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Abstract :
B-locally connected function is defined. Nonlinear programming

problem is considered involving this function. Kuhn-Tucker type
sufficient optimally conditions are given under the hypotheses that the
right differential with respect to an arc at an optimal point exists.

Also Fritz —John type necessary optimality criteria under the hypothesis
that the right differentials, at an optimal point, of the objective and the
active constraint functions are arc wise connected and inactive
constraint functions are continuous.

1. Introduction

The convexity notion plays an important role in the mathematical programming
field. VVarious generalizations of convex function have appeared in literature. Ortega
and Rheingold [6] extended the concept of convex functions by defining arc wise
connected functions on arc wise connected sets .for which points lying on continuous
arcs, instead of line segments satisfy certain inequalities. Avriel and Zang [1]
expanded the class of quasiconvex functions and pseudo convex functions by
defining arc wise Q-connected and arc wise P-connected functions. Kaul, lyall and
kaur [3] introduced locally connected and locally Q-connected functions defined on
locally connected sets which generalize arc wise connected functions [6] .Kaul and
Lyall [4] defined the directional derivative (with respect to an arc) of a real valued
function, called the right differential, at a point of a locally connected set .they [4]
also defined locally P-connected functions in terms of their right differentials and
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obtained a number of sufficient optimality criteria for a nonlinear programming
involving these functions

In this paper b-locally connected functions, b-locally Q-connected functions and
b-locally P-connected functions have defined. Necessary and sufficient optimality
conditions were given .

For b(x,x",4) =1 class of b-locally connected functions ,b-locally Q-connected

functions and b-locally P-connected functions reduce to locally connected functions.
Locally Q- connected functions and locally P-connected functions respectively.

2.Definitions and Preliminaries

Definition 2.1 [2] :Aset S < R" is said to be an arc wise connected (AC) set if for
each pair of points x™, x € S ,there exists a continuous vector valued function

H,. (1) €S, A €[0]] , such that

Hyy (0) = X He. @ =X
Definition 2.2 [2]: A real value function f is said to be arc-wise connected function
if for each pair of points x”, x € S ,there exists an arc HX*’X(/I) e S, satisfying
f(H, (D)) <@-Df (XN +AF(x)  0<i<1
Definition 2.3[3]: Aset S < R"is said to be a locally connected (LC) set if for each
pair of pointsx’,x € S, there exists a maximum positive number a(x’,x) <1 and a
vector valued function H,., (1) €S, 0<i<a(x,X)

H,.,(4) is continuous in interval ]0,a(x”,x) [ and
Hey(0) =X H.,@=x

Let S < R"be a locally connected set satisfying the above conditions and f be a real
valued function defined on S

Definition 2.4[3]: f is said to be a locally connected (LCN) function if for each
points X", X € S ,there exists a positive number d(x", x) <a(x’, x) satisfying
f(He (1) <@-A)f (X)+Af(x), 0<A<d(x,x)

Definition 2.5:f is said to be b-locally connected (BLCN) function if for each pair of
points X', X € S there exists a positive number d(x",x) <a(x",x) and a function
b:SxSx[01] >R, Such that
f(H ., (1)) < (- Ab(x, X, ) (X)) +Ab(x, x", A) f (%),
0<A<d(x’,X),Ab(x,x, 1) <1

If f is b-locally connected for each x~ €S for the same b, then f is said to be b-
locally connected on S
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Definition 2.6: f is said to be b-locally Q-connected (BLQCN) function if for each
pair of points X ,xeS there exists a positive number d(x’,x)<a(x’,x)and a
function b:S xS x[01] —» R, Such that

f(X)< f(X)=b(x,x",A)f (H, , (A) <Db(x, X, ) f(x), 0<A<d(x,x)and
Ab(x,x",A) <1.

Definition 2.7 [4]: The right differential of f:S — R at x with respect to the arc
H,..(4) is given by

. . f(H. () 1(X)
df "(x",H,, (09 =lim ‘

A0 A
Provide that the limit exists
Definition 2.8: If the right differential of f with respect to H . (1) at X" exists and

further for each xS
df " (x”, HX*’X(O*)) >0=b(x,x",A)f(X) >b(x,x, 1) f(x)

then f is said to be b-locally P-connected (BLPCN)atx’.

