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ABSTRACT
The concept of fuzzy sets was introduced by (Zadeh L.A.) in 1965 and in 1982
(Liu W.J.) introduced the concept of fuzzy rings, fuzzy ideals and Since that time
many papers were introduced in different mathematical scopes of theoretical and
practical applications.
A characterization of rings which are both homomorphism and isomorphism is
obtained. We are prove to the fuzzy rings whose fuzzy ideals assume to obtain it.

Kernal fuzzy ring have been defined and conditions have been obtained under
which we need
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SECTION ONE BASIC CONCEPTS
This section contains some definitions and properties of fuzzy subset, fuzzy
ring,

fuzzy ideal which we will be used in the next chapter.
11 PRELIMINARY CONCEPTS
Let (R,+,+) be a ring. A fuzzy subset of R is a function from R into [0,1], in
my paper , (R,+,+) be a commutative ring with identity, ([1],[2]) .
Let A and B be fuzzy subset of R. We write A c B if A(X) <B(x) forall x e R. If A
c B and there exists x € R such that A(x) < B(x), then we write A c B and we say
that A is a proper fuzzy subset of B, (1). Note that A = B if and only if A(x) = B(X),
for all x e R, ([1],[3]).
Foreacht € [0,1], theset At={x € R| A(X) 2t} is called a level subset of R
and the set A~={x e R| A(X) = A(0) }, ([11.[4]).
Let A and B be a fuzzy subsets of R, the product A< B define by
AoB (X)=sup{A(Y),B(®) }x=y-z,y,ze R, forall x e R, [2] .
We let ¢ denote ¢(x) =0 for all x € R, the empty fuzzy subset of R, ([3].[5] ) .
Let A be a non empty fuzzy subset of R, A is called a fuzzy subgroup of R if
for
all x,y € R, A(x +y) 2 min {A(x), A(y)} and A(x) = A(-x), [5] .
A is a non empty fuzzy subset of R, A is called a fuzzy ring of R if and only
if for
all x, y € R, then A(x - y) 2 min {A(X), A(y)} and A(x - y) = min {A(x), A(y)},
(I31.[51) -
A non empty fuzzy subset A of R is called a fuzzy ideal of R if and only if for
all x,y eR, then A(x - y) 2 min {A(x), A(y)} and A(x - y) = max {A(x), A(Y)}, ([1].[5]
).

It is clear that every fuzzy ideal of R is a fuzzy ring of R, but the converse is
not true.
Let X be a fuzzy ring of R and A be a fuzzy ideal of R such that A < X.
Then A is a fuzzy

ideal of the fuzzy ring X, [6] .
If Ais a fuzzy ideal of R, then A~ and A; are ideals of R, ([1],[4] ) .

1.2 HOMOMORPHISM FUNCTIONS
In this section, we shall give some concepts about homomorphism and
isomorphism

functions. Also, we give some properties of these concepts.

DEFINITION 1.2.1 [7]:
A mappimg f from a ring R to a ring R’ is called ring homomorphism if it
satisfies the

following properties for alla,b e R :

1. f(a+b)="f(a)+ f(b)

2. f(a-b)=f()- f(b)

