .

2.2 Example :

Let X={ab,c} : T={X,0,{b},{ab}}
, Q={X,9,{c}}
and p={X,¢,{a},{b}, {ab}, {ac}}
X, T), (X,Q2), (X,p) are three topological spaces on X, then (X,T,Q2,p)
Is a tritopological space , such that :
6 .0(X)={X,¢,{a}.{b}, {ab},{ac} {bc}}
If we take A={a,b} , C={a} and D ={b} , then:
A=CuD and {a}n{b}=9¢
And C n &*-cl(D) ={a}n{b}= ¢ , 8*-cl(C) nD={a}n{b}= o
Then {a} and {b} are 5*-separated sets .
Hence the set {a,b} is 5™ -disconnected .

But {a,c}, {b,c}, {b}, {a} are 5™ -connected sets .

2.3 Remark :

(i) The empty setin §".0(X) is trivially 5 -connected .

(ii) every singletonsetin & .O(X) is & -connected since it
cannot be expressed as a union of two non empty
5*—separated sets .



2.4 Definition :

Two points a and b of a tritopological space X are said to be
5" -connected iff they are contained in a 5" - connected subset of X .

2.5 Example :

In the last example the points a and c are 5™ - connected because
they are contained in {a,c} which is 5" - connected subset of X .

2.6 Theorem :

Let (Y,T, Q4 ,py ) be a subspace of a tritopological space
X,T,QQp) and A < Y , then A is 5" -disconnected iff it is
5y*- disconnected . equivalently , A is 5 - connected iff it is

5y*-connected .

Proof :

By theorem ( 1.3 ) , two non empty subsets of Y are 5 -separated iff

they are §y*-separated . Therefore A is the union of two & -separated

sets iff it is the union of two 5y*-separated sets . Hence the result .

2.7 Example :

Tt is clear in example ( 1.4 ) , the set {c,d} is & -disconnected

then it is 5y*- disconnected , and the converse is true .

And the set {a,c} and {a,d} are & -connected then it is

5y*- connected , and the converse is true .



2.8 Theorem :

A tritopological space (X, T,Q,p) is s -disconnected  iff there
exists a non empty proper subset of X which is both 5*—open and
5" -closed in X .

Proof :

Let A be anonempty proper subset of X which is both 5*-open and

5" -closed in X . We have to show that X is & -disconnected :
Let B = A°. Then B is non empty since A is a proper subset of X .

Moreover , AuB =X and AnB =0 , since A is both 5*-open and
5" -closed , B is also both 5*-open and & -closed .

Hence o*- cl(A) = A and o6*- cl(B) = B it follows that
0*-cl(A) nB=¢ and A n 6*-cl(B) =¢ . Thus X has been

expressed as a union of two 5*-separated sets and so X is
5" -disconnected .

Conversely ; Let X is 5" -disconnected . Then there exist non
empty subsets A and B of X suchthat &*-cl(A) ~nB=¢ and
And*cl(B) =¢ and AuB =X .Since &* cl(A)=A and
6*-cl(B)=B = AnB=9¢o .

Hence A =B°and B is non empty, A is a proper subset of X . Now
Aud*-cl(B) =X .[ since AuB=X and Bcd*cl(B) = X cA
u &*-cl(B) but A u o*-cl(B) c X always ]

Also A n 8*-cl(B) =C = A= (56* cl(B) )° and similarly
B=(&*cl(A))" .

Since &*- cl(A) and 6*- cl(B) are 5 -closed sets , it follows that A
and B are 5*-open sets , and since A = BS, Ais also & -closed . Thus
A is non empty proper subset of X which is both 5*-open and

5" -closed .
In the same way we can show that B is also non empty proper

subset of X which is both 5*-open and " -closed .



2.9 Corollary :

A tritopological space (X, T,Q,p) is 5" -connected iff the only non

empty subset of X which is both 5*—open and 5" -closed in X is X
itself .

Proof :
Easy to prove by using above theorem .

2.10 Theorem :

A tritopological space (X, T,Q,p) is 5" -disconnected  iff any one
of the following statements holds :

(1) Xis the union of two non empty disjoint 5*-open sets .
(1) Xis the union of two non empty disjoint 5" -closed sets .

Proof :
Let X bea & -disconnected . Then there exists a non empty proper
] . * * i
subset A of X which is both 6 -open and & -closed . Then A° is

also both 5*-open and & -closed also A U A®= X . Hence the sets A
and A°® satisfy the requirements of (i) and (ii) .
Conversely ; let X =A uB and A ~ B =¢ , where A, B are non

empty 5*-open sets . It follows that A = B®so that A is & -closed .
Since B is non empty , A is a proper subset of X . Thus A is a non

empty proper subset of X which is both 5*-open and & -closed

Hence by the theorem (2.7 ), X is 5™ -disconnected .
Again , let X=C uDand C ~ D =¢ , where C, D are non empty

5" -closed sets . then C = D° so that C is 5*-open . Since D is non
empty , C is a proper subset of X which is both 5*-open and

5" -closed . Hence X is & -disconnected by the theorem .
Thus it is shown that if any one of the conditions (i) and (ii) holds ,

then X'is 5*-disconnected .



2.11 Corollary :

A subset Y of a tritopological space X is 5" -disconnected iff Y

IS the union of two non empty disjoint sets both 5*—open (5*—closed )
iny.

Proof :

Easy to prove .

2.12 Corollary :

Let (X, T,Q,p) be a tritopological space and let Y be a subset of X .
Then Y is & -disconnected iff there exist non empty sets G and H

both 5*-open (5*-closed ) inXsuchthat: GAH#¢@,H~AG# ¢
,YcGUH and G~Hc X-Y .

Proof :

By corollary ( 2.10 ), Y is 5" -disconnected iff there exist non

* * .

empty sets G and H both 6 -open (o -closed ) in X such that :
GAnH#¢o,H~AG# ¢ ,(GAY) A (HAY)= ¢
And (GmY) U (HmY)Z Y
Now (GmY) M (HmY) =0

< (GAH) AY =0

< (GAH) c X-Y
And (GAY)u (HAY)=Y

< (GUH)AY =Y

< Y < GuUH . Hence the result.

2.13 Theorem :

A tritopological space (X, T,Q,p) is 5" -connected  iff every non
empty proper subset of X has a non empty 5" - frontier .



Proof :

Let every non empty proper subset of X have a non empty
5" - frontier . , to show that X is 5" -connected . Suppose ; if possible ;
X is & -disconnected , then there exist non empty disjoint sets G and H
both 5*—open (5*—closed ) in X . Such that X = GuUH .Therefore
G=6 -int(G)= 5 -cl(G).But & -fr(G) =6 -cl(G)- & -int(G) [1]

Hence 5*—fr(G) =G — G =¢ . Which is contrary to our hypothesis .

Hence X mustbe & -connected

Conversely , let X be 5" -connected and suppose , if possible , there
exists a non empty proper subset A of X such that s -fr(A) =0

Now & -cl(A) = & -int(A) U & -fr(A) = AU S -fr(8” -cl(A) [1 ]

Hence 5*-cI(A) = 5*-int(A) = A showing that A is both 5*-open

and & -closed in X and therefore X is & -disconnected by
theorem (2.7).
But this is a contradiction . Hence every non empty proper subset of X

must have a non empty 5" - frontier .
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