Journal of Thi-Qar University No.2 Vol.5 Septemper/2009

Basic Concepts on L, —connectedness
Adnan Hashim Abdul-Wahid Al-khafaji

Department of Computer Science
Thi-Qar University
Thi-Qar /lraq , thigaruni.org

2009
E-Mail: adnanmath2007 @yahoo.com

Abstract:

In this paper, the concepts of L_—connectedness are defined
depending on the definition of L —spaces which was presented by
(Kelley, J.C. : 1963 in [3]) and the concept of connectedness. Also we
used this concept to study some theorms which are related to the

concept of connectedness.
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$§1 Introduction

1 Introduction:

Kelley, J.C. at 1963 in [3] presented a new concept, namely, Bitopological
spaces which theirs members are sets depend upon two topologies in theirs
definition on the same nonempty set.

Bitopological space which their members are L —open sets are called L —
topological spaces or L — spaces.

The concept of L —spaces are used in many Principle topological concepts, for

example Compactness, Connectedness, Separation axioms, Convergence and others.

In this paper, the concepts of L — connectedness are defined depending on the

definition of L —spaces which was presented by (Kelley, J.C. : 1963 in [3]) and the
concept of connectedness. Also we used this concept to study some theorms which
are related to the concept of connectedness.

§2 Basic Concepts

2.1 Definitions:

1. A subset A of a topological space X is disconneced if there exist open sets G and H
of X such that A() G and A\ H are disjoint non-empty sets whose union is A. In this
case GUH is called disconnection of A. Equivalently, A is disconneced in X if there
exist open sets G and H of X such that A(G#¢, A(NH #¢, AcGUH, and
GNHCcA".

A set is connected if it is not disconnected [1], [2], [4], [5].

2. Two subsets A and B of a topological space X are said to be separated if A[) B =
¢ and ANB =9, where A, B s the closure set of A, B respectively [1], [2], [4],
[5].

2.2 Theorem: A subset A of the real line ‘Rcontaining at least two points is
connected if and only if A is an interval [1], [2], [4], [5].

2.3 Proposition: If A and B are connected sets which are not separated, then AUB

is connected [1], [4], [5].
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2.4 Proposition: If A is a connected subset of a space X such that Ac B < A, then B

Is a connected set, in particular A is connected [1], [41, [5].
2.5 Definitions:

1. Let 7,,7,,..... 7, (N> 2) be topologies on a nonempty set X and A, B < X .
Then

i. Aliscalledan L —opensetin X ifthereisa r,—openset U in X such that

Uc AgUU ,where U is the i-th closure set of U in X W.rt. T,

The collection of all L —open setsin X is denoted by L —O(X), and
(X,z,,7,,.....,r,) is called an L, —topological space or an L —space [for
easiness written X is called an L —space], and the open sets in
(X,z,,7,,.....Tr,) are L —opensetsin X .If n=2, then for easiness (X,7,,7,)
is called an L —topological space or an L —space (for easiness written X s
called an L —space) [3].

ii. B is called an L, —closed set in X ifand only if B isan L _—open set in

X.

The collection of all L —closed setsin X is denoted by L, —C(X).
2. The L, —subspace A of an L —space (X,7,,7,,.....,7,) is the L —space (

AT, TypreeeeiT,n),  Where T

lA’T

ST T.a  are the relative
topologies of 7,7,,.....,r, respectivelyon A in X.

3. Let (X,z,,7,,......,t,) & (Y,7',,7',,......T",) be L, —spaces, and let

f:(X,z,7,...t,)—>(,7",,7,,......7" ) beafunction. Then f iscalled L —

continuous if f*(A) isan L, —opensetin X forall Aez'.

2.6 Remarks:
1. Let (X,7,7,,.....,7,) bean L —space. Then
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i. 7, isasub collection of L, —O(X), (since U cU gLnJL_JI forall U e7)).

i=2

i. If nl<n2<n then L,-0O(X) < L,—-0(X), since if

nl___ i nl i n2 __ i
Ael,-O(X) =3Uer, 5 UcAcC|JU &JU c|JU =Uc
i—2 i—2 i2

AclJU = AelL,-0O(X) =L,-0O(X)cL,—0O(X). Moreover

L, —O(X) € L, —O(X) C.....L, —O(X) .

