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Abstract: 

The main aim of this work is to create a new types of proper function namely m-

proper,  

m
*
-proper, 

*
m-proper and 

*
m

*
-proper function. Also, we gave the relation among the 

certain types of minimal proper function. 

 

Introduction: 

In 1950 Maki H., Umehara J.  and Noiri T. introduced the notions of minimal 

structure and minimal space. They achieved many important results compatible by the 

general topology case. We recall the basic definitions and facts concerning minimal 

structures and minimal spaces.  

Alimohammady M. and Roohi M. in [1] give the definition of minimal closed set  

(m-closed set) and give the definition of minimal continuous function (m-continuous 

function) and study the properties of it. And Ravi O., Ganesan S., Tharmar S. and 

Balamukugan in [6] give the definition of minimal closed function (m-closed function) and 

study some properties of it. 

In this work we give the definitions of certain types of minimal continuous 

functions and minimal closed and used it to construct a definition of minimal proper 

function and certain types of it (m
*
-proper,  

*
m-proper and 

*
m

*
-proper functions). And prove that the composition of m-proper (

*
m-

proper, 
*
m

*
-proper) is m-proper (

*
m-proper, 

*
m

*
-proper) respectively (2.1, 2.2 and 2.3)but 

the composition of m
*
-proper function is not necessarily m

*
-proper function. The 

mailto:sattar_math@yahoo.com
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restriction of m-proper (m
*
-proper) function from um-space into  

m-space on an m-closed subset is m-proper (m
*
-proper) function respectively (3.2, 3.3). 

Also the restriction of 
*
m-proper (

*
m

*
-proper) function on a closed subset is 

*
m-proper 

(
*
m

*
-proper) function respectively (3.4, 3.5). we give the relation among these types and 

from (4.1, 4.2, 4.3, 4.4 and 4.5) we have the following diagram. 

 

 

 

 

1. Basic Definitions and Notations 

1.1 Definition [1], [4] 

Let X  be a non-empty set and )(X  the power set of X . A subfamily XM  of 

)(X  is called a minimal structure (briefly m-structure) on   if XMX , . In this case 

),( XMX  is said to be minimal space (briefly m-space). A set )(XA   is said to be an 

m-open set if XMA . )(XB   is an m-closed set if XMB
c

 . 

 

1.2 Example 

 Let },,,{ dcbaX   and  },{},{},{,, dcbaXM X  . Then XM  is an m-structure on 

X , and ),( XMX  is an m-space. 

 

1.3 Remark 

 Every topological space is m-space but the converse is not necessarily true as the 

following example shows. Let  cbaX ,,  then  }{},{,, baXM X   is m-space but not 

topological space. Since XMbaba  },{}{}{ . 

 

1.4 Remark 

 If ),( XMX  is m-space then there is always a subfamilies 
XM  of XM  satisfies the 

conditions of topological spaces (at least the family },{ X ) and the intersection of these 

m-proper 

m
*
-proper 

*
m

*
-proper 

*
m-proper 
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families represent the indiscrete topology on X . 
XM  called induced topology from 

minimal structure. 

 

Note: in this work if A  is open set in X  is mean A
XM . Also if B  is closed set in X  mean 

that 
X

c

MB  . 

 

1.5 Definition [7] 

Let X  be a non-empty set and XM  an m-structure on X . For a subset A  of X , 

the minimal closure of A  (briefly 
m

A ) and the minimal interior of A  (briefly 
m

A


), are 

defined as follows: 

},:{ X

cm

MFFAFA    

 X

m

MVAVVA  ,:


 

 

1.6 Proposition [1],[4],[5] 

Let X  be a non-empty set and XM  an m-structure on X . For XBA ,  the 

following properties hold: 

i. A
m

A  and 
m

A


A ; 

ii. if XMA
c

 , then 
m

A A  and if  XMA , then AA
m




; 

iii.  
m

, XX
m

 ,  m  and XX m  ; 

iv. 
mm

AA
m

)(  and 
mmm

AA


)( . 

v. 
mc

A


)(
cm

A )(  and  
cmc m

AA )()(


 ; 

vi. if BA , then  
m

A
m

B  and 
m

A
 m

B


 ; 

vii. 
m

BA


)(  
m

A
 m

B


  and  
mm

BABA
m 

)(  ; 

viii. 
m

BA )(  
m

A
m

B  and  
m

BA )(
m

A   
m

B . 

 

1.7 Remark 
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Let ),( XMX   be an m-space, if BA,  are m-open sets then BABA  ,   

not necessarily m-open set as the following example shows. Let },,,{ dcbaX  , 

}},,{},,,{},{},{,,{ dbacbabaXM X   be an m-structure on X  then

X
Mdbacbaba },,{},,,{},{},{  but XMbaba  },{}{}{  and 

XMbadbacba  },{},,{},,{ . So, we introduce the following definition. 

 

1.8 Definition  

An m-space ),( XMX  is called an 

(i) um-space if the arbitrary union of m-open sets is an m-open set. 

(ii) im-space if the any finite intersection of m-open sets is an m-open set. 

