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Abstract

In this paper ,we introduce and study a new generalization of continuity called semi-
totally semi-continuity ,which is stronger than semi-continuity and weaker than semi-
totally continuity is introduced and studied "Further ,some properties of these
functions are investigated .Also semi-totally semi-open functions in topological

spaces are introduced and studied.
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1-Introduction

N.Levine[4] introduced the concept of semi-continuous function in 1963.In 1980 ,
Jain[5] introduced totally continuous functions . In 1995, T.M.Nour [6] introduced
the concept of totally semi-continuous functions as a generalization of totally
continuous functions . In 2011,S.S. Benchalli and Umadevi | Neeli [7] introduced the
concept of semi- totally continuous function and several properties of semi-totally
continuous functions were obtained . In this work, a new generalization of continuity
called semi-totally semi-continuity ,which is stronger than semi-continuity and
weaker than semi-totally continuity is introduced and studied ,Further ,some
properties of these functions are investigated .Also semi-totally semi-open functions

in topological spaces are introduced and studied.



2-Preliminaries

A subset A of Xis said to be semi-open [4] if AcCI(Int(A)).The complement of a
semi-open set is called semi-closed set .The family of semi-open sets of space X is

denoted by SO(X) .The set which is both open and closed is called clopen set .

Definition 2- 1

A function f: X — Y issaid to be :

1- Semi-continuous [4] if the inverse image of each open subset of Y is semi-open
in X.

2- Totally-continuous [5] if the inverse image of every open subset of Y is clopen
subset of X.

3- Strongly-continuous [1] if the inverse image of every subset of Y is clopen
subset of X.

4- Totally semi-continuous [8] if the inverse image of every open subset of Y is
semi- clopen in X.

5- Strongly semi-continuous [8] if the inverse image of every subset of Y is semi-
clopenin X.

6- Semi-Totally continuous [7] if the inverse image of every semi- open subset of
Y is clopenin X.

7- Irresolute continuous [6] if the inverse image of every semi- open set in Y is

semi-open in X.

Definition 2-2

A function f: X — ¥ is said to be :

1) semi-open [2] if f(U) is semi- open in Y for each open set U in X .
2) semi-closed [3] if f(F) is semi-closed in Y for each closed set F in X .

3-Main Results

In this section ,We introduce the concept of semi-totally semi-continuous functions as
a generalization of the concept of totally continuous functions and study the
relationships between semi-totally semi-continuous functions and other simile
functions also several properties of semi-totally semi-continuous functions are

obtained .



Definition 3-1
A function f: X — Yis said to be semi-totally semi-continuous function if the

inverse image of every semi-open subset of Y is semi- clopen in X.

Example 3-2

Let X={ab,c} and Y={1,2,3}, ={X/d,{a},{b,c}} and o={Y,d,{1}} Then
SO(Y)={Y.,92,{1},{1,2} {1,3}} Define f(b) = f(c) =1 and f(a) =3.Clearly the inverse
image of each semi-open is semi-clopen in X. Therefore f is a semi-totally semi-
continuous function .

Theorem 3-3

A function f: X =Y is semi-totally semi-continuous function if and only if the

inverse image of every semi-closed subset of Y is semi- clopen in X.

Proof: Let F be any semi-closed set in Y. Then Y-F is semi-open set in Y, by
definition £~*(Y— F) is semi-clopen in X. That is X — f~*(F) is semi-clopen in

X.this implies £ ~*(F) is semi-clopen in X.

On the other hand, if V is semi-open in Y, then Y-V is semi-closed in Y, by
hypothesis,f~* (Y — V) = X — (V) is semi-clopen in X,which implies £f=*(V) is
semi-clopen in X. thus, inverse image of every semi-open set in Y is semi-clopen in

X. Therefore f is semi-totally semi-continuous function .

Theorem 3-4

Every totally continuous function is a semi-totally semi-continuous function.

Proof: Suppose f: X — Y is totally continuous and U is any open subset of Y. since
every open set is semi-open, U is semi-open in Y and f : X — Y is totally continuous
it follows £ 71 () is clopen in X, hence f~1(U) is semi-clopen in X .Thus inverse

image of every semi-open set in Y is semi-clopen in X. Therefore the function f is
semi-totally semi-continuous.

The converse of the above theorem need not be true ,as shown by the following :



Example 3-5

Let X={a,b,c} and 1={X,d,{a},{b}.{a,b}} be a topology on X, Let Y={1,2} and
o={Y,d,{1}} be a topology on Y, Define a function f: (X, t) = (¥,a) such that f(a)=1
, f(b)=f(c)=2 .Then clearly f is semi-totally semi-continuous function , but not totally

continuous function .

Theorem 3-6

Every strongly continuous function is semi-totally semi-continuous function.