L

n —Ln
ii. If A =N{F el —C(X)/Ac F}, then A iscalled the L —closure of

Ln

A w.rt the L —space (X,7,,7,,.....,C,) . Notice that A Kl by using (i).
2. Let (X,7,,7,,.....7,) & (Y,7',,7',,.....T" ) be L —spaces, and let
f:(X,r,7,) >, 7,7, T be a function. Then if
f:(X,7,)—>(,7) is a continuous function, then
(X 7,7,y r)—>,7,,7,,....70)) is an L —continuous function. The
converse is not true, e. g., if U is the usual topology on R, and f: R —> R is a

function defined as follows f(x)=n forevery xe®R,neZ suchthat n<Xx<n+1,

then f :(R,u) > (R,u) is not continuous function, since (0,2) eu, but

f10,2)=f*O0YU " {HUf(12) = ¢U[L2)U¢ = [1,2) 2u; while
f:(M,u,u,....u) > (R,u,u,.....u) (n-times, n>2) is an L —continuous

function .
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§3 L,-connectedness

3.1 Definitions:

1. A subset A of an L —space X is called L —disconnected if there exist L, —open

sets G and H of X such that A(1G and B{)H are disjoint non-empty sets whose

union is A. In this case GUH is called L, —disconnection of A. Equivalently, A is
disconneced in X if there exist L —open sets G and H of X such that A(1G#= ¢, A
NH #¢, AcGUH, and GNNH < A°. A set is L —connected if it is not
disconnected.

2. Two subsets A and B of an L —space (X,7,,7,,.....,r,) are said to be L —
separated if ANV B " =¢ and A" B =4¢.

3.2 Proposition: Let (X,7,7,,.....,5,) be an L —space such that A is

disconnected with respect to (X,z,). Then A is L —disconnected with respect to
(X, 7,7,y ;) for every topologies 7, ,(2<i<n) on X.

Proof:

By using 2.1 and 2.6.

3.3 Examples:

i. Let U be the usual topology on R2 and A={(x,y): x*-y? = 4} [4].

For the two open half-planes G={(x,y): x < -1} and H={(x,y): x >1} form a
disconnection of A with respect to the space (R*,U), therefore G and H A form an
L —disconnection of A with respect to the L —space (R*,U,...U) (n-times) by

using 3.2 as in indicated Fig.1 bellow:
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ii. Let U be the usual topology on ‘R and a,be ‘R, and let A=[a,b). Then A is an

connected with respect to (R,u) by using 2.2 but A'is L —disconnected with respect
to (R,u,...,u) (n-times) since if G=[a,(a+b)/2), H=[(a+b)/2),b), then GGHe L —O(R) ,
ANG#¢, A[IH#¢, AcGUH, and GNH cR-A.

3.4 Proposition: Let (X,7,,7,,.....,7,) be an L —space such that A and B are

separated with respect to (X,z,). Then Aand B are L —separated with respect to
(X,7,,7,,.....,r,) for every topologies 7, ,(2<i<n) on X.

Proof:

By using 2.1 and 2.6.

3.5 Examples:

i. Let U be the usual topology on R, and let A=(0,1), B=(1,2) [4]. Then A and B

are separated with respect to the space (R,u) since Klz[o,l], §1:[1,2], AN §1 =9,

. _
A (1B =¢, therefore A and B are L —separated with respect to the L —space
(R,u,...,u) (n-times) by using 3.4.

ii. Let U be the usual topology on R and a,b,ce® such that a<b<c, and let
A=(a,b), B=[b,c). Then A and B are not separated with respect to the space (R,u)

since Klz[a,b] and §l:[b,c], and A (B ={b}# ¢, but AandB are L —separated
with respect to the L_—space (R,u,....u) (n-times) since A" = A, B"=B, and A[)

B"=A"NB=AN B=4.

3.6 Proposition: Let (X,z,,7,,.....,7,) be an L —space and AC X such that A is

L, —disconnected with respect to the (A,7,,,7,,,.....7,,) - Then A contains a subset
S which is disconnected with respect to (X,z,).
Proof:

Since A is L, —disconnected w.rt. (A7z,,7,0,....7,)-= 3IG,HeL —0O(A)

such that ANNG# ¢, ANH #¢, AcGUH,and G(NH c A°. =3 u,ver, such



Journal of Thi-Qar University No.2 Vol.5 Septemper/2009

that uNACGC (JunA v NA cHc (JvAA . 1FS =ANUUV), then A
i=2 i=2

contains S . Since A[1G# ¢, A(NH#¢,and GNH<c X -A= ANuzg¢, A(v
#¢, SculUv,and uNN\ve GMNH c X -A= S is disconnected w.rt. the space
(X,7,)-

3.7 Corollary: Let (X,z,,7,,......,) bean L —space and Ac X such that Ais L, —

disconnected with respect to (A, z,,,7,,,......7,,) - Then A contains a subset S which
is L, —disconnected with respect to (X,z,,7,,......,7,) -

Proof:

By using 3.6 and 3.2.