 

1.9 Proposition  

Let ),( XMX  be a um-space, and A  be a subset of X  then: 

i. XMA  if and only if AA
m




; 

ii. A  is an m-closed if and only if AA
m

 . 

iii. 
m

A


XM  and X

c

MA
m

)( . 

Proof: 

  (i) Let A  be an m-open set, then AA
m




 by using proposition (1.6-ii). 

Conversely: Let AA
m




, since },:{ X

m

MUAUUA 


 is an m-open set ( X  is a um-space), 

hence XMA . 

 

 (ii) Let A  be an m-closed set, therefore AA
m

  by using proposition (1.6-ii). 

Conversely: Let AA
m

 , then 
cc

AA
m

)(  from propositions (1.6-v) and (1.6-ii) we have 

mcc

AA
m 

)()(   then 
cmc

AA 


)( , therefore
c

A  is an m-open set, hence A  is an  

m-closed set in X . 

 (iii) Obvious. 

 

1.10 Remark 

 If X  be a um-space and BA,  be m-closed set in X  then BA  is m-closed set in X . 

 



AL-Qadisiya Journal For Science Vol .17 No.3  Year2012 
 

 

138 

 

Note that, if ),( XMX  is an m-space and XA  then  XA MWAWM  :  

is a minimal structure on A .[3] 

 

1.11 Definition [3] 

Let ),( XMX  be an m-space and XA  then the pair ),( AMA  is called the 

minimal subspace (briefly m-subspace) of ),( XMX . 

 

1.12 Proposition 

Let A  be an m-subspace of a um-space X  such that A  be an m-closed set in X , 

and let AB  , then B  is m-closed set in A  if and only if B  is m-closed set in X . 

Proof:  

Let B  be an m-closed set in X  then AMABX  )( , and then   ABXA   is m-

closed set in A . Since XA  thus 

     BBAAABAAABXA  )()(  is an m-closed set in A . 

Conversely: Let B  be an m-closed set in A , then there is an m-closed set V  in X  such that VAB 

. Since XMAXVX  ,  then by definition (1.8-i) we have     XMVXAX  , 

therefore   XMBXVAX  . Hence  B  is an m-closed set in X . 

 

1.13 Theorem [8] 

 Let ),( XMX  and ),( YMY  be two m-spaces, then 

 } and :{ YXYX MVMUVUM   is an m-structure on YX  . 

 

 Now, we can introduce the following definition. 

1.14 Definition 

 Let ),( XMX  and ),( YMY  be two m-space then the pair ),( YXMYX   is called 

minimal product space (briefly m-product space). 

 

1.15 Proposition 
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Let ),( XMX  and ),( YMY  be two im-spaces, then the m-product space 

),( YXMYX   is an im-space. 

Proof: 

Let 1W  and 2W  are m-open set in YX  . To prove that YXMWW  21 . 

Then iii VUW   such that ii VU ,  are m-open set in X  and Y  respectively 

2,1i . Since X  and Y  are im-spaces then 21 UU  , 21 VV   are m-open set in X  and 

Y  respectively. Thus by theorem (1.13) we have  

2122112121 )()()()( WWVUVUVVUU   is an m-open set in YX  . Hence 

),( YXMYX   is an im-space. 

 

1.16 Definition [7] 

Let ),(),(: YX MYMXf   be a function from m-space X  into m-space Y  then 

f  is called a minimal continuous (briefly m-continuous) if XMBf  )(1 , for every 

YMB . 

 

1.17 Remark 

In general if ),(),(: YX MYMXf   be a function from m-space X  into m-space 

Y , 
YMB   then it is not necessarily XMBf  )(1  for all non-indiscrete topology 

YM  

induced from YM . As the following example shows.  

 

1.18 Example 

Let },,{ cbaX   and }3,2,1{Y  such that }}{},{,,{ caXM
X

 , 

}}3,2{},3{,,{ YMY   are  

m-structure on X  and Y  respectively and let ),(),(: YX MYMXf   be a function 

defined as 1)(,3)(,2)(  cfbfaf , then non-indiscrete topologies 
YM  is  

}}3{,,{1 Y
YM  . Then 

YM1}3{  , XMbf  }{})3({1 . 
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So we introduce the following definition. 

1.19 Definition  

Let ),( XMX  and ),( YMY  be two m-spaces and ),(),(: YX MYMXf   be a 

function, then f  is called:  

i. m
*
-continuous if there is non-indiscrete topology 

YM  such that XMBf  )(1 ,
YMB  . 

ii. 
*
m-continuous if there is non-indiscrete topology 

XM  such that YM MBBf
X

 ,)(1 . 

iii. 
*
m

*
-continuous if there are non-indiscrete topologies 

XM  and 
YM  such that 

YX MM BBf  ,)(1 . 