PROPOSITION 1.2.2:
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Iff:R > R, g:R — R"are homomorphism between the fuzzy rings A, B
and C, then fog
is a homomorphism between A and C.
PROOF: A:R—[0,1], B: R'—[0,1] and C:R"— [0,1] are fuzzy rings, f and g are
homomorphism such that R %' R
R
To prove that fog is a homomorphism, Iet\a&b € R%hen
L gzbf) (@a+b)=g(f(a+h)=g(f(a)+ f(b) =g (f(@)+ g (f(b) =gof(a) +" gof
2. gof(a-b)=g(f(a-b)=g(f(a)- f(b)) =g (f(a) " g(f(b))=gof(a)-" gof(h)
Hence gof is a homomorphism between A and C.
Note that : If f and g are isomorphism, then gof is an isomorphism since f and g
are
1 -1 and onto implies that gofis 1 — 1 and onto.
PROPOSITION 1.2.3 :
Let X : R »> [0,1], Y : R'> [0] are fuzzy rings f : R - R’ be
homomorphism between them
and A : R — [0,1] a fuzzy ideal of X, B : R— [0,1] a fuzzy ideal of Y, then
1. f(A)isafuzzyideal of Y.
2. f(B)is a fuzzy ideal of X.
PROOF: (1) Letx,y e R'suchthatf(a)=x,f(b)=y,wherea,beR
f(A) (x-y)=sup{min { A@@), A(0)} |a=f(x), b=f(y)}
> sup { min { X(a), A(b)} |a=f(x), b=f(y)}
=sup {min{Y(x), f(A) (y)}Ix=f(),y=1(b)}
2 sup {min {f(A) (x), f(A)(y)}x=f(@),y=F(b)} ()
2min {f(A) (x), f(A)(y)}
f(A) (x-y)=sup{min{A@), A®)}|a=f"(x),b=f)}
> sup { min { X(a), A(b)} | a=f *(x), b=F"(y)}
=)S;p{min{Y(X),f(A) (y)}x=1f(),y=~f(b)}=min{Y(x) f(A)(
y
Similerty f (A) (x-y)2min{Y(y), f(A)(x)}
Hence f (A) (x-y)2max{f(A) (x),f(A) (y)} Therefore f (A) is a fuzzy ideal
of Y.
(2) Leta,b e Rsuchthatf*(x)=a, f*(y) =b, wherex,y e R’
f(B) (a—b)=sup {min {B(x), BY)}|x=f(a),y="f(b)}
2sup {min{ Y(x), Bl)} [x=T(a),y =T ()}
=sup { min { X(a), f*(B) (b) }|a=f"(x), b =f(y)}
>sup {min {f*(B) (a),f*(B)(b)}|a=f"(x), b=y} (9
>min {f'(B)(a),f'(B)(b)}
f(B) (a-b)=sup {min{B(x), By} x=f(a),y="f(b)}
2sup {min {Y(x), B(y)} | x=f(a),y =1 (b)}
=sup {min {X(@), f'(B) (b)}|a=f"(x), b=f(y)}>min{X(@), f
'(B)(b)}
Similerty f *(B) (a-b)>min { X(b), f *(B) (a)}
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Hence f *(B) (a-b)2=max {f*(B) (a), f *(B) (b) }. Therefore f *(B) is a fuzzy
ideal of X.

1.3 QUOTIENT FUZZY RING
In this section, we shall give definition and some properties of quotient fuzzy
ring.
DEFINITION 1.3.1 [6] :
Let X be a fuzzy ring of R and A be a fuzzy ideal in X. Define X/ A : R/ A«
— [0,1] such that

X/A@+A)= ! Tach
| supfX(@a+b)} ifagA,beA

Foralla+ A~ € R/ A+, X/ A'is called a quotient fuzzy ring of X by A.
Note that X /A is a fuzzy ring of R/A« by remark (3. 3.1. 2) in[6] .
DEFINITION 1.3.2 [6] :
1. Xisafuzzy ring of R and A is a fuzzy ideal in X, then
XIAQ+A)=1, [0+ A« = A4].

2 . If Xis a fuzzy ring of R and A and B are fuzzy ideals in X such that A < B.
Then

B /A : R/A«— [0,1] such that

B/A(a+A)= ! Tach
| sup{B(a+hb)} ifagA,beA

is a fuzzy ideal in X /A.

3. Let X be a fuzzy ring of R such that X(0) = 1 and A be a fuzzy ideal in X.
Define

K:R/A~— [0,1] such that K(a+ A+) =sup{ X (a+b) |b € As}. Then X /A =K.