3.8 Proposition: If f:(X,z,7,,......0.) > (,7",7,,.....7",) is an L —continuous
function such that A is L —connected with respect to (X,z,,7,,.....,7,), then f(A)
is connected with respect to (Y,z',).

Proof:

We show that f(A) is connected w.rt. (Y,z',). Suppose that f(A) is disconnected
wrt. (Y,7,). = 3G,Her' such that f(A)G=¢, f(A)NH=¢, f(A)cGUH &
GNHcY-f(A). = f"(G)NA=¢, ' HNAz4, AcC ' GUI(H) &
f*G)Nf*(H)cX-A. Since f:(X,z,..7,)—>(,7,,...7, ) is L, —continuous.
= f*(G),f *(H)eL,-O(X) and hence A is L —connected with respect to
(X,7,,7,,.....,7, ), Which is impossible. = f(A) is connected w.rt. (Y,z").

3.9 Proposition: If A and B are L —connected sets which are not L, —separated

with respect to the L —space (X,z,,7,,.....,r,), then AUB s L, —connected.

Proof:

Suppose AUUB is L —disconnected and suppose GUH is an L —disconnection of
AUB . Since

Ais an L_—connected subset of AUB, either Ac G or Ac H .Similarly, either
BcGorBcH.Nowif AcGand BcH(@r BcG and AcH)= A&B
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are L —separated sets. But this contradicts the hypothesis; hence either AUBc G
or AUBcH,andso GUH isnotan L —disconnection of AUB. In the other

word, AUB is L, —connected.

3.10 Example: Let U be the usual topology on R? , and let A={(0,y): %g y<1}

B={(x,y): sin(1/x), 0<x<1} [4]. Now A and B are not separated with respect to the

space (R?,U), since each point in A is an a commulation point of B and therefore A
UB is connected with respect to the space (93?,U) by using 2.3, moreover A and B
are L —separated with respect to the L —space (R?,U,...U)(n-times), since AT

= A B'=B,and ANB" = A"NB = A B =¢ . Therefore AUB is L -

disconnected as indicated in Fig.2 bellow:

Fig.2
3.11 Proposition: Let (X,z,,7,,.....,7,) bean L —space and A,BC X such that A'is

L, —connected such that Ac B A”, then Bis L, —connected, in particular A"

is L, —connected.
Proof:

Suppose B is L —disconnected and suppose GUH is an L —disconnection of B .

Now A is L, —connected subset of B, either A(1G=¢ or A(NH =¢; say,

ANG=¢.Then X —G isa L, —closed set and therefore AcBc A" < X -G.
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Consequently, B(1G =¢. But this contradicts the fact that GUH is an L —
disconnection of B; B is L — disconnected.

3.12 Example: Let U be the usual topology on R and a,be ‘R, and let A=(0,2),

B=[0,2). Then AcB gﬂl, therefore A & B are connected sets with respect to
(R,u) by using 2.2 and 2.4 respectively, but B is L —disconnected with respect to
(R,u,...,u) (n-times) since if G=[0,1), H=[1,2), then GHe L, —O(R) ,B[1G=¢, B
NH#¢, BcGUH, and GNH cR-B.

3.13 Conclusions:

1. If Ais disconnected with respect to the space (X,z,), then A is L —
disconnected with respect to the L —space (X, (20 PO ,Tn) for every topologies
7,,(2<i<n) on Xasindicated in proposotion 3.2.

2. The converse of the 1% conclusion is not true as indicated in example 3.3.
3. If A and B are separated with respect to the space (X,z,). Then A and B are

L, —separated with respect to the L —space (X,7,,7,,.....,r,) for every topologies
7,,(2<i<n) on Xasindicated in proposotion 3.4.
4. The converse of the 3" conclusion is not true as indicated in example 3.5.

5. If (X,z,,7,,......t,)isan L, —space and AC X such that A is L, —disconnected
with respect to the (A,z,,7,,,.....7,,), then A contains a subset S which is

disconnected with respect to (X,z,) as indicated in proposotion 3.6.