If f is b-locally P-connected at each X S for the same b, then f is said to be b-
locally P-connected on S

For b(x,x’,A4) =1 b-locally connected function, b-locally Q-connected function
reduce to locally connected function and locally Q-connected function respectively.

However, there are functions which are b-locally connected functions but not
locally connected function for example

f:S >R, sz(o,%), f (x) = sin(x)
2 x>x" Ae[0,%]
b(x,x", 1) =

0] x<x" Ae[0,1]

H,. (D) =(@-2)x"+x*)"?
Sis locally connected set, a(x", x) =1

f is not locally connected function because for X =%, X :% there doesn't exists any

positive number d(x", x)such that
f(HX*’X(/i))s(l—ﬂf(x*)+/1f(x),for 0<A<d(x’,x) but f is b-locally connected

functionat x =2, x" =2, 0</1<£,d(x*,x):£.
3 6 2 2



Journal of Thi-Qar University No.3 Vol.4  December/2008

Class of BLCN is larger than class of LCN. So this work consider a
generalization of LCN

Definition 2.9: If the right differential of f with respectto H . (1) at X" exists and
further for each ,x e S

b(x, X" )df “ (X", H ., (0")20=> f(x)> f(x")

where b(x,x") = JII’E] b(x,x", 1)
Then f is said to be b-locally strongly P-connected (BLSPCN) at x~
If f is b-locally strongly P-connected at each xS for the same b, then f is
said to be b-locally strongly P-connected on S.
Theorem 2.1: let f :S — R if the right differential of f with respectto H . (1) at
X" exists and further f is b-locally connected (BLCN) at x” then
B(x, X)) F(X)— f(x7) >df “(x, H,. (07)
where
b(x,x") = lim b(x,x",2) and 2b(x,x",4) <1
A—0"
Proof: Suppose f is b-locally connected ax™ €S, i.e. for each ,x €S there exists a
positive number d(x",x) <a(x’,x)and a function b:S xS x[0,1] — R, such that
f(H. (1) <@-ab(x, X, AN (X)) +Ab(x, x", A) f (%),

0<A<d(x’,x), Ab(x,x", 1) <1.
Therefore

f(H, ()= 1(X)
A

<b(x, X", A[F(X) - f(x)]

0<A<d(x’,x), Ab(x,x",A)<1
Taking the limitas 4 - 07,

o fH. )-1() . .
lim — < im b, X", AL () - £ (xX)],

df ' (X", H,. (0") <b (%X )[f (x)— F(x)].

The proof is complete.
Theorem 2.2: Let f:S — R If the right differential of f with respect to H . (1)

at x" exists and further f is b-locally Q-connected (BLQCN) at x" then
f(x)< f(x)=b(x,x)df “(x",H . (0")<0
where
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b(x,x") = limb(x,x",2) and  b(x,x",4) <1

Proof: f is b-locally Q-connected atx”, therefore for each pair of pointsx’,xe S,
there exists a positive number d(x,x) <a(x",x)and a function b:SxSx[01] — R,
such that
fX)< F(X)=b(x,x,A)f (H,. () =b(x, X, ) (X)),
0<A<d(x’,x), Ab(x,x",1)<1
e
b(x,x", A)[ (H. (D- f(x)]<0
Dividing by 4 >0 and taking the limitas 4 — 0" ,we get
b(x, x")df * (X", H . (0")) <0 the proof is complete

3. Sufficient Optimally Criteria
Consider the nonlinear programming problem

(NP) { Minimize f(X)

subject.to g(x)<0,xeS
where S < R"is a nonempty locally connected set and f :S —-R,g:S — R™ such
that the right differentials at x” exists with respect to the arc H - x 1)
Let S ={x e S/g(x) < O0}be the set of all feasible solution to (NP)
LetN, (x")={xeR"/

Definition 3.1:
(a) x"is said to be a local minimum solution to problem (NP) if x" e S°and there

exists £ >0 such that xe N_(x")nS° = f(x) > f(x")
(b) x"is said to be the minimum solution to problem (NP) if x" € S°and

f(x")= rxnlsg f(x)
The next theorem gives sufficient optimality criteria.
Theorem 3.1: let x" €S and let f be bs- locally connected function at x and g be
b,- locally connected function at x".If there exists T € R™ such that (x”, ) satisfy
the following relations:

x—X|<e}

df (X', H,. (0")+T"dg" (X', H. (0')20  VxeS° (3.1)
u'g(x)=0 (3.2)
g(x)<0 (3.3)
U>0 (3.4)

with b, (x,x7) = JII’EI b, (x,x",A) then x" is an optimal solution to problem (NP)

Proof: g(x") <0 this impliesto X" € S°,s0 x" is feasible solution to problem (NP).