PROPOSITION 1.3.3 :
Let | be an ideal of a ring R, A be a fuzzy ideal of R. Then the fuzzy subset B
of R /A define by
B(a+1)=sup{ A(a+x)|x e l}isafuzzy ideal of the quotient ring in R /I.
PROOF: DefineB:R/1— [0,1]suchthatB(a+1)=sup{A(a+x)|x e l}
since B(0 + 1) = A(0), B is non empty fuzzy subset of R / |
Leta+l,b+leR/l,a+l=b+I1thenb=a+c forsomecel
B@a+ =sup{A(b+x)|xel}=sup{A(@+c+x)|xel}=sup{A@+y)|y=x+c
el}=B(b+1)
Hence B is a well — defined.
Now, we must prove B is a fuzzy ideal of R/ |
1. B(@+h-(b+D)=B((a-b)+)=sup{A((a-b)+x)|xel}
=sup{A((@a-b)+(v-w))|x=v-we l}
=sup{A(@a+v)—(b+w)|w,vel}
>sup{min{A(@a+v),Ab+w}}
>min{sup{A(@+v)|vel},supfAb+w)wel}}
=min{B(a+1),B(b+ 1)}
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2. B((@a+h-(b+nN)=B((a-b)+r)=sup{A((a-b)+x)|xel}
>sup{A(@a-b+a-x)|xel}a-xel
=sup{A(@(+x))|xel}
2sup{A(b+x)|xel}=Bb+1)

Similerty, B((a+1)-(b+1))>2=B(b+1)

Implies that B((a + 1) - (b + 1)) > =max { B(a + I), B(b + 1)}. Hence B is a fuzzy

ideal of R/ I.

PROPOSITION 1.3.4:

Let I be an ideal of a ring R. Then there is a one — to — one correspondence
between the fuzzy

ideals A of R such that A(x) = A(0) for all x € I and the set of all fuzzy ideals B of

R/

PROOF: Since A is a fuzzy ideal of R, by proposition (1.3.3), we found B such

that

B@+1l)=sup{A(@+x)|xel}isafuzzyideal of R/I.

but A (x) = AQ) forall x e I, A@+x)>2min { A (a), A(X)} =min { A (a), A

(0)}=A(a) and

A(@) = A(a+x—- x)wherex e |

>min {A(a + X), A(+ X)} = A(a + x)

Hence A(a + xX) = A(a) for each x € |. Thus B(a + 1) = A(a).

Hence the correspondence A — B is injective. Let B be any fuzzy ideal of R/ I.

Define A on R by A(a) =B(a + I) implies that A is a fuzzy ideal of R and for any x

e l, A(x)=B(x+1)=B(1) then A(x) = A(0) ifx € I.

PROPOSITION 1.35 :

Let X : R —> [0,1] be a fuzzy ring and A be a fuzzy ideal in X. Thenf: R —»
R / A~ define by

f (a) = a + A« is homomorphism between X and X / A.

PROOF: f:R—>R/A«suchthatf(a)=a+ A~ Leta,beR

f(@a+tb)=(a+b)+A«=(@a+A) @D (b+A)=f(a)®f(b)

f@-b)y=@-b)+A=@+A)®(b+A)=f(a) ® (b)

Hence f is a homomorphism between X and X / A.

Note that : since for any a + A« € R/ A+, a+ A~ =1 (a), then f is onto.

PROPOSITION 1.3.6:

Let X be a fuzzy ring of R and A be a fuzzy ideal of X. Let | be an ideal of R
maximal among

those contained in A«[) X« Then there exists a bijection between the fuzzy ideals

of X /A and the fuzzy ideals A of X such that | < A-.

PROOF: LetB ={A"| A fuzzy ideal of X, | c A}, C ={A" | A" fuzzy ideal of X
/A}
f:R—>R/Ilsuchthatf(a) =a+ 1, a e R. Note that f is a homomorphism by
proposition (1.3.3). Let h : B — C such that h(A") = f (A"), h(A)(@) =a + |

k : C - B such that k(A") = f }(A"), k(A")(a+ 1) =a
Now, to prove that keh =g, hok =ic
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(ke h)(A)(x) = k(h(A,')(X)) xeR '
Z}E ')1(f (A))) = sup {A'(Y) |y e FHF ()} =sup {A(x +2)) [z e I} =
X
Therefore koh=1g
(hoK)(A")(Y) = h(k(A")(Y)) yeR/I

= (2 (A)Y)=sup{A'(x+2) [z € | x e F(F ()}=sup{A’y) |y e F(F
())}=A(Y)
Hence hok=lic
Now, we must prove that k, h are bijection
1-1: h(xX)=h(y),thenx+1=y+1limpliesthatx—-y e landx =y hisl-1
k(x+1)=Kk(y+1),thenx =y kisl1-1
onto : forall X e R, thereexistsy e Rsuchthatx =y +z,z € |, then xey + I.
Hence k is onto
for all x € R, there existsy € R such thaty e x + | impliesthatz e I,y = x + z.
Hence h is onto

