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OPERATORS FOR BEST APPROXIMATION AND
BEST ONE SIDED APPROXIMATION IN L,

METRIC FOR EACH 0<y<1

LEman Samir Bhaya,
Babylon University, College of Education, Mathematics Department

Abstract

We define operators mpping any periodic bounded measurable function (o
tigonometric polynomials. These operators realize the degree of best approximition
and best onesided approximation.

[. Notation and Definitions
We shall consider 2 periodic bounded mecasurable function delined on Y,
where X = {027 )orX <[~ 7, 7] Let L., (X) be the space of all such function:; f

such that [||j||u:| <o and LP(X) be the space of all 2 periodic bounded measurable

luiwctions for which ”j”p <0

Iet .«i\ﬁ,f(l‘) denote the kth difference of & function £ at the point & . We denote by

(o (f,x,8)= aqﬂA_fﬁﬂJJiAhc[ Rﬁ/Z'\}k&/2hﬁX}

|z
(L local modulus of a ﬁmction [ keN,6>0
the average modulus of smoothness is
2 0/,8), =le (7. 8)]
sume propertics of @, 7, are given inf1].
)2 T

~auter than s and by 1, we denote the set of the conjugate of any T

we denote the set of all trigonometric polynomials of degree npt

—~

LS

Lt fj(f)} be the dcgrcc of best approximation in L},,p<fl by clement lem

YV T,orY =T ic.

. NI HI’
(1.3) E(f) = mf”f T ‘

Tl best onesided approximaltion in L!_,,p <Tby element from Y(Y =T, orY: 7T,
15 ddenote by E(_f)p where

)= Lt -1
172 f:_i'F+

~ow let us define the operalor

; 1/p+l 2442
P S ) Y

Xj=1 sinv /2
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where 1, k, £arc positive intcgers. The number
7] = min {u;u >0 18 intcger}and ¢, (1, p) - s choscn sticlh
o 1 2642
sm([nl/’”l]o/lj. .
that foq (1, p . =1. Notice that
: sinv /2

.( 4 i l )

(1.6) 7U)C?(E+1) le/*’”'I]—l)

By using the same lines as in [1] p.16-20) we can prove that Z(f) is a polynunual
which realize the order of the best approximation

(1.7} Hf - Z,Hp < c(p)rk (f,l / n)ﬁ ,p <71, where p is a constant depending on p.

Usin;_;Z(f) we construel our oucsided operators mapping any 2 periodic bounded

measurable  function to  trigonometric  polynomial to prove incqualitics imply
characterizations of the orders of the best onesided approximation as follow:

- : Y, A aIfr
7t ([‘,x): ZU,I);EJEI(U;C (f,i/n., (S(i/”)fsm 1 (‘){{2.1;)513?_(2 ,
-0 L sin®(: /21)

where 8{i /i) \/(T— f/n)z /2/(\/; +- '1/211)2_.

YT ) h ; [ T Y] I
(1.6) imply thatZ (])c_T(“__])([Hl/},ﬂl_l). From (1.7) and positivity of @, and

O A a2 1/p
o (1/} Znimﬂ we get Z_(f,x) < f(l) = Z+(f,:c) [orany x.
sin“{i/2n)

As an intermediate approximaling tool let as define the following translorm

4
SO A
1.9 ¢(x)=rnc, (H,;}) [ flx+ u{sm i / du , where f is the conjugile
0

sint /2

function to f and Cz(u,p) chosen such that

.I j” Co (:‘1; V{ sin(u {”1 ! ]” / 2JT{1” =1

0 | sinu/2

2. Assertions
Lennmna 1. 3] Forany T e T, and 0 < p, € py Scowe have

(.11) HJ[‘}JI < C(]J-l ;Pz)“ln}z_l/m HTHPZ'
temma 2. [2] 16 f € L[a,b] then forany 0 <r <sand a,b e R we have
QI <=7

3. The main resulfs
Incqualitics between the quantitics E(f)pl and E(f)pz O<pyspy £ 1,}3(}')}_, and
2P and f(f)p and r1bf,1/11)p are obtained in this article. These incqualitics .

Theorem 1If fel, (X) and 0 <p, £pg T then




F(7),, < clpropn) iV E(p),

Theorem 2.4f f e L, ,(X), 7 <1 we have
E() J s <c{pynt/r,
Theorem 3. 1f f cL, (X),p <1 forany 1 >3 we have

JH ,‘fc) (f,l/n)ﬁ.

