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Abstract: In this paper we define the concept of 5-0pen sets in bitopological
space and we use them in order to study some types of continuous functions
between bitopological spaces

1. Introduction:

The concept of bitopological space was introduced by Keliy [1]. The definition of d-
open and weakly 6-open sets in (X,t) were introduced by Velicko in 1, Mayada
Ghassab 2003 [2] respectively.

In this paper we define 6-open and weakly 6-open sets in bitopological space .If
(X,7,7') is a bitopological space and A X, then A is 8-open iff for any ac A there isa
regular open set C such that acGc A . The complement of 6-open set is called -
closed set. In 2003, Mayada G. Mohammed introduced and studied a new of class
open sets, called weakly o-open sets. This class of open sets is defined in (X,t). In this
paper we study 6-open and weakly d-open sets in (X,7,7') and we introduce new
types of continuous and functions between bitopological space namely 8-continuous
function, 6-open function ,w-8-open. Almost w-8-open, always open function, we
characterize these classes of function, study some of their basic properties and
investigate their relationships to continuous functions and to other types of
functions between bitopological spaces.

Definition 2): Let (X,t,t') be bitopological space and A — X, then A is called regular
open set if A =intt’|t A.

A set F is called regular closed set if F=cltinttF. the family of all regular open (resp.
regular closed) sets of a space X is denoted by RO (X) (resp. RF (X)).

Definition (1.2): Let (X,t,t') be a topological space and wc X, then W is called o-
open set iff for any xeW there exists a regular open G such that xeGcw. or
equivalently: W is 6-open set iff W is union of regular open sets .the complement of
d-open set is called 6-closed set.
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Definition (1.3): - A set W of a space X is called open set (resp. F closed set) in
(X,1,7") if inttintt” W=W (resp. CL tclt” F=F). i.e W is open in (X,7,7') iff W is open
in (X, 1) and open in (X, T") (resp. F is closed set in (X,t,7'") if F is closed set in (X,T)
and closed set in (X, T°).

Remarks (1.4):

1) Every regular open set is 6-open set.

2) Every regular closed set is 6-closed set

The converse of (I) and (2) is not true in general: the following example explains
that:

Example (1.5): - let X ={1, 2, 3}

™={¢ X{1}{2}.{1,2}}

v={¢ X,{1}{2,3}}

Let A={l,2}

We note that A is 6-open set but it is not regular open set. Also, we note that {1,3} is
closed set but it is not 8-closed set.

Remarks (1.6); -

1) The concept of open and 8-open set are independent

2) The concept of open and regular open are independent.

The following example shows that: -

Example: -letX={a,b,c}; T ={¢, X, {a}, {b}, {a,b}}, T={¢ X {a}}

Itis clear that {a} is open set but it is not regular and it is not 6-open set.

In example (1.5), we note that {1,2} is 6-open set but it is not open set.

3) The union of two regular open sets need not be regular open set .in example (1.5),
{1}, {2} are regular open sets but {‘,Y}is not regular open set.

Theorem (1.7): - the union of 4-open sets is 6-open set.

Proof: -let {Ai} is a family of §-open sets

Let ae u Ai then there is Aj such that ac A j, but Aj isd-open set

then there is a regular open set G such that ac G c Aj, thus

ae G Aj; therefore, U Aiis ¢ -open set.

Lemma (1,8):

The intersection of a finite number of regular open sets is regular open set.

Theorem (1.9):

The intersection of a finite number of & -open sets is & -open set.

Proof: -let {Ai}Vi be a family of ¢ -open sets

Letae njAithen acA for any I=1,2...n
Since Ai is o -open set then there is a regular open set G; .such that ac Gic Aj, thus
ae N Gi < NjAi but NjA;is J -open set
Definition (1.11): -