 

1.20 Example 

i. Let },,{ cbaX   and }3,2,1{Y  such that }}{},{,,{ cbXM
X

 , 

}}3,2{},2{},1{,,{ YM
Y

  are  

m-structure on X  and Y  respectively and let : 

   A. ),(),(: YX MYMXf   be a function defined as 1)(,3)(,2)(  cfbfaf . Then f  is: 

a. m
*
-continuous since there is non-indiscrete topology }}1{,,{ Y

YM   which satisfies the 

conditions of definition (1.19-i). 

b. 
*
m

*
-continuous since there are non-indiscrete topologies }}{,,{ cX

XM   and 

}}1{,,{ Y
YM   which satisfies the conditions of definition (1.19-iii). 

c. not 
*
m-continuous since all non-indiscrete topologies 

XM  are }}{,,{1 bX
XM   and 

}}{,,{2 cX
XM   which are not satisfies the conditions of definition (1.19-ii). 

   B. ),(),(: YX MYMXg   be a constant function defined as 1)()()(  cfbfaf . Then g  

is  

*
m-continuous since there is non-indiscrete topology }}{,,{ cX

XM   which satisfies the 

conditions of definition (1.19-ii). 
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ii. Let },,{ cbaX   and }3,2,1{Y  such that }}{},{},{,,{ cbaXM
X

 , }}2{,,{ YMY   are 

m-structure on X  and Y  respectively and let ),(),(: YX MYMXh   be a function 

defined as 3)(,2)()(  chbhah , then h  is neither  m
*
-continuous nor 

*
m

*
-continuous 

since only non-indiscrete topologies 
YM

  is }}2{,,{ Y
YM   which is not satisfies the 

conditions of definition (1.19-i) and definition (1.19-iii). 

 

1.21 Definition [6] 

A function ),(),(: YX MYMXf   is said to be m-closed if for each m-closed 

set B  of X , )(Bf is m-closed set in Y . 

 

1.22 Remark 

In general if ),(),(: YX MYMXf   be a function from m-space X  into m-

space Y  and 
XMB   then it is not necessarily YMBf )(  for all non-indiscrete topology 

XM  induced from XM . As the following example shows. 

 

1.23 Example 

Let },,{ cbaX   and }3,2,1{Y  such that }},{},{,,{ cbcXM
X

 , 

}}3{},1{,,{ YMY   are  

m-structure on X  and Y  respectively and let ),(),(: YX MYMXf   be a function 

defined as 2)(,1)(,3)(  cfbfaf , then all non-indiscrete topologies 
XM  is  

}}{,,{1 cX
XM  , }},{,,{2 cbX

XM  , }},{},{,,{3 cbcX
XM   . Then 

XM

cba 1},{  , 

}3,1{}),({ baf  which is not m-closed set in X  ,
XM

ca 2}{  , }3{})({ af  which is not 

m-closed set in X , and 
XM

cba 3},{  , }3,1{}),({ baf  which is not m-closed set in X . 

 

So we introduce the following definitions. 

1.24 Definition  
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Let ),( XMX  and ),( YMY  be two m-spaces and ),(),(: YX MYMXf   be a 

function, then f  is called:  

i. m
*
-closed if there is non-indiscrete topology 

XM  such that for each m-closed set B  of X

, )(Bf  is closed in Y . 

ii. 
*
m-closed if there is non-indiscrete topology 

YM  such that for each closed set B  in X , 

)(Bf  is  

m-closed set in Y . 

iii. 
*
m

*
-continuous if there are non-indiscrete topologies 

XM  and 
YM  such that for each 

closed set B  of X , )(Bf  is a closed set in Y . 

 

1.25 Example 

i. Let },,{ cbaX   and }3,2,1{Y  such that }},{},{},{,,{ cbbaXM
X

 , 

}}3{},2{,,{ YMY   are  

m-structure on X  and Y  respectively and let : 

   A. ),(),(: YX MYMXf   be a function defined as 1)(,3)(,2)(  cfbfaf . Then f  is: 

a. m
*
-closed since there is non-indiscrete topology }}{,,{ aX

XM   which satisfies the 

conditions of definition (1.24-i). 

b. 
*
m

*
-closed since there are non-indiscrete topologies }}{,,{ aX

XM   and 

}}2{,,{ Y
YM   which satisfies the conditions of definition (1.24-iii). 

c. not 
*
m-closed since all non-indiscrete topologies 

YM  is }}2{,,{1 Y
YM   and 

}}{,,{2 cX
XM   which are not satisfies the conditions of definition (1.24-ii). 

   B. Let }},{},{,,{ caaXM X   and }}2,1{,,{ YMY   are m-structure on X  and Y  

respectively and let ),(),(: YX MYMXg   be a constant function defined as 

1)()()(  cfbfaf . Then g  is 
*
m-closed since there is non-indiscrete topology 

}}2,1{,,{ Y
YM   which satisfies the conditions of  

definition (1.24-ii). 
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ii. Let },,{ cbaX   and }3,2,1{Y  such that }},{,,{ caXM
X

 , }}3{},2{},1{,,{ YMY   

are m-structure on X  and Y  respectively and let ),(),(: YX MYMXh   be a function 

defined as 3)(,2)()(  chbhah , then 
h

 is not m
*
-closed or 

*
m

*
-closed since all non-

indiscrete topologies 
XM  is }},{,,{1 caX

XM   which is not satisfies the conditions of 

definition (1.24-i) and definition (1.24-iii). 