Ve ulso need the following lemmas
I.-L:Illlll213

: , . 4
3) e, p)= 1/ 07 [H[/P]
prool. (1.10) imply

1/nf o /p
5 () ( IHL[JEJ dit.
] sini /2
Now since (201 /(20+ D) <sin < u® forany v e [, (2004 Dz /2] so tha

¢t (i, p)= (u[n’/”D’j -]f”[-s-i-l-l(“-{—z—)]drh.f x[u [ UP] j@_
0

/2

Lemma 4. Let j be a bounded measurable function, then for cach 12 3, we hiave

o <

.14y |7

Prool. From {1.9) we have

/0. /1 i
V)= };{.‘z(n,p)lj f(.r+u)[bl}1(l—f[!£ ~}”/?)J du
| 0 sinu /2
o 1/p 4
cbe, (”!P)l/n ) T )[s,m(r%.[n ; ];/2)) "
0 |n|_~.l/n sinu/ J

@

< 7 E}:‘/E}[ﬁl”’” ]:1 < l}
Lenpna 5. Let f be a bounded measurable function then for cach 1223 we have
v - f[ < Cq a0y (f, x+1/2n,1 /n,)
wiicre € Is a constant.

Prooll Using (3.14), (1.9} and (1.10) we have
5 Jl<jg-of
. r 1/1 ~ sin(u{n]/‘”]u/Q) !

e, (1, p) g hjtil/aulf(x -z-n)—f(.x?l[ i/ 2 } du
(1.1),sinu /2> u /x and (3.13) imply
‘ (- Flx) <c1a31(j x+1/2n, 1/}1)

Lemma 6. Lct f beabounded measurable function then for cach 11 2 3, we have

(.15)
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(3.16)
Proof. N ~
2§(1)—f(1}|| < 12§(x)—211f(:c)[ .

Then by the samc lines used in Lemma 5, we can get the result directly @

2§(m)—~f(1)‘ L0yt 0;, X+ 1/2}1,’1/?1), where ¢, is a constant

Piooof of theorem 1.

1
—T7f and

Be bounded operators in T(f-i-l]([!llfp]—]] such that MZ*' —Z_ile SHT'* .

H'["' Il =EU)F forp<T.
‘]'?
Then applying (1.4), (2.11)and (2.12) to have
(0, =l |
1

o L2

A f,x)= Z{f,x) - l);a),\. (f,i/n,60/n) Sk (.7r£2_u):~,m Q) Jthen
: sin®(i / 2n)

TR e A A

< ¢, (p.l ,;_:'2);1 -1/ HZJ' -7 Hl

Jwhere

<ez(prpa ™ i HZ.‘. —4 Hi /2

Whenever P, = 1/2 we have from (2.12) and our hiypothesis that

U (LI(PIJ’ JmE (f)p?

And \\-Iu,n Py < 1/2 wehave

1), <ol =1

13v our hypothesis we have

LU)H <ey{py p 0 [xT+

m )2
5“-5CG(PIr?i’z)”ﬂl/m[wﬁ-T—\ ] |
X

That's complete the proof.

4] .1/2
r ] . {0,1).

) 1/ pa—m
,T“”] ¢ {0,0)

Proof of theorem 2
We have by (1.4), (2.11) that

), 5|7
n-1 h sin’ (rr / 2n)sin? (i) e

ZAH(f,x)= Z(f,x)x Yo, (f,i/n,6(/n) and
-0

sin*(i / 2n)

where
I[]

C<py<p <1.Then




), <ealppa e/

Using the incquality sinu < 11 to have complete the proof ®

2 —Z‘sz

Proof of theorem 3
(1.3) implics

EU-:);: < i])?— "}“‘(7]"’” , where T e TH and it is a bounded operator of . Then
l;}

) <7~ - :ar’

A7)ty TG, T, - 747

Then sinee T (} ) is a bounded linear operator we get

p

8

o

e 75l Hglfji]
_.:](p)(} qh Jg-7+F - 3”)
f")(\\f -8, e }:M

Uning (3.15),(3.16) pcnmlmty ol [ and (1.2) we get our result @
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