6. If f:(X,z,7,.....7,) > (Y,7',7,,....7" ) isan L, —continuous function such that
A is L, —connected with respect to (X,z,,7,,.....,r,), then f(A) is connected with
respect to (Y,z',) as indicated in proposotion 3.8.

7. 1f Aand B are L —connected sets which are not L —separated with respect to
the L, —space (X,z,7,,......,), then AUB is L, —connected as indicated in

proposotion 3.9.

10
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8. If A and B are connected sets which are not separated with respect to the space

(X,z,), then it is not necessary that AUB is L, —connected with respect to the
L, —space (X,z,,7,,.....,r,) as indicated in example 3.10.

9. If(X,7,,7,,.....,7,,) is an L —space such that ABC X, Ac B A" and A is
L —connected, then B is L _—connected, in particular A" is L_—connected as
indicated in proposotion 3.11.

10. If (X,z,,7,,.....,r,) is an L, —space such that ABC X, Ac Bgﬂl and A is
connected with respect to the space (X,z,) , then it is not necessary that B is L, —

connected with respect to the L —space (X,z,7,,.....,r,) as indicated in example
3.12.
References
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Abstract:

The rapid development of the communication networks through the Internet
and development of the electronic trade with spread of the digital media such as
(images, audio, video) which can be got easily, copied, and distributed with other
person names. All these led to the needs of the authentication or copyright. The most
important techniques used are watermark techniques.

The watermark techniques are divided into two types, they are spatial
domain and frequency domain techniques. The frequency domain techniques are
more stronger than the spatial domain techniques. The proposed algorithm is used
with Discrete Cosine transform (DCT). Several experiments were given to illustrates
the performance of the proposed scheme. This research focus on the frequency
domain and deals with the images by choosing the best locations to embed the

watermark to ensure the digital watermarking requirements.

Keywords: Image, watermark, spatial domain, frequency domain.
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1. Introduction:

The development of the World Wide Web (WWW) led to the possibility of
sharing the information by many users all over the world, and the development of
software and hardware led to the ability of sending and receiving many data
through the networks, now it became possible to send and receive different types of
animated, static images, and different types of digital media [1].

The digital media such as (images, audio, video) that can be got easily, copied,
and distributed with another person names all these led to the needs of the
authentication or copyright. There are many methods to protect the copyright of
these media. The important one of these techniques are the watermark techniques
[2].

The proposed technique embed digital watermarking in the color images, to
get an image that contains a digital watermarking. This technique has the ability to
safe the watermark against attacks, and in the same time to keep the good quality of
the reconstructed image. So the resultant image not be recognized by the Human
Visual System (HVS).

2. Digital Watermark:

Refers to embed a message or digital watermark into another digital media.

The purpose is the authenticity or copyright of this digital media. The digital
watermark must be very difficult to remove, or destruct from the media by the
attacks [3].

The embedding techniques in the images depending on basically on the
sensitivity border of human being eye or Human Visual System (HVS).

The structure of a digital watermark composes from two stages: the first stage
is the watermark embedding, and the second is the watermark detection and
extraction. Figure (1) shows the embedding and the extraction operations.

The digital media (original image) that contains the digital watermark is called
the carrier. The watermarking (the secret message (image)) is not attach in the
carrier material as a separate file or link but its an embedded information directly

within the carrier material and dealing with them as one material [4].

13
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The digital watermark should contain some features to be able to protect the
digital media from the attacks, and the most important requirements are [5, 6]:
1. Transparency.
2. Robustness.
3. Capacity.
4. Security.
3 Discrete Cosine Transform (DCT):

The image types are binary images, grayscale images, and color images.

The proposed algorithm deals with the color images, that can be considered as
a three grayscale images, that contain three basic colors red, green, and blue and
each color represents (8 bits), then can be represented each pixel contains three
colors by (24 bits) as shows in the Figure (2) [7].

The proposal algorithm using DCT method to the watermark embedding. In
which each image is divided into blocks with n*n pixels, then transform these blocks
into the transform coefficients. The transform coefficients are blocks with three
levels of frequency signals. DCT are used in the image compression applications too,
like Joint Photographic Experts Group JPEG [8].