 

1.26 The following definition is given in [2] 

Let f  be a function of a topological space X  into a topological space Y  then f  

is called proper function if and only if f  is continuous f  and the function 

ZYZXIf Z  :  is closed for every topological space Z . 

 

1.27 The following result is given in [2] 

Every proper function is closed function (take a topological space Z  to consist of 

single point in definition (1.14). 

 

Now we introduce the following definitions. 

1.28 Definition  

Let ),(),(: YX MYMXf   be a function from m-space X  into m-space Y . Then 

f  is said to be an minimal proper (briefly m-proper) if: 

i. f  is an m-continuous. 

ii. The function ZYZXidf Z  :  is an m-closed for every m-space Z . 

 

 

 

1.29 Example 

i. The identity function ),(),(: XXX MXMXid   on X  is an m-proper function. 
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ii. Let ),(),(: ZZZ MZMZid   be identity function such that },,,{ oeZ ZZZM   be an  

m-structure pace on Z  and ZM   be indiscrete m-structure on Z  then Zid  is not m-proper, 

Since Zid  is not m-closed function. 

 

1.30 Definition  

Let ),(),(: YX MYMXf   be a function from m-space X  into m-space Y . 

Then f  is called: 

i. m
*
-proper function if and only if f  is an m

*
-continuous and the function 

ZYZXIf Z  :  is an m
*
-closed for every m-space Z . 

ii. 
*
m-proper function if and only if f  is an 

*
m-continuous and the function 

ZYZXIf Z  :  is a 
*
m-closed for every m-space Z . 

iii. 
*
m

*
-proper function if and only if f  is a 

*
m

*
-continuous and the function 

ZYZXIf Z  :  is a 
*
m

*
-closed  for every m-space Z . 

 

1.31 Example 

i. Let },{ baX   and }2,1{Y  such that }}{,,{ aXM
X

 , }}1{,,{ YMY   are m-structure 

on X  and Y  respectively and let: 

A.  The identity function ),(),(: XXX MXMXid  is an m
*
-proper and 

*
m

*
-proper. 

B. The constant function ),(),(: YX MYMXf   defined as 1)()(  bfaf  is an  

*
m-proper. 

ii- The function ),(),(: YX MYMXf   in example (1.18) is not m
*
-proper. 

iii. The function ),(),(: YX MYMXh   in example (1.20-ii) is neither 
*
m-proper nor 

*
m

*
-

proper. 

 

1.32 Remark 

As a consequence of definition (1.28) and definition (1.30) we have every m-

proper  
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(m
*
-proper, 

*
m-proper , 

*
m

*
-proper) function is m-closed (m

*
-closed, 

*
m-closed,

*
m

*
-

closed) function respectively if we take in these definitions an m-space Z  to consist of a 

single point. 

 

 

2. Composition of Certain Type of m-proper function 

2.1 Proposition  

Let YXf :  and WYg :  be two functions, then: 

i. If f  and g  are m-proper then fg   is an m-proper. 

ii. If fg   is an m-proper and f  is surjective then g  is an m-proper. 

iii. If fg    is an m-proper and g  is injective then f  is an m-proper. 

Proof: 

(i) (a) To prove WXfg :  is an m-continuous. 

Let WMB  then YMBg  )(1  ( g  is an m-continuous) and XMBgf  ))(( 11  ( f  is an  

m-continuous), hence XMBgfBfg   ))(()()( 111 . 

  (b) Let Z  be an m-space to prove that the function ZYZXIfg Z  :)(   is an m-closed. 

Since )()()( ZZZ IfIgIfg   , also since ZIg  and ZIf   are m-closed function 

( f  and g  are m-proper), then easy to show that the composition of two m-closed function 

is an m-closed function, hence ZIfg )(   is an m-closed function. From (a) and (b) we 

have fg   is an m-proper. 

(ii) (a) To prove WYg :  is an m-continuous. 

Let B  be an m-closed in W  then )()( 1 Bfg   is an m-closed in X  ( fg   is an  

m-continuous), hence )))((())()(( 111 BgffBfgf    is an m-closed in Y  ( f  is 

surjective m-closed (1.24)). 

 (b) Let Z  be an m-space to prove that the function ZIg  is an m-closed. Let B  be an  

m-closed in ZY  . Then )()( 1 BIf Z

  is an m-closed in ZX   and then 

))(())()))((()(())())(()(( 11 BIgBIfIfIgBIfIfg ZZZZZZ     is an m-

closed in ZW  . From (a) and (b) we have g  is an m-proper function. 

(iii) (a) To prove f  is an m-continuous. 
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Let B  be an m-closed set in Y  then )(Bg  is an m-closed set in W  ( g  is an m-closed), 

hence ))(()( 1 Bgfg   is an m-closed in X  ( fg   is an m-continuous) and then 

)()))((( 111 BfBggf    ( g  is injective) is an m-closed in X . 

(b) Let Z  be an m-space to prove that the function ZIf   is an m-closed. 