a point A is a space X is called ¢ -interior( resp. ¢ -boundary, ¢ -limit) of A ¢ X iff
there is a regular open neighbourhood L ofx in X such that xe G A (resp.iff for
any ¢ -open neighbourhood U of x in X then UM A#0 and U (X-A) #0«iff for any
o -open neighbourhood )U of x in X then U-{xX} A #0 The set of all ¢ -interior
point of A is said to be ¢ -interior set of A and it is denoted by int s A (resp. the set
of all ¢ -boundary points of A is said to be 6 -boundary set and it is denoted by & -0
A, The set of all & -limit points of A is said to be ¢ -limit A and it is denoted by 6 -A
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Definition (1.12) :
The intersection of all ¢ -closed sets which are containing W is called & -closure of A
and it is denoted by cl 6 A«
Proposition (1.13):
Let A ,B be two subsets of X and A =B ,then
1.into Ais 6 -open set.
int6 AcCA
.intd Acintd B.
.0-A'c5-B
.cloAccloB
..intd A=Exts (X-A)
.0-0A=06-0 (X-A)
Theorem (1.14):
Let (X, T,T ) be a bi-topological space , let A,B be two subsets ofX, then :
1.inté Au intd Bc into (AUB).
2.into (A NB)=int6 AN int6 B
3.0-(AUB)=6-AuUo-B
4. 6-(ANB)' c6-AnoB

2) Some types of continuous and open functions

between bi-topological spaces:

Definition (2.1) : A function f: (X, 1, T )—>(Y,o ,0 ') is said to be continuous
function (resp. & -continuous)if f *(U) is open set (resp. & -open ), for every open set
U (resp. 6 -open)setinY .
Remark (2.2):,
The concept of continuity and ¢ - continuity are independent
.The following two examples explain that:.
Example: Let X=Y={1,2,3}
™={¢, X, {3}, {2, 3}
o={¢,Y {I}{23}}
o'={¢.Y {23}
Let f: (X,1,7')— (Y, o, o')be the identity function ,we note that f is continuous
function but it is not ¢ -continuous function
Example:
LetX={l,2,3}=Y
={¢ , X, {1} ,{ 1.2} }s v ={¢ X {1}{ 2} {1.2}}
o={¢ YA{I}{23}}; o'={¢ Y {23}
letf: (X, 1,7')— (Y, 0,0") be the identity function , f is ¢ -continuous function
Theorem (2.3): let f: (X, 1, T ) — (Y, o,0") be the function then the following
statements function
A fis 6 -continuous function
.Yfor any o -closed set F in Y then F'(f) is ¢ -closed set in X
Jforany Ac Xthenf(clso A) cclo (f[A))
.tforany Bc Y thencls (f* (B)) <f' (cl5 B).
proof: (1) — (2)

~NOo Ol h N
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Let f: (X, T 1) — (Y,( o,(0") be a §-continuous function

Let f be s -closed set F in Y then X-F is 6 -open setinY

But f is & -continuous function so f! (X-F) is & -open set in X Thus X- f* (X-F) is & -
closed set in X.

Since X- f' (X-F)=f1 (X); therefore, f1 (F) is ¢ -closed set in X.

Proof: let Ac X

Since f(A) ccls (f(A)) then f* (f(A))) < 1 (cl s (f(A)))

Since A < f(f(A))socls Ac -1 (cl5 (f(A)) then f(clss A)cf(f (cls (f(A)) but f(*
L (cls (F(A)) clsS (f(A)) thereforec

f(clso A) c clso (f(A)).

(") —(%)

Proof: letBcY

By (3) we get f(f* (cl & (f(B)) < cl & (f(A))

Since f (f* (B)) < B then by proposition (1.13), we getcls§ (H)f'(B))  clsS (B)
Since f (clss -1 (B) cclss (f(f-* (B)) then f' (f(cl 5 ' (B))

< (cls (f(f-1 (B))) thusclss (f-1 (B)) < fi(cls (B.))

(*) —(Y)

Proof: let U be 6 -open set in Y then X-U is ¢ -closed set so X-U

=cl o (X-U)

To prove f (U) is & -open set in X, we most prove f (U)=cls(X-f *(U))

Since X-U =cls& (X-U) then f* (X-U)=f" (cl§ (X-U)) thus X-f(X-U)=X-f'(cls (X-
V)).

By (4) we know that: cls§ (X-~ (U)) < f'clss (X-U)) and f'(cl§ (X-U)) < f(X-U)
c clss f(X-U)), thus we get cl 5 (X-f* (U)) = X- f* (U); therefore f* (U) is & -open
setin X.