Proof: Suppose f: X — Y is strongly continuous function and A be any semi-open set
inY ,By definition £ ~*(A) is semi-clopen in X. Thus the inverse image of each semi-

open set in Y is semi-clopen in X .Therefore f is semi-totally semi-continuous

function .
The converse of the above theorem need not be true ,as shown by the following :

Example 3-7

Let X={a,b,c} and 1={X,d,{a},{b}.{a,b},{ac}} be a topology on X , Let
Y={1,2,3} and o={Y,0,{1},{2,3}} be a topology on Y, Define a function
f:(X,t) = (¥,o) such that f(a) = 2, f(b) = 1, f(c) = 3 .Then clearly f is semi-totally
semi-continuous function, since the inverse image of every semi-open set in Y is

semi-clopen in X, but not strongly continuous ,because for the set {2}, f {2} = {a}

is not clopen in X .

Theorem 3-8

Every semi-totally continuous function is semi-totally semi-continuous function.

Proof: Suppose f: X — Y is semi-totally continuous function and A be any open set
inY , since every open set is semi-open and f: X =+ Y is semi-totally continuous ,it
follows that £~*(A) is clopen and hence semi-clopen in X. Thus the inverse image of

each semi-open set in Y is semi-clopen in X .Therefore f is semi-totally semi-

continuous function .

The converse of the above theorem need not be true ,as shown by the following :



Example 3-9

Let X={a,b,c} and 1={X,d,{a},{b}{a,b}} be a topology on X, Let Y={1,2,3} and
o={Y,03,{1}} be a topology on Y , SO(X)={X,9{a}{b,c}{ab}{ac}}and
SO(Y)={Y,d,{1},{1,2},{1,3}} Define a function £ (X, t) — (Y.o) such that f(a)=1,
f(b)= f(c)=2 .Then clearly f is semi-totally semi-continuous function, since the
inverse image of every semi-open set in Y is semi-clopen in X, but f is not semi-

totally continuous ,because for the set {1}, f~*{1} = {a} is not clopen in X .

By the same way of theorem(3-8) we can prove that Every totally semi- continuous

function is semi-totally semi-continuous function.

Theorem 3-10

Every semi-totally semi-continuous function is semi-continuous function.

Proof: Suppose f: X —+ Y is a semi-totally semi-continuous function and A be any
open set inY ,By definition £~*(A) is semi-clopen in X. this implies £ ~*(A) is semi-
open in X . Thus the inverse image of each open set in Y is semi-open in X

.Therefore f is semi-continuous function .

Example 3-11

Let X={a,b,c} and 7={X,d,{a}} be a topology on X , Let Y={1,2,3} and
o={Y,2,{1}{1,2}} be a topology on Y , SO(X) ={Xd{a}{ab}{ac}}and
SO(Y)={Y,3,{1},{1,2},{1,3}} Define a function f: (X, ) — (¥.o) such that f(a)=1,

f(b)= 2, f(c)=3 .Then clearly f is semi-continuous function, , but f is not semi-totally

semi- continuous ,because for the set {1}, £ ~*{1} = {a} is not semi- clopen in X .

Thus we have the following relationship :Strong continuous —semi-totally
continuous —totally continuous —totally semi-continuous —semi-totally semi-

continuous —Semi-continuous ,the converses are not true in general .

Theorem 3-12
A function f: X — Y is semi-totally semi-continuous if and only if for each x& X and
each semi-open set V in Y with f(x) € V, there is a semi- clopen set U in X such that

X €U and f(U) = V.



Proof: Suppose f: X — Y is a semi-totally semi-continuous function and V be any
semi-open set in Y containing f(x) so that x e £ (V) ,since f is semi-totally semi-
continuous ,£~* (V) is semi-clopen in X. Let U= £~*(V) ,Then U is semi-clopen set
in X and x € U .Also f(U) = f( £ *(V))c V, this implies f (U)cV. On the other
hand Let V be semi-open in Y, Let x € f~*(V) be any arbitrary point ,this implies f(x)
€ V , therefore by above there is a semi-clopen set f(Gx) — X containing x such that
f(Gx) =V, which implies Gy f~1 (V) .We have x € Gxycf~1(V) ,this implies f~1(V)
is semi-clopen neighbourhood of x ,since x is arbitrary ,it implies £~ (V) is semi-

clopen neighbourhood of each of its points ,hence it is semi-clopen set in X. therefore

f is semi-totally semi-continuous .

Remark 3-13

The semi-totally semi-continuous function not necessary to be strongly semi-

continuous function . To illustrate that, consider the following example

Example 3-14
Let X={a,b,c} and 1={X,&,{a}{b,c}} be a topology on X, Let Y={1,2,3} and
o={Y,@,{1}} be a topology on Y , then the identity function f:(X,t)— (¥, o) is

semi-totally semi-continuous function, but not strongly semi- continuous.

Now, the following theorem provides a condition in order to make remark (3-
13) is true.

Theorem 3-15

Every semi-totally semi-continuous function into a T, space is strongly semi-

continuous function.

Proof: Suppose f: X — Y is a semi-totally semi-continuous function in a T;space

singletons are closed sets .Hence f *(B) is semi-clopen in X for every subset B of Y,

therefore f is strongly semi-continuous function.

Now we study some properties on semi-totally semi-continuous



Theorem 3-16
A function f: X — Y is semi-totally semi-continuous and A is semi-clopen subset of

X, then the restriction f\ o :A—Y is semi-totally semi-continuous .