Let F  be an m-closed in ZX   then )()( FIfg Z  is an m-closed in ZW  . Since 

ZIfg )(   is an m-closed function and then )()( FIfg Z  is an  

m-closed in ZW  , hence ))(())()(()( 1 FIfFIfgIg ZZZ     is an m-closed in 

ZY  . 

2.2 Proposition 

Let YXf :  and WYg :  be two functions, then: 

i. If f  and g  are 
*
m-proper then fg   is a 

*
m-proper. 

ii. If fg   is a 
*
m-proper and f  is surjective then g  is a 

*
m-proper. 

iii. If fg   is a 
*
m-proper  and g  is injective then f  is a 

*
m-proper. 

Proof: 

(i) (a) To prove WXfg :  is a 
*
m-continuous. 

Let WMB  then 
YMBg  )(1  ( g  is an 

*
m-continuous) and by remark (1.4) then 

YMBg  )(1 , also MxBgf  ))(( 11  ( f  is 
*
m-continuous), hence 

XMBfg  )()( 1 . 

(b) Let Z  be an m-space to prove that the function ZWZXIfg Z  :)(   is a 
*
m-

closed. Since )()()( ZZZ IfIgIfg   , also since ZIf   and ZIg  are 
*
m-closed 

function ( f  and g  are 
*
m-proper), to prove the composition of ZIf   and ZIg  is a 

*
m-closed . 

Let F  be an m-closed set in ZX   then ))(( FIf Z  is a closed set in ZY   ( ZIf   is 

a 
 

*
m-closed), by remark (1.4) we have ))(( FIf Z  is an m-closed set in ZY  , thus 

)))()((( FIfIg ZZ   is a closed set in ZW   ( ZIg  is a 
*
m-closed). Therefore 

)))(()(( FIfIg ZZ    is a closed set in ZW  , hence ZIfg )(   is a 
*
m-closed 

function. From (a) and (b) we have fg   is a 
*
m-proper function. 
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(ii) (a) To prove WYg :  is a 
*
m-continuous. 

Let B  be an m-closed set in W  then )()( 1 Bfg   is a closed set in X  ( fg   is a 
 

*
m-continuous), then by remark (1.4) )()( 1 Bfg   is an m-closed set in X , then 

)()))((())()(( 1111 BgBgffBfgf    is an m-closed set in Y  ( f  is surjective 
 

*
m-closed (1.24)). 

(b) Let Z  be an m-space to prove that the function ZIg  is a 
*
m-closed.  Let B  be an m-

closed set in ZY  . Then )()( 1 BIf Z

  is a close set in ZX   and then by remark (1.4) 

we have )()( 1 BIf Z

  is an m-closed set in ZX   therefore 

))(())()))((()(())())(()(( 11 BIgBIfIfIgBIfIfg ZZZZZZ     is a closed 

set in ZW  . From (a) and (b) we have g  is *m-proper. 

 

(iii) (a) To prove f  is an *m-continuous. 

Let B  be an m-closed set in Y  then )(Bg  is a closed set in W  ( g  is a  

*
m-closed), then by remark (1.4) we have )(Bg  is an m-closed set in W , hence 

))(()( 1 Bgfg   is a closed set in X  ( fg   is a 
*
m-continuous), also by remark (1.4) we 

have ))(()( 1 Bgfg   is an m-closed set in X . And then )()))((( 111 BfBggf    ( g  is 

injective) is a closed set in X . 

  (b) Let Z  be an m-space to prove that the function ZIf   is an 
*
m-closed. 

Let F  be an m-closed in ZX   then )()( FIfg Z  is a closed  

in ZW  . Since ZIfg )(   is an 
*
m-closed function then by remark (1.4) we have 

)()( FIfg Z  is an m-closed in ZW  , hence ))(())()(()( 1 FIfFIfgIg ZZZ     

is a closed in ZY  . 

 

2.3 Proposition   

Let YXf :  and WYg :  be two functions, then: 

i. If f  and g  are 
*
m

*
-proper then fg   is a 

*
m

*
-proper. 
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ii. If fg   is a 
*
m

*
-proper and f  is surjective then g  is a 

*
m

*
-proper. 

iii. If fg    is a 
*
m

*
-proper and g  is injective then f  is a 

*
m

*
-proper. 

Proof: 

(i) (a) To prove WXfg :  is a 
*
m

*
-continuous. Let 

WMB   then 
YMBg  )(1  ( g  is a 

 

*
m

*
-continuous) and 

XMBgf  ))(( 11
 ( f  is a 

*
m

*
-continuous), hence 

XMBgfBfg   ))(()()( 111 . 

(b) Let Z  be an m-space to prove that the function ZYZXIfg Z  :)(   is a  

*
m

*
-closed. Since )()()( ZZZ IfIgIfg   , also since ZIg  and ZIf   are 

*
m

*
-

closed function ( f  and g  are 
*
m

*
-proper), then easy to show that the composition of two 

*
m

*
-

closed functions is a 
*
m

*
-closed function, hence ZIfg )(   is a 

*
m

*
-closed function. From (a) 

and (b) we have fg   is a 
*
m

*
-proper. 