SECTION TWO

FUZY KERNEL
Now, we shall introduce the concept of a fuzzy kernel of a function and
some properties of it.
DEFINITION 2.1.1 ([81.[9]1):
Let X : R »> [01], Y : R> [0,1] are fuzzy rings f : R - R’ be
homomorphism between them.
We define the fuzzy kernel of f, ker f,.f : R —» [0,1] by

X(0) X € ker f
ker f,, f(x):{ v ker f

PROPOSITION 2.1.2:
ker f,f : R —> [0,1] is a fuzzy ideal of X.
PROOEF: Since ker f,f (0) = X(0), then ker f,.f=¢, let X,y € R, then
1. Ifx-yekerf, x-ye kerf, hence
ker f,.f (x—y) = X(0) 2 min { ker f,,f (x), ker f,.f (y)}
ker f,.f (X -y) = X(0) > max { ker f,,f (x), ker f,.f (y)}
2. Ifx—yekerf,x-yekerf,thenx ¢ kerf,y & kerf
ker f,.f (x—y) =0 =min { ker ff (x), ker f,f (y)}
ker f,.f (X -y) =0 =min { ker f,f (x), ker f,;f (y)}
3. Ifx & ker f, then ker f,f (x) =0 < X(x) and
If x € ker f, then ker f,f (x) = X(0) = X(X) = Y(0) = Y(x).
x —y ¢ ker f, hence ker ff (x —y) = 0 = min { ker f,f (x), ker .. f (y)}
X -y € ker f, then ker f,f (x - y) = X(0) > min { ker f,f (x), ker f,;f (y)}
Therefore ker f,.f (x—y) 2 min { ker f,,f (x), ker f,.f (y)}
ker f,f (x - y) 2 max { ker f,.f (x), ker f,.f (y)}
Hence ker f,fis a fuzzy ideal of X.
DEFINITION 2.1.3 ([81.[9]1):
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A fuzzy ideal A of a fuzzy ring X of R is called normal if A(x ™ -y - x) = min {X(x),
Ay)}
forallx,y e R.
PROPOSITION 2.1.4 [8]:
Let A be a fuzzy ideal of a fuzzy ring X of R. If A is a normal fuzzy ideal,
A(0) > t, then Acisa
normal ideal of X.
PROPOSITION 2.1.5:
ker f,.f : R — [0,1] is a normal fuzzy ideal of X.
PROOEF: By proposition (2.1.2) ker f,,f is fuzzy ideal of X. We must prove that
ker f,.f isnormal (i.e leta, b e R, ker f,f(a™-b-a)>min {ker f,f (b), X(a)}).
1. Ifaekerf thena™.b-a e kerfandker f f(a™-b-a)=X(0) 2 min {ker
fzf (b), X(a)}
2. Ifagkerf theneithera™-b-aekerfora™-b-a¢ kerf
a™-b-a e ker fimplies that ker ff(a™ - b - a) = X(0) = min {ker f,f (b), X(a)}
al-b-a ¢ ker fimplies that ker f,.f(a™ - b - a) = 0 = min {ker f,f (b), X(a)}
Hence ker f,,f is a normal fuzzy ideal of X.

PROPOSITION 2.1.5:
Let X : R -> [0,1], Y : R'> [0] are fuzzy rings f : R - R’ be
homomorphism between them
and A : R — [0,1] is a fuzzy ideal of X and B : R'— [0,1] is a fuzzy ideal of Y, then
1. f(A)is normal fuzzy ideal of Y, if A is normal and f is surjective.
2. f(B) is normal fuzzy ideal of X, if B is normal.
PROOF: (1) f (A) is fuzzy ideal of Y by proposition (1.2.4). Now, we must prove
that f (A) is normal. Let X, y € R"such that f (a) = x, f (b) =y, wherea,b e R
fA) (xH-y-x)=fA)F@™) f(b)-f@)=F[A@™ b-a)]f[min{Ab),
X(a)}