Also f is bs- locally connected function at x".Therefore for anyx <S°, Theorem
(2.1) yields (using (3.1) and that g is b,- locally connected at x” .):

6
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b2 (%, X)L F () = F(x) = df (<", H . (07)

> —0'dg"(x",H . (0)

> 0", (x,X)[9(x) - g(x)]
AsT>0, g(x )<0 and bz(x,x") >0, this implies to
ba (X, X[ (X) = f(x") > —T"b, (X, X")g(x) =0

Thus, it follows that as b:(x,x) >0
f(x)> f(x) vxeS® . Hence x" is an optimal solution of (NP).
4. Necessary Optimality Criteria
The following alternative theorem stated by Jeyakumar [2].
Theorem 4.1: let S be a nonempty arc wise connected set in R" and let f :S — R*be

an arc wise connected function on S .then either
f(x)<0 hasasolution xe S

or
A f(x)>0 forall xeS ,forsome AeR*, 120

But both alternatives are never true simultaneously.

Lemma 4.1: Let x" €S° be a local minimum solution for (NP). We assume that g is

continuous at x”,and that the right differential of f and g exists at x” with respect

to H X*’X(/l) .then the system

df “(x",H . (07))<0

dg," (X, H,. (0))<0 il
has no solutionx S°, where I =1(x")={i/g,(x") =0} and
J=J(x")={i/g,(x") <0}

(4.1)

Proof: Let x < S°be a solution of the system (4.1).Since the right differentials of f
and g,,i el at x”exists with respect to the arc H. (4)

Therefore
f (HX*’X (1) = f(X7)+Adf *(x, Hx*,x(0+)) + Aa(A) (4.2)
and
0:(H . (M) =0,(x)+dg," (", H . (0")+4e; (1) el  (43)
where
a:[01] >R ﬂlwgw a(l)=0 (4.4)
a; [01]—>R Jlrg a;(4)=0 (4.5)

Using (4.1),(4.4) and (4.5) we get ,for small enough A say 0< A4 < 4,
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df *(x",H . (07) +a(2) <0

and
dg;"(x",H . (0")+; (1) <0 Foriel

Hence it follows by using the relation (4.2),(4.3) that for 0 < A < 4,

f(H,. ()~ f(x)<0 (4.6)

g,(H, ,())-g,(x)<0 icl (4.7)
Now g;,i € Jis continuous at x" and Hx*,x(ﬂ') is a continuous function of A ,therefore
lim g,(H,., (1)) =g,(x") <0 el
Which implies that there exists 11, 0< A <a(x’,x) (i el)such that
9;(H, (1) <0 For 0<A< A (4.8)

Let A" =min(A4,, ). Then from (4.6) to (4.8) it follows that for 0< A< A’
H. (A)eS’and f(H_. (1)< f(x") which is a contradiction as x™ is an optimal
solution of (NP).Hence the system (4.1) has no solution xeS.

Theorem (4.2): (Necessary Optimality Criteria): Let x be an optimal solution of
(NP).

If df *(x, H. (07)) and dg N H . (07)) are arc wise connect functions of x, g;,
i € Jisacontinuous at x"with S arc wise connected set ,then there exists r,” € R
r’ e R™ Such that

o df “(x", H . (07)+r"dg"(x",H . (07))>0 Vxe$S (4.9)
rg(x)=0 (4.10)
(r,’,r')=0 (4.11)
where 1=1(x")={i/g,(xX’)=0}and J =J(x")={i/g,(x") <0}

Proof: According to theorem (4.1), exactly one of the following two systems has a
solution

df *(x",H . (07))+dg, (x",H . (07)<0
or there exists r, ,r. R , i Such that
rdf (X", H.. (07)+r, dg,"(x",H_. (0%))>0 VxeS (4.12)

(r,,r,)>0
Since the assumption of the lemma is satisfied, so the first has no solution. Hence the
second system has a solution

Defining rj* =0 for jeJ by (4.12) we get (4.9).Because for i eI, g, (x") =0,this

implies for r”=(r,",r,") we have r g(x") =0 which is the relation (4.10).The proof
is complete.
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