(ii) (a) To prove WYg :  is a 
*
m

*
-continuous. Let B  be a closed in W  then )()( 1 Bfg   is a closed 

in X  ( fg   is a 
*
m

*
-continuous), hence )))((())()(( 111 BgffBfgf    is a closed in Y  (

f  is surjective 
*
m

*
-closed (1.24)). 

  (b) Let Z  be an m-space to prove that the function ZIg  is a 
*
m

*
-closed. 

Let B  be a closed in ZY  . Then )()( 1 BIf Z

  is a closed set in ZX   and then 

))())(()(( 1 BIfIfg ZZ

  is a closed in ZW  . From (a) and (b) we have g  is a 
*
m

*
-

proper function. 

(iii) (a) To prove f  is a 
*
m

*
-continuous. Let B  be a closed set in Y  then )(Bg  is a closed set in 

W  ( g  is a 
*
m

*
-closed), then )(Bg  is a closed set in W , hence ))(()( 1 Bgfg   is a closed 

in X  ( fg   is a 
*
m

*
-continuous) and then )()))((( 111 BfBggf    ( g  is injective) is a 

closed in X . 

       (b) Let Z  be an m-space to prove that the function ZIf   is a 
*
m

*
-closed. Let F  be a closed 

in ZX   then )()( FIfg Z  is a closed in ZW  . Since ZIfg )(   is a 
*
m

*
-closed 

function and then )()( FIfg Z  is a closed in ZW  , hence 

))(())()(()( 1 FIfFIfgIg ZZZ     is a closed in ZY  . 
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2.4 Remark 

 Let ),( XMX , ),( YMY  and ),( WMW  are m-structure on X ,Y  and W  respectively. 

And let ),(),(: YX MYMXf  , ),(),(: WY MWMYg   be m
*
-continuous 

functions then not necessarily the function fg   is an  m
*
-continuous. As the following 

example shows. 

 

2.5 Example 

 Let },,{ 321 xxxX  , },,{ 321 yyyY   and },,{ 321 wwwW   such that 

}}{,,{ 1xXM X  , }}{},{,,{ 32 yyYMY   and }},{},{},{,,{ 3121 wwwwWMW   are m-

structure on X , Y  and W  respectively then ),(),(: YX MYMXf   defined as 

133221 )(,)(,)( yxfyxfyxf   is m
*
-continuous since there is non-indiscrete topology 

}}{,,{ 2yY
YM   which satisfies the conditions of definition, and 

),(),(: WY MWMYg   defined as 133221 )(,)(,)( wygwygwyg   is m
*
-continuous 

since there is  

non-indiscrete topology }}{,,{ 1wW
WM   which satisfies the conditions of definition. 

But fg   is not  

m
*
-continuous function since all non-indiscrete topologies 

WM  is }}{,,{ 11 wW
WM  , 

}}{,,{
22

wW
WM

  and }},{,,{ 313 wwW
WM   which are not satisfies the conditions 

of definition (1.19-i). 

 

2.6 Remark  

The composition of two m
*
-proper functions is not necessarily m

*
-proper 

function. And we can show that from remark (2.4) and example (2.5). 

3. Restriction of Certain Type of m-proper function  

3.1 Remark 

Let YXf :  be m-proper (m
*
-proper, 

*
m-proper, 

*
m

*
-proper) function and let 

XA  the restriction function Af is not necessarily m-proper (m
*
-proper, 

*
m-proper, 

*
m

*
-proper). 

 

3.2 Proposition  
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Let YXf :  be an m-proper function from um-space X  into m-space Y  and 

let A  be an m-closed subset of X  then YAf A :  is m-proper function. 

Proof: Let g Af   

(i) To prove YAg :  is an m-continuous. 

Let B  be an m-closed set in Y  then )(1 Bf   is an m-closed set in X  ( f  is an  

m-continuous function) and then by definition (1.11) )(1 BfA   is an m-closed set in 

X , hence )(1 BfA   is an m-closed set in A  by using Proposition (1.12). Therefore 

)()( 11 BfABg    is an m-closed set in A . 

(ii) Let Z  be an m-space to prove that the function ZYZAIg Z  :  is an  

m-closed. Since ZAZZ IfIg  )(  and ZA  is an m-closed set in ZX   by using 

Theorem (1.13). Let F  be an m-closed set ZA  then by Proposition (1.12) F  is an m-

closed set in ZX  . Hence ))(( FIf Z  is an m-closed in ZY   ( f  is an m-proper 

function). Thus )()())(( FIfFIg ZAZZ   is an m-closed in ZY  . From (i) and (ii) 

we have Afg   is an  

m-proper function. 

 

3.3 Proposition  

Let YXf :  be an m
*
-proper function from um-space X  into m-space Y  and 

let A  be an m-closed subset of X  then YAf A :  is m
*
-proper function. 

Proof: Let g Af   

(i) To prove YAg :  is an m
*
-continuous. 