= sup { min { min { A(b), X(@)} |a=f(x), b= *(y)}}
> min { sup { min { A(b), X(@)} | a=f *(x), b= *(y)}} = min {
(A) (y), Y(X)}
Hence f (A) is a normal fuzzy ideal of Y.
(2) f }(B) is fuzzy ideal of Y by proposition (1.2.4)
To prove f '(B) is normal. Let a, b € R such that f (a) = x, f (b) =y, where x,y € R’
fiB) (@™ -b-a)=f"(B) (F'(x™) -7y - F7()) =f [Bx™-y-x]=f[min{
B(y), Y(X)}I
=sup {min {min {B(y), Y(X)} | x=f(a),y =f(b)}}
> min { sup { min { B(y), Y} | f (@) = x, f (b) =y }} = min { f *(B)
(b), X(a) }

Hence f (B) is a normal fuzzy ideal of X.

FUNDAMENTAL THEOREMS

THEOREM 2.2.1 (First Fuzzy Isomorphism Theorem For Fuzzy Rings)
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Let X and Y are fuzzy rings and f be onto homomorphism between them. Then X
I ker ff ~f(X).

PROOE:Define g : R/ ker f > f (R) such that g (a + ker f) = f (a) for each a + ker
f e R/ ker f By

definition, g is a non empty function of R / ker f since g (0 + ker f) =1 (0)

Leta + ker f, b + ker f eR/ker f, a + ker f = b + ker f implies that a — be ker f,
therefore f (a — b)=0" and f is homomorphism, then f (a) — f(b) = 0" implies f (a) =
f(b). Thus g (a + ker f) = g (b + ker f). Hence g is well — define. Now, we must
prove g is an isomorphism

First, if g (a + ker f) = g (b + ker f), then f (a) = f(b) and f (a) — f(b) = 0" implies
that

f(a—b)=0.Thusa-b e ker f therefore a + ker f = b + ker f g isone—to -
one

Second, for any b € f (R) there exists a € R such that f (a) = b since f is onto then
f(@=g(a+kerf)=b g isonto

Finally, Leta + ker f,b + ker f e R/ ker f

g[(a+kerf)® (b + ker f)]=g [(a + b) + ker f ]=f (a +b) =f (a) +f (b)=g (a + ker f)
+ g (b + ker f)

glla+kerf)®@ (b+kerf)]=g[(@a-b)+kerf]=f(a-b)=Ff(a)-f(b)=g(a+kerf)
- g (b + ker f)

Moreover, X / ker f,f (a + ker f )=sup{X / ker f,f (a + ker f) | a + ker f € ker f,f
}=X(a)=f(X)(f(a)) where f (X) (a + ker f) = sup{X(b) | b e f (f(a))} = Y(f *(a))
=X(a). HenceX/ ker f,,f =f (X).

THEOREM 2.2.1(Second Fuzzy Isomorphism Theorem For Fuzzy Rings)

Let A and B be fuzzy ideals of a ring X with A < B such that A« < B~
(i.e B(x) = B(0) whenever A(x) = A(0)). Then (X/A)/(B/A) =~ (X/B).
PROOF: B/ A is a normal fuzzy ideal of X / A by proposition (1.3.6), by
proposition (2.1.5). Let B / A(x + 11) = B(x) where I, is the normal ideal of X
maximal among those contained in A«[] Xx, because B/ A (x + 1;) = max {B(y) | y
+ 11 =x+ 11} and since
y1.x e A~ we havey ™ - x e B~ and therefore B(y) = B(X).
(X/A)-=X/lyand (B/A)~=B+/1;
So, the normal ideal of X / I; maximal among those contained in (X / A)« | (B /
A)« may be written as I, / 13, where I, is the normal ideal of X maximal among
those contained in X«[) B-.
Itis well known that f: (X/11)/(12/11) = X/ I, such that
f(x+1;+(I2/11)) =x+ Iz is a ring isomorphism.
Moreover, (X/A)/(B/A) X+ 11+ (I2/ 1) =XTAX+1)=X(X)=X/B(x+ 1)
Hence (X/A)/(B/A) = (X/B).
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