Definition (2.4); A point x in X is called ¢ -adherent point of a set A iff every regular
open set containing x has nonempty intersection with A .the set of- all 6 -adherent by
clso Ais called the o -closure of A and it is denoted by cl6 A .and a subset A of a
space X is called weakly 6 -open set if there is an open set Osuch that cl6 A=clo O
0

.Definition (2.5):.A function f : (X, 1, T ') — (Y, o,0") is said to be weakly-¢ -
continuous function (resp. (super-continuous, w-super continuous )function iff for
any weakly 6 -open (resp. 6 -open ,open set)V in Y then f'(V) is weakly ¢ -open set
(resp. o -open ,weaKly ¢ -open set) in X -

Definition (2.6):.A function f: (X* 1, t) —» (Y, 0,0) is said to be ¢ -open (resp. o -
closed ,g o -closed ,w" & -open ,almost w- & -open ,alwaysd -open ) if f(U) is o -
open(o -closed , go -closed,w- ¢ -open,open) set in Y ; for every (resp. g o -closed
,\W- ¢ -open, open ,w-¢J -open )set U in X .

Theorem (2.7): A function f: (X 1,7t) — (Y, 0,0") is said to be ¢ -open function iff f
(intA) c ints (f(A)); for any Ac X.

Proof: to prove f(ints A) c ints (f(A)); for any Ac X.

Since ints AcA then f(ints A) cf(A) so into (f(ints (A)) < ints (f(A)) since int
o (A)is o-open set and f is o -open function then f(into A) is 6 -open in Y ,thus
(ints A) c f(ints A);therefore , f(int5 A) < ints (f(ints (A)) < ints (f(A)).
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Now; to prove f is ¢ -open function.
Let U bed -open set in X. then inté U=U; so f (ints U) =f(U);but intd (f(U)) <
f(U);therefore f(U) < f (into U) cinto (f(U)),thus
f(U) c into (f(V)) then f(U) is & -open set ,so f is & -open function
Remark (2.8):
Jif Alis open set then A is weakly & -open set
.Y Alis ¢ -open set then A is weakly & -open
.Ythe concept of super continuous and continuous are independent
The following two examples clear that- :
Example (1) let X={a, b, ¢}, =={¢, X, {b}} T ={".X, {b}, {bc}},Y={I.23};0 ={¢ Y,
{2}}; o ={¢ Y. {2}, {2.3}}
Let f: (X, 7, t) — (Y, 0,0 ") such that f(a)=l, f(b)=2, f(c)=3, f is continuous function
but it is not super function
Example (2) let X ={1,2,3} ; v = {4 X ,{1} ,{2},{ 1,2} } ; v ={¢ X {1} {2,3}}
LetY ={a,b,c};oc ={¢, Y, {a}, {b}{ab}}; o'={¢ Y}a}{bc}}
Letf: (X, 1,7) — (Y, 0,0 ") such that: f(I)=b, f(2)=a, f(3)=c
Itis clear that f is super continuous function but it is continuous function.
(¢1f fis continuous function then f is W-super continuous function.
(°If fis super continuous then is w-super continuous function.
(MIf fis W- ¢ -continuous then f is W-super-continuous function
Thee converse of (4), (5), (6) is not true in general. Example (1) and (2) explain that.
(VIf fis W- ¢ -open function then f is almost W- If f is W-8-open function
(M fis always open function then f is almost W-If f is W- 6 -open function
(41f f is always open function then fis open function
() «if fis open function then f is almost W- ¢ -open function
the converse of (7),(8) ,(9),(10) is not true in general . the following examples
explain that
Example: let X={1,23}; t={¢ , X} ;1'- {4 X}
LetY ={ab,c},};o ={gY {a} {b}{ab}}; o={¢ Y {a}{b}{ab}}
(M YLet f: X, 1,7t) — (Y, 0,0 ") such that f(a)=1 ,f(b)=2 , f(c)=30
f is almost W- ¢ -open but it is not W- 6 -open function and f
is not almost open function
In example (2); we note that f is W- ¢ -open but it is open

function
The following tow diagram are declare the relation among these
functions

Continuous function super continuous function
W-super continuous < W- s -continuous function
Diagram (1)
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Open function W- - open function

Almost W- s -open function <—— almost open function

Diagram (2)

References:

[1]Mayada gassab Mohammed, On weakly 8-open sets in a topological space ,
M.sc. thesis, university of Baghdad, college of Eduction ,Ibn Al-Haitham, 2003

[2] Aisling McCluskly and Brian McMaster , Topology Lecture Notes ,August 1997.

[3] Robert E. Undergraduate topology, Krieger publishing company
,Malabar,Florida

[4] Albert Wilansky, topology for analysis, Lehigh university Lexington,Toronto.

37