Let B  be a closed set in Y  then )(1 Bf   is an m-closed set in X  ( f  is an  

m
*
-continuous function) and then by Remark (1.10) )(1 BfA   is an m-closed set in X

, hence by Proposition (1.12) we have )(1 BfA   is an m-closed set in A . Therefore 

)()( 11 BfABg    is an m-closed set in A . 

(ii) Let Z  be an m-space to prove that the function ZYZAIg Z  :  is an  

m
*
-closed. Since ZAZZ IfIg  )(  and ZA  is an m-closed set in ZX   by Theorem 

(1.13). Let F  be an m-closed set ZA  then by Proposition (1.12) F  is an m-closed set in 

ZX  . Hence ))(( FIf Z  is a closed in ZY   ( f  is an m
*
-proper function). Thus 

)()())(( FIfFIg ZAZZ   is a closed in ZY  . From (i) and (ii) we have Afg   is an 

m
*
-proper function. 
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3.4 Proposition  

Let YXf :  be an 
*
m-proper function from m-space X  into m-space Y  and let 

A  be a closed subset of X  then YAf A :  is 
*
m-proper function. 

Proof: Let g Af   

(i) To prove YAg :  is an 
*
m-continuous. 

Let B  be an m-closed set in Y  then )(1 Bf   is a closed set in X  ( f  is a  

*
m-continuous function) and then )(1 BfA   is a closed set in A . Hence 

)()( 11 BfABg    is a closed set in A . 

(ii) Let Z  be an m-space to prove that the function ZYZAIg Z  :   

is an 
*
m-closed. Since ZAZZ IfIg  )(  and ZA  is a closed set  

in ZX   ( A  is a closed set). Let F  be an m-closed set in ZA   

then F  is an m-closed set in ZX   ( ZA  is an m-closed  

set, Proposition (1.12)). Hence ))(( FIf Z  is a closed in ZY   ( f  is an  

*
m-proper function). Thus )()())(( FIfFIg ZAZZ   is a closed in ZY  . From (i) 

and (ii) we have Afg   is an 
*
m-proper function. 

 

3.5 Proposition  

Let YXf :  be a 
*
m

*
-proper function from m-space X  into m-space Y  and let 

A  be a closed subset of X  then YAf A :  is 
*
m

*
-proper  function. 

Proof: Let g Af   

(i) To prove YAg :  is a 
*
m

*
-continuous. 

Let B  be a closed set in Y  then )(1 Bf   is a closed set in X  ( f  is a  

*
m

*
-continuous function) and then )(1 BfA   is a closed set in A . Hence  

)()( 11 BfABg    is a closed set in A . 

(ii) Let Z  be an m-space to prove that the function ZYZAIg Z  :  is a  

*
m

*
-closed. Since ZAZZ IfIg  )(  and ZA  is a closed set in ZX   ( A  is closed 

set). Let F  be a closed set ZA  then F  is a closed set in ZX  . Hence ))(( FIf Z  is 
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a closed in ZY   ( f  is a 
*
m

*
-proper function). Thus )()())(( FIfFIg ZAZZ   is a 

closed in ZY  . From (i) and (ii) we have Afg   is a 
*
m

*
-proper function. 

 

4. Relation Among Types of m-proper function  

4.1 Proposition  

Every m-proper function is m
*
-proper function. 

Proof: Let YXf :  be an m-proper function then f  is m-continuous and the function 

ZYZXIf Z  :  is m-closed for every m-space Z  (1.28). 

(i) To prove f  is m
*
-continuous function. 

Let B
YM  then YMB  thus XMBf  )(1  ( f  is m-continuous function). 

(ii) Let Z  be an m-space. To prove that the function ZYZXIf Z  :  is  

m
*
-closed. Let F  be a closed set in ZX   then F  is an m-closed set in ZX  , thus 

))(( FIf Z  is an m-closed set in ZY   ( f  is an m-proper function). From (i) and (ii) we 

have f  is m
*
-proper function. 

 

4.2 Proposition  

Every 
*
m-proper function is m-proper function. 

Proof: Let YXf :  be an 
*
m-proper function then f  is 

*
m-continuous and the function 

ZYZXIf Z  :  is 
*
m-closed for every m-space Z  (1.30-ii). 

(i) To prove f  is m-continuous function. 

Let B YM  then 
XMBf  )(1  ( f  is 

*
m-continuous function) and then XMBf  )(1 . 

(ii) Let Z  be an m-space. To prove that the function ZYZXIf Z  :  is  

m-closed. Let F  be an m-closed set in ZX   then ))(( FIf Z  is a closed set in ZY   (

f  is an 
*
m-proper function). Thus ))(( FIf Z is an m-closed set in ZY  . From (i) and 

(ii) we have f  is m-proper function. 

 

4.3 Proposition  

Every 
*
m-proper function is m

*
-proper function. 

Proof: Let YXf :  be an 
*
m-proper function then f  is 

*
m-continuous and the function 

ZYZXIf Z  :  is 
*
m-closed for every m-space Z  (1.30-ii). 

(i) To prove f  is m
*
-continuous function. 
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Let B
YM  then YMB  therefore 

XMBf  )(1  ( f  is 
*
m-continuous function) and 

then XMBf  )(1 . 