Proof: Consider the function f\a :A—Y and V be any semi-open set in Y, since f is

semi-totally semi-continuous,f~*(V) is semi-clopen subset of X. since A is semi-
clopen subset of X and ( f\ A )Y(V) = A N £1(V)is semi-clopen in A ,

it follows (f \ a) (V) is semi- clopen in A, hence f \ A is semi-totally semi-

continuous.

Theorem 3-17

The composition of two semi-totally semi-continuous function is semi-totally semi-

continuous.

Proof: Let f: X—Y and g: Y—Z be two semi-totally semi-continuous functions .Let
V be a semi-open set in Z. since g semi-totally semi-continuous functions g™(V) is
semi-clopen and hence semi-open in Y . Further ,since f is semi-totally semi-
continuous, f (g™ (V)) = (gof )*(V) is semi-clopen in X .Hence gof :X—Z is semi-

totally semi-continuous .

Theorem 3-18

If f: X—>Y is semi-totally semi-continuous and g: Y—Z is irresolute, then gof :X—Z

is semi-totally semi-continuous.

Proof: Let f: X—Y be semi-totally semi-continuous and g: Y—Z be irresolute , Let
V be semi-open in Z ,since g is irresolute ,g™(V) is semi-open in Y. Now since f is
semi-totally semi-continuous , f *(g™(V)) = (gof )*(V) is semi-clopen in X .Hence

gef :X—Z is semi-totally semi-continuous.
Theorem 3-19
If f: X—>Y is semi-totally semi-continuous and g: Y—Z is semi-continuous then gef

:X—Z is totally semi-continuous.

Proof: Let V be open in Z ,since g is semi-continuous ,g*(V) is semi-open in Y. Now
since f is semi-totally semi-continuous , f (g(V)) =(gof )}(V) is semi-clopen in X

.hence gof : X—Z is totally semi-continuous.



4-Semi-totally Semi-open function

In this section , we introduce a new class of function called semi-totally semi-

open function and also study some of their basic properties.
Definition 4-1

A functionf : X — Y is said to be semi-totally semi-open function if the image of

every semi-open set of X is semi- clopen inY.

Theorem 4-2
If a bijective function f: X —Y is semi-totally semi-open then the image of each

semi-closed set of X is semi- clopenin.

Proof: Let F be any semi-closed set in X. Then Y-F is semi-open set in Y, Since f is
semi-totally semi-open , f(X—F) =Y — £(F) is semi-clopen in Y ,this implies f(F)

is semi-clopenin Y.

Theorem 4-3
A subjective function f: X — Y is semi-totally semi-open if and only if for each
subset B of Y and for each semi-closed set U containing £ ~* (B), there is a semi-

clopenset V of Y suchthat B cVand f (V) cy.

Proof: Suppose f: X — Y is a surjective semi-totally semi-open function and B is
subset of Y. Let U be semi-closed set of X such that £ ~*(B) —y .Then V=Y- f (X-U)

is semi-clopen subset of Y containing B such that f (V) cy .

On the other hand ,suppose F is a semi-closed set of X. Then f~*(Y— f(F))Cx _F

and X-F is semi-open ,by hypothesis, there exists a semi-clopen set Vof Y such that

Y-f (F) v ,which implies f Y (Vicx _ F
Therefore Fc x—f~1(V).HenceY — VC f(F)C f(K— f‘i(vj] C Y —V This

implies f (F) =Y-V ,Which is semi-clopen in Y . thus, the image of a semi-open set in

X is semi-clopen in Y, Therefore fis a semi-totally semi-open function .



Theorem 4-4
For any bijective function : X =Y |, the following statements are equivalent (i)

Inverse of f is semi-totally semi-continuous (ii) f is semi-totally semi-open .

Proof: (i)—(ii) Let U be a semi-open set of X. by assumption (f~*)~*(U) = £(U) is

semi- clopen in Y . So f is semi-totally semi-open.

(il)—(i) Let F be semi-open in X, Then f(V) is semi-clopen in Y. That is (£ )71 (V)

is semi-clopen in Y. Therefore £~ is semi-totally semi-continuous.

Theorem 4-5
A function f: X — Y is semi-totally semi-open and A is semi-clopen subset of X, then

the restriction f\a :A—Y is semi-totally semi-open.

Proof: Consider the function f\a :A—Y and B be any semi-open set in A . Since A is
semi-clopen in X, Then B is semi-open in X . Since f is semi-totally semi-open ,hence
f(B) is semi-clopen in Y ,But f(B) = fa(B). Then fa(B) is semi-clopen in Y, Hence f \a
:A—Y is semi-totally semi-open.

Theorem 4-6

The composition of two semi-totally semi-open function is semi-totally semi-open.

Proof: Let f: X—Y and g: Y—Z be two semi-totally semi-open functions ,Then their
composition gef :X—Z .Let V be a semi-open set in X. since f semi-totally semi-
open functions f(\V) is semi-clopen in Y and hence it is semi-open in Y, which implies
f(\V) is semi-open in Y ,since g is semi-totally semi-open g(f(V)) = (gef )(V) is semi-
clopen in Z .Hence gof :X—Z is semi-totally semi-open .
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