Each blocks transform from spatial domain to the frequency domain using the
2D-DCT equation as shows in the equation (1) [9,10]:

LS z(2m+1)p  z(2n+1)q
B = cos coS
pq apaq;;/%m oM N (1)
O0<=p<=M-1
0<=g<=N-1

[L—*JE, g=0
o =
7 |J2/N, 1<g<N-1

This method produces block matrix that contains the transform coefficients

to each pixel, the image signal changes slowly from point to point. Therefore, the

14
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block energy is concentrated in number of low frequency coefficients that exists in
the upper left corner from the matrix. While the high frequency coefficients exists
in the lower right corner. There are intermediary frequency coefficients that exist in
the middle of block as shows in Figure (3) , and these coefficients have a real values.
On the other hand, the Inverse DCT (IDCT) retrieves the original information

from frequency domain to the spatial domain as shows in the equation (2) [9,10].

MR z(2m+1 z(2n+1
Amn = > apaqBpq cos (2|v| P cos (2N & )
p=0 g=0

u_{lfm,p=ﬂ m_{lxﬁ,:;:ﬂ
p q

4,/§/M, 1<p<M-1 \/'2;,—, 1<g<N-_1 1beds the
T T 1 o2 U2 VUG _...racts the

watermark image from the original image and these two algorithms described as
follows:
The Embedding Algorithm:

1. Read the Original Image (Carrier). And Read the watermark image.

2. Divide the Carrier into blocks of n*n pixels.

3. Divide the watermark into blocks of n*n pixels.

4. Transform the carrier blocks into frequency domain using DCT.

5. Choose the intermediary frequency coefficients and then replace it with the
pixel values of the watermark blocks.

6. Transform the carrier blocks from frequency domain to the spatial domain
using IDCT.

7. Assemble the carrier blocks to produce an image with watermark (Water-
Image). As shows in Figure (4).

The Extraction Algorithm:

1. Read the Water-Image produced from the embedding algorithm. And Read
the original image (carrier).

2. Divide the Water-Image into blocks of n*n pixels.

3. Divide the Carrier into blocks of n*n pixels.

4. Transform the Water-Image blocks into frequency domain using DCT.

15
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5. Transform the carrier blocks into frequency domain using DCT.

6. Take the chosen intermediary frequency coefficients and then subtract the
carrier intermediary coefficients from the Water-lmage frequency
coefficients to produce the original watermark blocks.

7. Assemble the watermark blocks to produce the watermark image. As shows
in Figure (5).

5. The Experimental Work and Analyses:

Peak signal-to-noise ratio (PSNR) is the standard method for quantitatively
comparing a reconstructed image with the original image. For an 8-bit grayscale
image, the peak signal value is 255. Hence the PSNR of an MxN 8-bit grayscale

A

image X and its reconstruction X is calculated as [11]:

2
PSNR = 10Ioglozi ...... 3)

MSE
where the Mean Square Error (MSE) is defined as:

M—ll\lmzz_:‘);[)((m’ n-gmmnf .. )

Figure (6) shows the original image and the watermarking image using the

MSE =

proposed algorithm. Figure(7) shows the first & second experiment using the carrier
images with two watermarks and the PSNR that results from this experiment, while
Figure (8) shows the third & forth experiment using the carrier images with two
watermarks and the PSNR that results from this experiment .

The Experiments:

There are four experiments each one have original image with one
watermark images where the first watermark image is embedded in the first
original image and calculates the result of PSNR to show the effect of the embedding
operation on the original image.

Then perform the second experiment on the first original image with the
second original watermark and calculates the PSNR, ...etc.

16
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The result of the experiments are showed in the Table (1):

Experiment No | Original Image No. | Watermark No. | PSNR (dB)
1 1 1 30.0576
2 1 2 35.7086
3 2 1 19.858
4 2 2 25.1018

Table (1) The Results of experiments

6. Conclusions:

The experiments show the ability of the proposed algorithm to embed the
watermark image in an efficient manner by achieving the watermarking
requirements that showed in the following:

1. Transparency: The proposed algorithm provide a high degree of
transparency that the HVS does not recognize the watermark that
embedded in the original image. And this can be achieved by choosing the
embedded locations which are far from the low frequency locations (blocks
energy).

2. Capacity: The proposed algorithm has a high capacity that can reach the
half of the original image size. The watermark can be embed in the (4, 8, 16)
locations at least in each block (8*8=64 locations).

3. Security: The important requirement that must be provided in the system
by embed the watermark in the appropriate frequency domain coefficients
and produce an embed image with good PSNR.
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Figure (4). The embedding stage.
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Figure (6) The original and watermark images.
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Figure (7) The result of experiment (1,2).
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Figure (8) The result of experiment (3,4).
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