(ii) Let Z  be an m-space. To prove that the function ZYZXIf Z  :  is  

m
*
-closed. Let F  be a closed set in ZX   then ))(( FIf Z  is a closed set in ZY   ( f  

is an  

*
m-proper function). Thus ))(( FIf Z is an m-closed set in ZY  . From (i) and (ii) we 

have f  is m
*
-proper function. 

 

4.4 Proposition  

Every 
*
m-proper function is 

*
m

*
-proper function. 

Proof: Let YXf :  be an 
*
m-proper function then f  is 

*
m-continuous and the function 

ZYZXIf Z  :  is 
*
m-closed for every m-space Z  (1.30-ii). 

(i) To prove f  is 
*
m

*
-continuous function. 

Let B
YM  then YMB  therefore 

XMBf  )(1  ( f  is 
*
m-continuous function). 

(ii) Let Z  be an m-space. To prove that the function ZYZXIf Z  :  is  

*
m

*
-closed. Let F  be a closed set in ZX   then F  be an m-closed set in ZX   therefore 

))(( FIf Z  is a closed set in ZY   ( f  is an 
*
m-proper function). From (i) and (ii) we 

have f  is m-proper function. 

 

4.5 Proposition  

Every 
*
m

*
-proper function is m

*
-proper function. 

Proof: Let YXf :  be an 
*
m

*
-proper function then f  is 

*
m

*
-continuous and the function 

ZYZXIf Z  :  is 
*
m

*
-closed for every m-space Z  (1.30-iii). 

(i) To prove f  is m
*
-continuous function. 

Let B
YM  then 

XMBf  )(1
 ( f  is 

*
m

*
-continuous function). Thus XMBf  )(1 . 

(ii) Let Z  be an m-space. To prove that the function ZYZXIf Z  :  is  

m
*
-closed. Let F  be a closed set in ZX   then ))(( FIf Z  is a closed set in ZY   ( f  

is a 
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*
m

*
-proper function) and then ))(( FIf Z  is m-closed set in ZY  . From (i) and (ii) we 

have f  is m
*
-proper function. 

 

 The following diagram shows the relation among types of minimal proper 

functions. 
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لة  لدا لدياة السييييييييديدل يبالت ديد ا الهدف الرئيسيييييييي  مع ل ا العدي لن عقديم  نن جديد مع ا

سديدل الأصغرية  -proper-m ، properال
*

m ، proper-m
*

-properي 
*

m
*

ضا   أيض نا العلاقة فيدا  . أي

 بيع أ نان الدياة السديدل الأصغرية.

 

 ة:ـدمـالمق

 الأصييغرية يالاضييا ات قدمنا ملاحظات للبنية .Noiri T ي.Maki H.  ، Umehara J 1950ف  عام 

 الأصغرية. حيث أ جزيا حقائق لامة منسجدة ف  حالة التبنلنجيا العامة. 

Alimohammady M.  يRoohi M.   نا ععرياييا  للدجدنعيية الدغلقيية ا صييييييغرييية أعط [1]ف(m-

closed set)  يأعطنا ععريف للدالة الدسييتدرل ا صييغرية(m-continuous function)  يدرسيينا ائييائئييها. ي

Ravi O. ،Ganesan S. ،Tharmar S.  يBalamukugan   لقييية  [6]ف غ د ل لليييدالييية ا عريف  ت ل عطنا ا أ

 يدرسنا بعض ائائئها.  (m-closed function)الأصغرية

للدياة الدسيييييتدرل الأصيييييغرية يك لل الدياة الدغلقة الأصيييييغرية ف  ل ا الب ث أعطينا ععاريف 

-proper( ياسييييتادمنالا لتعريف الدالة السييييديدل الأصييييغرية يأ ناعها
*

m ،roper-m
*
-properي 

*
m

*
( .

-proper-m  )properيبرلنيييا التركييييا لليييدياة 
*

m
*

, proper-m
*

- erprop-mلن  )
*

m
*

, proper-m
*

(

)proper ( لكع عركيا دالت  2.3ي  2.2، 2.1على التنال  ف  الاناص ،)proper-
*

m  ليس بالضييريرل دالة-
*

m

proper  ك لل القئر للدياة . proper-m )proper-
*

m(  معspace-um  الى الاضا  ا صغري على الدجدنعة

-proper-m )perproالجزئية الدغلقة الأصيييييغرية ل  دالة 
*

m( (  أيضيييييا  القئييييير لدالة 3.3ي  3.2على التنال .) 

proper-m
*
 )proper-

*
m

*
proper-mعلى الدجدنعة الجزئية الدغلقة ل  دالة  )

*
 )proper-

*
m

*
 على التنال   )

(  أيضيي نا العلاقة فيدا بيع أ نان الدياة السييديدل الأصييغرية كدا 4.4ي 4.3، 4.2، 4.1(.  يمع الاة )3.5ي  3.4)

 ط التال :ف  الداط

 

 

 

 

 

 

m-proper 

m
*
-proper 

*
m

*
-proper 

*
m-proper 


